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The excited states of the Si and B" nuclei were studied by means of a proton-gamma-ray coincidence 
technique for the purpose of determining the nature of the gamma-ray decay scheme. The nuclei were 
formed under cyclotron bombardment using the Al"(a,p)Si*® and B'(d,p)B" reactions. The transitions 
from the first two excited states of Si* are directly to the ground state, while the transition from the third 
excited state takes place by means of a cascade to the second state and then to the ground state. The decay 
scheme in the B" nucleus is most likely the same as for the Si® nucleus for the first two excited states, 
while the third and the prolific fifth and sixth states show cascade transitions as most probable. 





INTRODUCTION 


fe the study of nuclear energy levels, knowledge of 
the scheme of de-excitation by gamma-radiation is 
becoming increasingly important as the level properties 
other than energy are accumulated. In general, two 
approaches to the problem of ascertaining decay 
schemes are possible. Transitions can be deduced by 
careful separate measurements of both level positions 
and gamma-ray energies. The assignments are then 
made on the basis of corresponding energy differences. 
Gamma-ray energy measurements are difficult to make 
to a high degree of accuracy, however, particularly 
when the experiment is to be performed under cyclotron 
bombardment, since a number of competing processes 
are possible, in general, under charged particle bom- 
bardment. 

A second approach has advantages under these 
conditions. It is possible to use an energy measurement 
on a charged particle reaction product to determine a 
level position and at the same time obtain an approxi- 
mate energy measurement of any gamma-rays which 
occur in time coincidence with the reaction product. 
The obvious advantage is that the gamma-ray is indis- 
putably associated with the level being studied. The 
coincidence event is rare, however, because of the low 
detection efficiencies obtainable for gamma-rays. The 
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method has its limitations when the number of states 
is large and the spacing between states small, because 
of the many transitions possible if the gamma-rays 
should cascade. 

The familiar Al?’(a,p)Si® reaction was chosen as a 
suitable one with which to test the possibilities of the 
method. This reaction has been thoroughly studied and 
proton-gamma-ray coincidences have already been 
observed! for the three excited states which can be 
excited by the 7.5-Mev alpha-particles available from 
the Yale cyclotron. 

The reaction B"°(d,p)B" was also chosen to permit a 
test under the more exacting requirements of deuteron 
bombardment. 


APPARATUS AND TECHNIQUE 


In order to study the decay scheme of Si® it was first 
necessary to perform the familiar proton group structure 
experiment to determine the relative ranges in alumi- 
num and air of the four different proton groups associ- 
ated with the ground state and three excited states. 
The technique used was the so-called peaked propor- 
tional counter method. The protons were observed at 
an angle of 90° with respect to the incident beam by 
means of a proportional counter filled with 20 cm pure 
argon. The pulses were amplified and then put through 
a biased diode discriminator and into a blocking 
oscillator for shaping before recording. The discrimi- 
nator could then be adjusted so that only those protons 


1B. B. Benson, Phys. Rev. 73, 7 (1948). 
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Fic. 1. Schematic diagram of apparatus for proton-gamma-ray 
coincidence experiment. 


which ended their range in the counter volume would 
produce sufficient ionization to be counted. 

By varying the amount of aluminum absorber in the 
path of the protons it was then possible to count 
preferentially only those protons from any of the four 
groups. 

The detection of the gamma-rays was achieved by 
the use of scintillation counters. Two 5819 photo- 
multipliers viewed a large anthracene crystal as shown 
in Fig. 1. The output pulses from these were amplified 
and shaped in the same manner as the proportional 
counter pulses. The shaped phototube pulses were then 
applied to a coincidence circuit,? the output of which 
was fed into a similar coincidence circuit along with 
the proton pulses. This arrangement was used to reduce 
the number of random thermal noise pulses counted by 
the system. The resolving time of each coincidence 
circuit was approximately 0.2 microsecond with a 
coincidence efficiency very nearly 100 percent. The 
output of the second coincidence tube was fed into a 
multivibrator pulse lengthener and into a driving stage 
for a mechanical recorder. Provision was made in both 
coincidence circuits for monitoring of single pulses 
generated at the blocking oscillators. It was therefore 
possible to record the number of coincidences per 
proton stopping in the proportional counter, and also to 
calculate the number of accidental coincidences to be 
expected from each circuit. 

The gamma-ray detector was placed as near as 
possible to the target, leaving space only for sufficient 


TABLE I. Proton—gamma-ray coincidences for the ground state 
and three excited states of Si*. 








Proton-gamma- 
ray coinc./ 
10‘ protons 


Aluminum absorber Excitation 
thickness (cm energy 
air equivalent) (Mev) 

71.7 0 

: 2.3 

3.6 
4.9 











L. Schultz and E. C. Pollard, Rev. Sci. Instr. 19, 617 
(1948) 


LANDON 


absorption path for the gamma-rays to allow good 
energy measurements on the basis of measured absorp- 
tion coefficient. 

Since the gamma-rays to be expected are all above 
1.5 Mev, the absorber chosen was copper, which is dense 
but for which absorption by pair production is relatively 
small up to almost 5 Mev. Lead was found to be 
satisfactory for the third excited state of Si®. 

The general operating procedure was the following. 
After the choice of excited state was made by placing 
aluminum absorber in the path of the protons, a series 
of runs was made counting the number of triple coinci- 
dences per proton for each of several different gamma- 
ray absorber thicknesses. Special care was taken to 
shield the gamma-ray counters with Pb to limit the 
number of stray or scattered gamma-rays detected. 
Careful monitoring of the number of accidental coinci- 
dences to be expected was made and the resolving time 
checked before and after each run. This measurement 
was checked in three ways. Separate random sources 
were used to supply pulses to each channel of the 
coincidence circuits and the rate of accidentals recorded 
was compared to the individual channel rates. Cyclotron 
target gamma-rays were then used as one of the random 
sources to check for any possible bunching effect in the 
beam. A measurement was made using a synchroscope 
and a delay line to measure the effective width of the 
shaped pulses. Finally, a random source was placed 
near the gamma-ray detector during one of the runs to 
increase the effective background a known amount. 

It was found for the aluminum reaction that even at 
maximum beam intensity (0.003 microampere) the 
ratio of real to accidental coincidences was 10 to 1 or 
greater. This was not true for the deuteron reaction, 
however, because of the greater number of states 
excited. A consequent large increase in the number of 
gamma-rays was observed. Furthermore, a considerable 
number of neutrons, which are produced in the vacuum 
chamber of the cyclotron in deuteron bombardment, 
were added to the background counting rate in the 
gamma-ray detector. However, except for a few minor 
changes which were made to maximize the net counting 
efficiency of the system, the operating procedure was 
the same in the deuteron bombardment as in the case 
of the alpha-particle reaction. 

The target in the B'(d,p)B" reaction was a thin 
layer (3 mm air equivalent) of elemental B" evaporated 
onto a thin gold backing. The B" isotope, concentrated 
to 96 percent, was supplied by the Oak Ridge National 
Laboratory through the AEC. 

In order to clarify possible ambiguity in the decay 
scheme, it was found necessary to set up an experiment 
whereby proton-gamma-gamma-coincidences could be 
observed. This was done to detect suspected cascade 
gamma-ray transitions. For this experiment two sepa- 
rate scintillation phosphors were used, each with its 
own corresponding photomultiplier. Only one photo- 
multiplier was used with each phosphor, since the 
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resolving time of the first coincidence circuit was 
sufficient to discriminate at least partially against the 
random noise pulses from each tube. Owing to the 
inherent inefficiency of any gamma-ray detector, this 
triple coincidence event is extremely rare; but with 
two coincidence circuits sufficient resolution was ob- 
tained to enable a real effect to be detected. This 
experiment was performed for both reactions. 


RESULTS 


After the mean range of each proton group associated 
with the excited states of the residual nucleus of the 
reaction was determined, each group was examined for 
proton-gamma-ray coincidences. The results for Si* 
are tabulated in Table I. 

The total number of coincidences observed for each 
state except the ground state was several hundred, so 
that the standard deviation for each observation was 
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Fic. 2. Proton-gamma-ray coincidences as a function of ope 
absorber thickness for the first and second excited states. The 
energy level diagram shows schematically the gamma-ray transi- 
tions. 


5 percent or less. The coincidence rate shown is that 
actually observed without correction for accidentals. 
The lack of coincidences for the long-range group is 
expected if this is the ground state. The number of 
coincidences per proton from the first and second 
excited states are seen to be approximately equal. This 
is the first evidence that the transition from the second 
state probably consists of a single gamma-ray. The 
third state shows a coincidence rate which is almost 
twice that of the first two states. Since the detector 
efficiency for these gamma-rays should be less or at 
least no greater on the basis of the Compton cross 
section than for the first two states, we have the first 
evidence of a complex nature for the decay scheme of 
this state. 

The results of the gamma-ray absorption experiment 
for the first two excited states are shown plotted in 
Fig. 2. The average number of coincidences observed 
at each point was approximately 100 giving the stand- 
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absorber thickness for the third excited state. The corresponding 
gamma-ray transitions are shown on the energy level diagram. 


ard deviations shown. The absorption coefficients r as 
calculated from the slope of the indicated straight lines 
are shown on the graph. The necessary lack of collima- 
tion of the absorbed gamma-ray beam is an unavoidable 
disadvantage for this type of energy measurement. It 
is to be expected from this that an absorption coefficient 
measurement will probably include in it a nearly con- 
stant component due to scattered rays which will tend 
to decrease the slope of the measured absorption curve, 
particularly at the higher energies. 

The data shows, however, that certainly different 
energy gamma-rays enter into the transitions with that 


‘ from the second state being of greater energy. A cascade 


to the first state is therefore excluded except for a 
possible branching process in which the cascade transi- 
tions are of minor importance. 

Data was then taken for the third excited state and 
a characteristic set is shown in Fig. 3. The number of 
possible transitions from this state is increased to four, 
exclusive of branching processes. The data allows elimi- 
nation immediately of two of these. A single straight 
line can be drawn through these experimental points 
with the standard deviations as measured. The slope 
this line would have is shown on Fig. 3. This represents 
an energy in the minimum of the absorption curve. A 
cascade transition to the first state is therefore excluded, 
since this would yield two nearly equal energy gamma- 
rays whose absorption coefficient would be greater than 
that observed. A multiple cascade to the ground state 
is more strongly excluded for the same reason. The 
slope as quoted above could not distinguish between a 


TABLE II. Proton-gamma-gamma-coincidences for the second 
and third excited states of Si*. 








Accidental 
coincidences 


Observed 
coincidences 
6 3.7 
36 4.2 


No. of protons 


1.85 10° 
2.39X 10° 
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TABLE ITI. Proton-gamma-ray coincidences for the ground state 
and excited states of B". 
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TaBLe IV. Proton-gamma-gamma coincidences for the excited 
states of B". 











State 2 3 6 


State 2 5 6 





Observed 
coincidences 21 17 30 52 18 86 267 
Accidental 
coincidences 20.1 48 92: 186 39.447 80.7 








direct transition and a cascade to the second state and 
then to the ground state. The curve is observed, how- 
ever, to have a definite curvature toward the upper end, 
which would be expected if the decay were complex and 
consisted of a hard and soft component. Excessive 
running time would be required to reduce the deviations 
to a point where exclusion of a simple decay would be 
possible. Another complete set of data, however, showed 
the same curvature at the upper end. If a straight line 
is subtracted from the above data, a component of 
energy less than 2 Mev remains. 

A series of runs was made using lead as the absorber 
with the gamma-ray detector moved in to increase the 
counting rates. The results indicated a slope which was 
greater than would be expected if no low energy 
component were present. 

The proton-gamma-gamma-coincidence experiment 
was then performed with results as shown in Table II. 

This event is extremely rare, as is seen from the 
total number of protons counted. The results confirm 
conclusively that the transition from the third excited 
state is indeed complex, while that from the second 
state is direct to the ground state. 

The method of examination used above was then 
applied to the more difficult B(d,p)B™ reaction. Work 
just completed in this laboratory by Bateson® shows 
that the number of resolved levels in B" for the case 
of 90° observation was six, exclusive of the ground 
state. The relative intensities vary considerably, with 
the fifth and sixth levels being very prolific. 

The number of gamma-rays observed per proton for 
this reaction was very much greater than for the 


* W. O. Bateson, Phys. Rev. 80, 982 (1950). 


Observed coincidences 9 8 9 24 
Accidental coincidences 7.6 2.9 4.7 8.7 








previous reaction. The proton-gamma-ray coincidence 
rate at each level is tabulated in Table III. The acci- 
dental coincidences expected are listed as well as the 
number actually observed because of the low ratio of 
genuine to accidentals that it was possible to achieve. 
The separation of the fourth and fifth state protons 
was not expected to be complete because of their close 
spacing. 

The ground-state group was seen to yield no genuine 
coincidences outside the statistical deviation of the 
observed data. This confirms the assignment of this as 
the probable ground state and permits the evaluation 
of the mass difference between the B” and B" nuclei. 
Data similar to this for the ground state and first two 
excited states has been reported by Thirion.‘ 

It was possible to measure an absorption coefficient 
on the sixth state only. The absorption coefficient was 
that of an energetic gamma-ray of more than 5 Mev. 
It was not possible to tell if a soft component was 
present as well. 

The proton-gamma-gamma-coincidence experiment 
allowed for a possible partial solution for the assignment 
of a decay scheme, however. The results are shown in 


. Table IV. 


The second state probably decays to the ground state 
directly. The transitions from the third, fifth, and 
sixth states appear to be complex. It was not possible 
to make a decision in the case of the fourth state 
because of the close proximity of the intense fifth state. 

The author wishes to acknowledge the guidance and 
direction of Professor E. C. Pollard during the progress 
of this research. 


‘J. Thirion, Compt. rend. 229, 1007 (1949). 
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The time intervals between the succession of events: stopping of a +* meson in a stilbene crystal, r—>y- 
decay and yu->f* decay are used to identify the pulses produced by +* mesons and to measure the mean 
life of the r*—»y-decay. For this mean life we find (2.58+0.14) X 10~* sec. 





INTRODUCTION 


HE first evidence of the decay of a heavy (x) 

meson into a lighter (u) meson was tracks in a 
photographic emulsion which had been exposed to 
cosmic rays by Lattes, Muirhead, Occhialini, and 
Powell.! From the length of time the heavy meson 
spent in the emulsion they set a lower limit on the 
lifetime as 10~" sec. 

Later, working with x-mesons produced artificially 
in the Berkeley 184-inch cyclotron, Lattes was able to 
establish an experimental lower limit of 5X 10~° sec for 
the lifetime. The first direct measurement of the 7- 
meson lifetime was made by Richardson.? His method 
was to measure the fraction of negative m-mesons 
which survived various times of flight in the cyclotron 
vacuum tank. He detected the mesons by photographic 
plates and reported the mean lifetime of (1.11 ~o.s5+®**) 
X10-® sec. Later, Martinelli and Panofsky*® using a 
technique similar to that of Richardson measured the 
mean lifetime of positive #-mesons. They found + 
equals (1.97_o.25+®-) K 10- sec. 

In the light of recent developments in electronic 
techniques it was natural to plan experiments to deter- 
mine the lifetime of the x-mesons by means of electronic 
detectors because of the expected improvement in 
accuracy over previous methods. A classic example of 
electronic technique for the measurement of a mean 
lifetime in the microsecond region is that of Rasetti’s* 
work on “slow mesons,” which are now identified as 
u-mesons. 

A preliminary measurement of the positive -meson 
lifetime using a method similar to the one presently 
described was reported by Kraushaar, Thomas, and 
Henri.’ On the basis of 57 r—y-decays they obtained 
for the mean lifetime (1.65-0.33) x 10-® sec. 

More recently at this laboratory Jakobson, Schulz, 
and Steinberger® measured the mean lifetime of positive 
m-mesons in connection with the development of im- 


* This work was performed under the auspices of the AEC. 

¢ Submitted in partial satisfaction of the requirements for the 
degree of Doctor of Philosophy. 

1 Lattes, Muirhead, Occhialini, and Powell, Nature 159, 694 
(1947); 160, 486 (1947). 

2 J. Richardson, Phys. Rev. 74, 1720 (1948). 

+E. A. Martinelli and W. K. H. Panofsky, Phys. Rev. 77, 465 
(1950). 

‘F. Rasetti, Phys. Rev. 59, 706 (1941); 60, 198 (1941). 

5 Kraushaar, Thomas, and Henri, Phys. Rev. 78, 486 (1950). 

§ Jakobson, Schulz, and Steinberger, Phys. Rev. 1, 894 (1951). 


proved apparatus for electronic detection and counting 
of x-mesons. They found r=(2.54+0.11)X10-* sec 
based upon the results of counting 5641 mesons. 

The present paper describes in more detail the work 
reported by Chamberlain, Mozley, Steinberger, and 
Wiegand.’ 


EXPERIMENTAL METHOD 


The 322-Mev (maximum) x-ray beam of the Berkeley 
synchrotron was used to produce w-mesons in a target 
of polyethylene. Figure 1 is a diagram of the arrange- 
ment of the apparatus. The x-ray beam was collimated 
by lead shielding to produce a beam 1 inch in diameter 
incident upon the polyethylene target, which was in 
size and shape a 2-inch cube. The detectors consisted 
of two crystals of frans-stilbene arranged to form a 
counter “telescope” at right angles to the beam. The 
phosphorescent radiation caused by an ionizing particle 
which passed through either of the crystals was detected 
by multiplier phototubes associated with each crystal. 
The entire apparatus was surrounded by lead shielding 
6 to 8 inches thick. Each crystal measured 4.5X4.1 cm 
and was 1.8 cm thick. An aluminum absorber 1 inch 
thick was placed between the target and the detectors 
in order to reduce the energy of the emitted mesons. 
This had the effect of increasing the probability that a 
meson would stop in the crystal detector. 

The object of this experiment was to determine the 
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Fic. 1. Schematic diagram of the arrangement of the 
detecting apparatus. 


7 Chamberlain, Mozley, Steinberger, and Wiegand, Phys. Rev. 
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Fic. 2. Block diagram of the electronic apparatus. 


mean lifetime of positive 7-mesons by measurement of 
the time intervals between the stopping of a-mesons 
and the emission of u-mesons. In order to be certain 
that the observed pulses were due only to z-mesons, 
the u-decay positrons were detected and recorded by 
an apparatus developed by Steinberger.* The time 
intervals corresponding to the lifetime of the 7-mesons 
were measured by recording photographically the pulses 
from the second crystal detector displayed on the 
screen of a cathode-ray oscillograph. 


APPARATUS 


A block diagram of the electronic apparatus is pre- 
sented in Fig. 2. The design of the electronic components 
was for the most part based upon standard techniques 
employing resistance-capacitance coupling and high 
transconductance miniature tubes to obtain sufficiently 
rapid response in the coincidence and gate-forming 
circuits. However, sufficient resolution of the 7- to 
u-decay pulses requires a vertical deflection amplifier 


Fic. 3. Photographic reproduction of a typical oscillograph 
trace showing the w-~-meson decay pulses and the neon flash 
bulb marking. The pulse separation is about 4X 10~* sec. 


8 J. Steinberger and A. S. Bishop, Phys. Rev. 78, 493 (1950). 
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capable of producing pulses which have a time of rise 
of 10-* sec or less. The deflection amplifier used in 
this experiment made use of the traveling wave concept 
and its design was based upon principles discussed by 
Ginzton, Hewlett, Jasberg, and Noe® in their paper on 
distributed amplification. The time of rise of the 
oscillograph deflection system was about 5X10~® sec. 
The amplifier was operated with a gain of 15. 

Let us review the electronic events due to the de- 
tection of a m-y-decay: If a meson passed through 
crystal number 1 and stopped in number 2 and the 
pulses were accepted by discriminators A and B, there 
was produced at the output of coincidence number 1 a 
pulse which started the sweep and intensifying circuits 
of the oscillograph for 7-u-decay and at the same time 
initiated a circuit which opened a series of four delayed 
gates beginning 0.5 usec later for yu-B+ decay. The 
length of the delayed gates was 2X10~-* sec. On ac- 
count of its limited resolution, coincidence number 1 
treated the two pulses from the stopping of the x-meson 
and the emission of the u-meson as one event. The 
output of detector number 2 was also connected to 
another discriminator, C, biased to accept y-meson 
decay positron pulses. If a particular pulse were 
accepted by discriminator C, it was fed to the delayed 
gate circuit; and, if a gate were open, the pulse was 
recorded by the register associated with the open gate. 
When a pulse was recorded in the first delayed gate, 
an additional circuit was actuated and caused a small 
neon lamp to flash momentarily. The neon lamp was 
placed near the face of the oscillograph tube and in the 
field of view of the recording camera. Its flash would 
thus produce a dot on the film at the end of the sweep 
trace. The dot appearing at the end of the trace would 
then indicate that the pulse of the positron from the 
u-meson decay had been detected. A third connection 
to detector number 2 was made to a section of 125 ohms 
impedance RG 63/U coaxial cable 125 meters long and 
thence to the distributed amplifier, the output of which 
was connected as directly as possible to the vertical 
deflection plates of the oscillograph. The purpose of the 
long cable was to delay the pulse about 0.5 microsecond 
in order to allow the oscillograph sweep and intensifier 
circuits to become operative. The sweep duration was 
0.8X10-® sec. The oscillograph trace thus displayed 
the pulses which occurred in detector number 2 during 
a time interval of about 0.8X 10~° sec after the passage 
of a particle through detector number 1 and into or 
through number 2. Figure 3 is a reproduction of a 
typical trace. 

The sweep speed of the oscillograph was calibrated 
by applying a sine wave voltage of known frequency to 
the vertical deflection plates. Such calibrations were 
made several times during the course of the experi- 
ment. The standard frequency source was a General 
Radio type 605-B signal generator accurately calibrated 


* Ginzton, Hewlett, Jasberg, and Noe, Proc, Inst. Radio Engrs. 
36, 956 (1948). 





POSITIVE xr-MESON LIFETIME 


to within +0.3 percent. Also, we allowed a slight 
amount of extraneous pick-up from the synchrotron 
radiofrequency system which provided a practically 
continuous calibration by its presence on the pulse base 
line. The frequency of the synchrotron was constant 
and by a different signal generator was found to be 
47.34+0.02 megacycles per second. The two measure- 
ments agreed and showed the sweep speed to be linear 
within +0.5 percent and to amount to 1.3X10~* sec 
mm at the screen of the cathode-ray tube. 

The apparatus was adjusted by trial to give a 
reasonable rate of traces exhibiting +-y-decay pulses 
and at the same time a reasonably low background of 
spurious traces. A typical run was as follows: During a 
13-hour exposure the standard length of 100 feet of 
film was run continuously through the camera, and 
there were recorded upon this film 5232 traces of which 
168 bore the neon lamp flash marker. 

A microfilm reader was used to examine the processed 
film. Images of the traces were projected onto a piece 
of graph paper upon which the distance between two 
pulses could easily be determined to within 1 mm. 
With the particular camera and projector arrangement 
employed, 1 mm on the projector screen represented 
0.362 X 10-* sec. 

The distance between pairs of pulses was interpreted 
as indicated by Fig. 4. Points halfway up the leading 
slopes were determined, and the distance between 
pulses was taken to be the distance between the projec- 
tions upon the base line of these two points. All double 
pulses marked by the flash were included in the tabu- 
lation of the data. Only in a very few instances was it 
questionable that a pulselike disturbance on the baseline 
was due to a u-meson. The heights of the yu-meson 
pulses were fairly uniform, as is indicated by a plot of 
the number of pulses versus their height in Fig. 5. 

The slope of the baseline due to the first pulse 
influences the apparent height of the second pulse and 
this accounts largely for the small pulses of Fig. 5. 
However, the time separation was not affected, since 
the distance between the pulses was measured using 
the middle of the rise as illustrated in Fig. 4. Further- 
more, since the amplifier was always operated well 
within its linear region, we believe there was no distor- 
tion by the amplifier of the pulse separation times. 

Considering all the traces marked by the neon flash 
bulb, it was not possible in every instance to observe 
two distinct pulses. This was interpreted as being due 
to m-meson decays occurring within the resolving time 
of the system and, consequently, the stopping of the 
m-meson and emission of the u-meson appearing as one 
pulse. The treatment of such unresolved decays will be 
discussed later. 


RESULTS 


During the course of the experiment a total of 1419 
separate traces marked with the neon flash bulb were 
accumulated. A total of 691 of the marked traces 
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Fic. 4. Illustration 
of the method of 
measuring the sepa- 
ration d between two 
pulses. 


exhibited two clearly separated pulses between which 
the distance could be measured, and the remainder 
were unresolved. The distances between the pairs of 
pulses were tabulated to the nearest millimeter on the 
projector screen. A histogram of the number of pulses 
which occurred with various time separations is pre- 
sented in Fig. 6. 

An integral representation of the same data is given 
in Fig. 7 in which the total number of pulses occurring 
after a certain time is plotted as a function of this time 
upon semilogarithmic paper. This number is given by 
N(t)=Noe™*, where No is the total number of recorded 
traces due to 7-mesons stopping in the detector and A 
is the meson decay constant. 

In Fig. 8 the data are shown in differential form, 
where the logarithm of AN, the number of pulses 
occurring in the constant time interval 1.45 10-* sec, 
is plotted versus time. The expression 7 is the time for 
AN to diminish by the factor 1/e and by inspection of 
the curve is seen to amount to about 2.6X 10- sec. 


a. Analysis of Differential Curve 


Inspection of the histogram Fig. 6 and the integral 
curve Fig. 7 reveals that apparently all of the z-y- 
decay pulses were resolved after 2.17 10~* sec. There- 


fore, only pulses which occurred after 2.17 10-* sec 
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(554 in number) are included in the lifetime calculation 
and the differential decay curve, Fig. 8. 

As far as one can tell from the decay histogram of 
Fig. 6, the background of pulses from extraneous phe- 
nomena was negligible. The one pulse which occurred 
at 25.3X10-* sec is reasonably expected from a pure 
radioactive decay. The interval (26 to 36)X10-* sec, 
during which the delayed gate was known to be closed, 
contained no pulses. Using the known counting rate in 
scaler C and the beam on time, it is calculated that 
there should be a probability of 0.3 of getting one 
accidental pulse in the accepted time interval of the 
whole experiment. 

A different background arising from mesons stopped 
in detector 2 and accompanied by an accidental pulse 
in the first delayed gate and flashing the neon bulb is 
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Fic. 6. Histogram of the number of measured pulse pairs versus 
the time of their separation. 


calculated to be 0.6 of one pulse during the whole 
experiment. This latter background would arise only in 
cases in which the w-y-decay occurred too quickly to 
be resolved and the y-8* decay occurred within 25.3 
10-8 sec. Allowing for a background of one pulse out 
of the 554 decays will require a correction to the mean 
lifetime of —0.02X 10-8 sec. 

The mean lifetime is given by 

r=: Nit/Di Ni, 
where J; is the number of x-mesons which decay in the 
ith time interval and ¢, is the time from a suitably 
chosen origin to the center of the ith interval. 

The summations should include all pulses occurring 
after the chosen time origin. (We have included those 
from 2.17 10-* through 25.34 10-8 sec.) The correc- 
tion due to exclusion of all pulses after 25.34 10-* sec 
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has been calculated and is negligible (—0.1 percent 
error). The error due to taking finite time intervals is 
also negligible (+0.16 percent). 

Since not all of the pulses were resolved until after 
the sixth interval of 0.36210-® sec, we have chosen 
as time 0 the center of the sixth interval. We have then 


70 70 
r= > Nét;/ SL Ni, 1=2.65X10- sec. 


i=6 i=6 


The statistical error in the result for 7 is obtained by a 
method pointed out by Peierls.!° The percentage error 
in 7 is given by 1/4/N, where N is the number of 
measured pulses used (554): 


r= (2.65+0.11) x 10-8 sec. 


A correction for a systematic error and a discussion of 
the reliability of the measurements will be given later. 


b. Analysis of the Integral Curve 


The integral representation of the data allows us to 
make use of the unresolved pulses in the first few time 
intervals providing we know the total number of mesons 
which stopped in the detector. This procedure gives a 
point of high statistical accuracy and is important in 
determining the slope of the decay line. However, it 
may be reduced in effectiveness by the uncertainty of 
the necessary corrections for background. 

Of the 1419 recorded traces marked by the neon 
bulb, 691 showed two resolvable pulses leaving 728 
unresolved single appearing pulses. However, not all 
the unresolved pulses were due to x-mesons stopped in 
the detector because there was a background of spurious 
pulses which could fall within the delayed gate time, 
initiate the flash bulb, and thus give false impressions 
of arising from u-meson decay positrons. Another source 
of single background pulses originated from the decay 
of x-mesons while in flight from the polyethylene target 
to the detectors. Such events could lead to u-mesons 
coming to rest in the detector and making single pulses, 
and then their decay positrons activating the neon 
bulb flasher. 

An estimate of the number of spurious unresolved 
pulses can be made as follows: If all the pulses arriving 
at the delayed gates are due to positrons from y-meson 
decay, they should accumulate in the four gates ac- 
cording to the law V;= (0) exp(—Awé,) (i=1, 2, 3, 4), 
where /; is the time at the center of the gate. A departure 
from this law can be attributed to the background. If 
we assume \,=4.65X10° sec! (7,=2.15X10-* sec) 
and attempt to fit the expected curve to the experi- 
mental data, we find that a background of about 5 
percent of the total number of pulses must be sub- 
tracted. 

Another calculation of the background pulses falling 
into the delayed gates and flashing the neon bulb can 


10 R. Peierls, Proc. Roy. Soc. (London) 149, 467 (1935). 
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be made from the auxiliary counters indicated on the 
block diagram of Fig. 2. The number of gates made was 
equal to the number of pulses in coincidence accepted 
by discriminators A and B and registered in scaler AB. 
The number of pulses which could fall into a delayed 
gate was the number accepted by discriminator C and 
registered in scaler C. Then, if + was the time in seconds 
that a gate remained open each time it was made and 
T was the time during which the number of counts 
Nap and Ng were accumulated, the number expected 
to randomly fall into a gate is given by 


Naccia=NasNer/TF, 


where F is the fraction of time the synchrotron beam 
was actually on and is sometimes referred to as the 
duty cycle. The beam pulses came at a rate of 6 per 
second and had a duration of about 2X 10~ sec. Hence, 


F=1.2X10~. 


A typical run lasted 87 minutes, during which 4217 
pulses were received in scaler AB and 73,820 in scaler C. 
The value of +r was 2X10~* sec for each of the four 
delayed gates. Putting these values into the formula, 
we find the expected number of accidentals to be 9.94. 

During this run 160 pulses were registered in the first 
delayed gate. If then 10 of these were background, as 
we have just computed, 10/160 or about 6 percent of 
the pulses were accidental; and this agrees within 
statistical accuracy with the previously estimated 
value. The average background of spurious unresolved 
pulses for the entire experiment came to 7 percent of 
the total number of pulses marked by the neon flash 
bulb. 

The second correction needed to establish the total 
number of stopped x-mesons is obtained by evaluating 
the fraction of -mesons which decayed in flight from 
the target to the detector. The kinetic energy of the 
emitted 2-mesons lies in the region of 60 Mev and their 
rest energy moc” is about 140 Mev. Then, it follows that 
v/c=0.72, where v is the velocity of the meson and c is 
the velocity of light. Since the energy of the emitted 
mesons is not constant, it will be sufficient to consider 
the velocity constant during the flight. The probability 
that a meson decay while traversing the distance d= 20 
cm from the target to the detector is 


(1—v*/c?)'d/rv= 0.025, 


where 7 is the approximate mean lifetime. We have 
finally a background of about 10 percent to subtract 
from the total number of recorded traces marked by 
the neon flasher. This leaves 1277 pulses for the first 
point on the integral curve. 

The data of the integral representation can be con- 
veniently analyzed by calculating the average lifetime 
of the unresolved pulses and combining this point with 
the differential curve. The average lifetime r’ of the 
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Taste I. Experimental uncertainties and estimates of their 
contributions to the error. 





Estimated relative errors 
Differential data Integral data 
+0.02 +0.02 
+0.005 +0.005 
+0.005 +0.005 

+0.04 
+0.043 +0.028 


+0.053 


Uncertainty 





Measurement of pulse separations 
Sweep calibration 

Nonlinearity of sweep 

Number of unresolved pulses 
Statistics (standard deviations) 


Total errors 








where r=2.65X10~* sec is the mean lifetime obtained 
from the differential curve and the time T for the pulses 
to be fully resolved is 2.17 10-8 sec. Then, it follows 
that 


T/r=0.82, 1’'=0.91X10-* sec. 


To combine this information with the differential 
data we subtract the 554 resolved pulses used in the 
differential curve from the total of 1277, leaving 723 
unresolved pulses V,. We must insert another term, 
N;X2.17X10-* sec, in the numerator of the mean 
lifetime relation, so that the origins of the time scales 
will coincide. Finally, the mean lifetime including the 
unresolved pulses is given by 


r= DN: +6X0.352X10°XN/XN +N, 


= 2.60; 10~® sec. 


In the above analysis a total of 1277 measurements 
are involved, so that if we apply Peierls’ method of 
determining the error, we find a standard deviation of 
+2.8 percent, or 


7 = (2.60;+0.07) X 10- sec. 


The actual standard deviation is somewhat larger, 
because we do not know the exact time at which the 
unresolved pulses occurred, whereas in Peierls’ analysis 
it is assumed that the time at which each pulse occurred 
is known exactly. It is easy, however, to see that this 
addition to the standard deviation under our experi- 
mental conditions is small compared to the term 1/+/V. 

A systematic error which caused an apparent length- 
ening of the mean lifetime arose as follows: The gate 
which allowed the yu-meson decay positron to be de- 
tected was initiated by the stopping of -mesons, 
whereas to be consistent in allowing a constant fraction 
of decay positron pulses to fall within it, the gate 
should have been initiated by the u-meson pulses. 
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Consequently, the longer a m-meson lived in the 
detector, the higher was the probability that its p- 
meson decay positron pulse would fall within the de- 
layed gate and actuate the neon flash circuit. A detailed 
calculation shows that our arrangement actually meas- 
ured the difference between the decay constants of the 
mw- and yu-mesons. 

We have found the w-meson decay constant to be 
approximately 3.8510" sec. The u-meson decay 
constant is 4.65X10° sec~!. Therefore, the effect of 
the above correction is to reduce the measured mean 
lifetimes by 1 percent. 

There are uncertainties in all the operations involved 
in the tabulation of the data. For instance, it is possible 
that the distances between the pairs of pulses have been 
on the average over- or underestimated. The sweep 
calibration could not be determined exactly and there 
was a slight nonlinearity in the sweep speed. The 
number of unresolved pulses involved the fraction of 
time the synchrotron emitted its photon beam. This 
duty cycle was not accurately known and probably 
was not constant. 

Various uncertainties and estimates of their contri- 
butions to the error are listed in Table I. 

We have found from the differential data r=2.65 
X10-* sec and from the integral data r=2.605X 10-® 
sec. Then, subtracting one percent for the systematic 
correction and 0.0210~-* sec for background effects 
and applying the above errors, we find the final results 
of this measurement of the mean lifetime of positive 
-mesons : 


7= (2.60+0.13) X 10-* sec (differential data), 
7 = (2.56+0.14) X 10 sec (integral data), 
and correspondingly for the half-life: 
T,=(1.80+0.09) X 10-8 sec, 
T;= (1.7740.10) X 10-8 sec. 
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Techniques are described for observing low energy (15-60 kev) “threshold” neutrons in the presence of 
fast neutrons. The threshold of the T*(p,n)He’ reaction was found to be 1020.3 kev, which gives a Q-value 
of the reaction equal to — 764.7 kev and a neutron-hydrogen mass difference of 783.2 kev. Interpretation 
of data near the threshold of the Li’(p,n)Be’ reaction gives indication of a level in Be* near 18.90 Mev. 
Three neutron thresholds have been observed in the reaction Be®(d,n)*B" at deuteron energies of 920, 
985, and 1916 kev. The corresponding Q-values are — 752, —805, and — 1566 kev; these give excited states 
in B™ at 5.110, 5.163, and 5.924 Mev. The threshold of the reaction O(d,n)F"’ was determined to be 1836 
kev, giving a Q value of — 1631 kev and a mass of F*’ equal to 17.007506. 





INTRODUCTION 


EUTRON thresholds for endothermic reactions 
have been investigated in the case of a number 
of nuclear reactions.' The absolute determination of 
these threshold energies give the Q-values of the 
reactions and, therefore, the mass differences between 
the initial and final systems. The accuracy of establish- 
ing the position of the threshold is limited only by the 
absolute bombarding energy scale, which is known to 
about a tenth of one percent. This is in contrast to an 
accuracy of the order of one percent in measuring the 
Q-values of exothermic neutron emitting reactions. 

The experiments reported herein concern the neutron 
thresholds from proton bombardment of T* and Li? and 
deuteron bombardment of Be® and O"*. All of these 
reactions except deuterons on Be® are endothermic and 
thus cannot occur at all below a certain reaction 
threshold. The deuteron disintegration of Be’ is highly 
exothermic, but the residual nucleus may be left in a 
higher excited state than would be possible from the 
energy available from the reaction energy. One would 
expect such “threshold neutrons” (15-60 kev) to 
exhibit threshold characteristics similar to the endo- 
thermic reaction thresholds except that the sharpness 
of the threshold would depend on the width of the 
excited state of the residual nucleus. 

The experimental problem of observing new “‘thresh- 
olds” is complicated somewhat by the presence of the 
faster neutrons from lower energy states and the ground 
state. These faster neutrons are essentially background 
as far as the new group of threshold neutrons is con- 
cerned, and in most cases outnumber them. If one is to 
establish accurately the position of the threshold, he 
must discriminate strongly against the fast neutrons in 
favor of the slower ones. 

* A preliminary report of these results has been given by Bonner, 
Butler, and Risser, Phys. Rev. 79, 240(A) (1950), and in Pro- 
ceedings of the Harwell Nuclear Physics Conference (September, 
1950), unpublished. 

1R. F. Taschek and A. Hemmendinger, Phys. Rev. 74, 383 
(1948) ; Hanson, Taschek, and Williams, Revs. Modern Phys. 21, 
635 (1949) ; Bonner, Evans, and Hill, Phys. Rev. 75, 1398 (1949) ; 


Richards, Smith, and Browne, Phys. Rev. 80, 524 (1950); H. B. 
Willard and W. M. Preston, Phys. Rev. 81, 480 (1951). 


The application of threshold techniques to these new 
groups of slower neutrons presents a method capable 
of resolving closely spaced energy levels in the residual 
nucleus because the resolution is limited primarily by 
the target thickness, which for the very light elements 
can be reduced to a few kev and still give satisfactory 
intensity. Essentially, the same accuracy of establishing 
the position of the threshold can be attained as in the 
case of the endothermic reaction threshold. 

The usefulness of the method of neutron thresholds 
is enhanced by the cone effect of the neutron emission 
which gives a very favorable factor in the forward 
direction just above threshold.' This cone effect is 
discussed in the Appendix. 

According to theory*® the cross section for emission 
of a neutron near threshold is proportional to E'*4, 
where E is the neutron energy in the center-of-mass 
system and / is the angular momentum of the neutron, 
and so one might expect to be able to determine the 
angular momenta of the neutrons by examination of 
the experimental yield curve. However, because of the 
very high centrifugal barrier’ in the region just above 
threshold for neutrons with nonzero angular momen- 
tum, there will be at most a small contribution from 
such neutrons unless neutrons with zero angular mo- 
mentum were forbidden or made improbable by selec- 
tion rules. If a group of neutrons, known by other 
methods, fails to show a threshold, it might be taken 
as an indication that neutrons with zero angular 
momentum are forbidden by the selection rules. 


APPARATUS 


The bombarding particles used in these experiments 
were accelerated by the Rice Institute pressure Van de 
Graaff generator, which was stabilized by a magneti- 
cally focused beam of electrons going down the vacuum 
tube in the opposite direction to the positive ions.‘ 

For all the absolute voltage determinations and for 
most of the excitation curves, the slit width of the 
magnetic beam analyzer was 0.005 inch which allowed 

2 E. P. Wigner, Phys. Rev. 73, 1002 (1948). 


* Feshbach, Peaslee, and Weisskopf, Phys. Rev. 71, 145 (1947). 
*S. J. Bame and L. M. Baggett, Rev. Sci. Instr. 20, 839 (1949). 
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Fic. 1. Target-counter arrangement for 27° geometry. 


an energy spread of 0.08 percent in the incident beam. 
For the Be® excitation curve below the 920-kev thresh- 
old and above the 985-kev threshold, the slit width 
was 0.012 inch. 

In order to obtain accurate data from thin targets 
which are bombarded by deuterons, it was necessary to 
take steps to reduce the background. A deflecting 
magnet was placed across the vacuum tube about one 
meter before the analyzing magnet. This magnet sepa- 
rated the beam into its various mass components, while 
adjustable quartz plates on each side of the beam were 
moved in to stop the unwanted portions of the beam 
and to permit only the desired mass component to pass 
through to the analyzing magnet. 

The ion source of the electrostatic accelerator was 
supplied with either hydrogen or deuterium by means 
of a }-in. Saran tube going from the storage bottle 
outside the accelerator tank up to the palladium leak 
inside the central electrode. When the absolute value 
of the deuteron-neutron thresholds in terms of the 
standard calibration reactions using protons as bom- 
barding particles was determined, it was necessary to 
switch from protons to deuterons, or vice versa, with 
as little delay as possible. 

The target holder was a brass disk capable of holding 
five targets simultaneously and was contained in a short 
brass cylinder as shown in Fig. 1. Target positions 
could be changed by rotating the target holder from 
outside the vacuum system by means of a knob con- 
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nected to the shaft passed through a Teflon seal to the 
vacuum system. 

The background counting rate was determined by 
rotating into the path of the beam a silver blank and 
recording the counting rate in the same manner as 
with a target. 


COUNTING TECHNIQUE 


Various materials, shapes, sizes, and orientations of 
moderators around a BF; counter were tried in an 
effort to attain an optimum geometry, the optimum 
conditions being (1) a good counting rate and (2) the 
highest ratio of counts from threshold neutrons (15-60 
kev) to that from fast neutrons. A bare BF; counter 
satisfies the second condition, but gives a very low 
counting rate. Cylindrical paraffin moderators coaxial 
with the counter tube were tried, but were abandoned 
in favor of a truncated cone of paraffin because of 
better defined boundary of the ‘“‘counting cone” in the 
case of a truncated cone. A well-defined counting cone 
is important when we try to compare the experimental 
curve with theory. The “cone effect’”’ near threshold 
caused by the moving center of mass, is discussed in 
the Appendix. The final version of the counting arrange- 
ment is shown in Fig. 1; thin cadmium sheets com- 
pletely cover the paraffin moderator. 

A graphite moderator was tried with the hope that it 
would give a very high ratio of threshold neutron 
counts to fast neutron counts; but it actually gave 
about the same ratio as the paraffin moderator, and 
the total counting rate was so low as to make the 
graphite moderator of little value. A heavy water 
moderator was tried in order to avoid neutron capture 
by the moderator as in the case of paraffin, but it too 
gave a lower counting rate than the paraffin and gave 
no higher ratio of “threshold” to fast neutrons than 
did the paraffin. The arrangement in Fig. 1 is hereinafter 
referred to as the “27° geometry.” 


T*(p,n)He* 


It was thought that this reaction would be a particu- 
larly good one for testing the counting technique, 
because the high center-of-mass velocity confines the 
total neutron yield to a cone of half-angle 27° until a 
bombarding energy of 24 kev above threshold is reached. 
This reaction provided a region (large compared with 
target thickness) over which the shape of the rising 
slope of the curve could be critically compared with a 
calculated curve. This is important to determine 
whether or not the effective cone of the counter is the 
same as the geometric cone. Furthermore, the reaction 
is almost ideal as regards certain assumptions which 
are made in calculating a theoretical curve. Because of 
the low coulomb barrier (about 400 kev) and because 
no excited states of the intermediate nucleus He‘ have 
been reported in the energy range involved here, one 
would expect the cross section for formation of the 
intermediate nucleus to remain practically constant 





NEUTRON THRESHOLDS 


over a small range of bombarding energies. In calcu- 
lating the geometrical effect of the neutron cone on the 
counting rate, it was assumed that the neutrons were 
emitted isotropically in the center-of-mass system. 
Taschek ef al.6 have shown that the neutrons from 
this reaction show approximate symmetry in the center- 
of-mass system near the threshold. 

The tritium targets were made by evaporating thin 
deposits of zirconium onto }-in. diameter polished 
tungsten disks and allowing the zirconium to take up 
tritium by first heating it, then cooling it in an atmos- 
phere of the gas.® 

The circles in Fig. 2 give the experimental neutron 
counting rates for a target which was 40 micrograms of 
Zr per cm? thick (about 4 kev). The background 
counting rate was negligible. The counting rate rises 
smoothly until a bombarding energy of 15 kev about 
threshold is reached, after which the points fall rather 
slowly until 24 kev above threshold is reached. At this 
energy the neutron cone has opened up to 27°, and 
therefore the neutrons start missing the cone of the 
counter entirely at higher energies, and the yield falls 
more rapidly. Apparently then, the outer layer of 
paraffin between 21° and 27° (at 15 kev above thresh- 
old, the cone has opened up to 21°) is not so effective 
in contributing to the counting rate as the inner cone 
(less than 21°). 

The curve in Fig. 2 represents the expected theo- 
retical counting rate, assuming a counter cone of half- 
angle 21°, which appears to be approximately the 
effective cone of the counter. The curve was calculated 
by multiplying the geometrical effect by the square 
root of the neutron energy in the center-of-mass system 
and integrating the product curve over a 4-kev target 
thickness. Since both the solid angle (as a function of 
cone half angle) and the neutrons per unit solid angle 
are concentrated toward the outer edge of the cone near 
threshold, one would expect the experimental counting 
rate above 1035 kev to be somewhat higher than the 
calculated curve based on an effective cone of 21°. 

Above 1060 kev the experimental points drop faster 
than the calculated curve; this can be explained quali- 
tatively on the basis of the counter efficiency as a 
function of neutron energy. By making a rough extra- 
polation of the curves of Hanson and McKibben’ for 
the counting efficiency of various sizes of paraffin 
cylinders as a function of neutron energy, it is estimated 
that the efficiency of the counter is almost flat up to an 
energy of about 100-200 kev and decreases for higher 
energies. The neutrons emitted just above threshold 
have an energy of about 60 kev in the laboratory 
system. At a bombarding energy of 1080 kev, the 
neutrons emitted in the forward direction have an 
energy of 200 kev in the laboratory system; and for a 


5 Taschek, 


Jarvis, Hemmendinger, Everhart, and Gittings, 
Phys. Rev. 75, 1361 (1949). 
* A. B. Lillie and J. P. Conner, Rev. Sci. Instr. 22, 210 (1951). 
7 A. O. Hanson and J. L. McKibben, Phys. Rev. 72, 673 (1947). 
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bombarding energy of 1120 kev, the maximum neutron 
energy is about 250 kev. 

Experiments to determine accurately the threshold 
of this reaction were made with thin tritium targets. 
The absolute value of the threshold energy is based on 
the accurate work of Herb, Snowdon, and Sala,* who 
determined the voltages of the 873.5-kev resonance in 
the reaction F!°(p,a,7)O"*, the 993.3-kev resonance in 
Al?"(p,7)Si*8, and the threshold for the reaction 
Li’(p,n)Be” at 1882.2 kev to an over-all accuracy of 
about 0.1 percent. 

To determine the value of the T*(p,n)He* threshold, 
the beam analyzing magnet currents required for the 
fluorine and aluminum resonances were determined by 
bombarding a target of LiF about 0.4 microgram per 
cm? thick (about 100 volts thick for 900-kev protons) 
and a freshly cleaned disk of commercial 2S aluminum. 
The tritium threshold was then studied using the 
geometry of Fig. 1. For the range of magnet currents 
which were used in the calibration, the bombarding 
energy is given by the following equation : 


E=AP+B, 


where £ is the bombarding energy, [ the magnet 
current, and A and B are constants determined by the 
two resonance calibration points. A typical run is 
shown in Fig. 3. 

The half-width of the F'® resonance was about 4.3 
kev; and the total rise of the thick target Al?’ resonance 
took-place in about 1.5 kev, thus confirming the value 
of the beam energy resolution determined by the setting 
of the resolution slit. The half-width of the Al’ reso- 
nance is known to be about 0.4 kev or less. 

For a thick target yield above threshold, the (neutron 
yield)! is a linear function of bombarding energy. The 
position of the tritium threshold was determined by 
plotting the (neutron yield)! and extrapolating to the 
abscissa. This relation applies to the threshold data, 
since all points taken were less than 4 kev (target 
thickness) above the threshold. The values of the 
tritium threshold thus determined for five different 
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Fic, 2. Neutrons from the reaction T*(~,s)He’*. Circles give 
experimental points using a counter half-angle of 27° and a 4-kev 
target. The curve gives the calculated values for an effective 
counter half-angle of 21°. 


* Herb, Snowdon, and Sala, Phys. Rev. 74, 246 (1949). 
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Fic. 3. Typical run on absolute determination of threshold 
energy for the reaction T*(p,m)He*. Targets used on this run: 
LiF (about 0.1 kev thick), thick Al disk, and a 4kev tritium 
target. 


runs are 1019.9, 1019.7, 1020.6, 1021.1, and 1020.3 kev. 
The average value is 1020.3 kev, with an estimated 
limit of error of 1.5 kev. 

This value of the threshold agrees very well with that 
obtained by Taschek ef al.* (1019 kev). When the 
average threshold value of 1020.3 kev is used, the 
Q-value of the reaction is — 764.7 kev; and the neutron- 
hydrogen mass difference is found to be 783.22 kev 
when 18.5 kev'® is used as the end point of the beta- 
spectrum from T* and the neutrino rest mass is neg- 
lected. 


Li’?(p,n)Be’ 


This reaction has been investigated rather thoroughly 
by Taschek and Hemmendinger! and others. Breit and 
Bloch" have discussed the possibility of a resonance 
below threshold on theoretical considerations and on 
the basis of the cross section for the reaction obtained 
by Taschek and Hemmendinger. Their values of total 
cross section were constant from about 50 kev about 
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Fic. 4. Neutrons from the reaction Li’?(p,n)Be’. Circles give 
experimental points using a counter half-angle of 5° (effective 
angle: 4°) and a 0.6-kev target of LiF. The broken curve repre- 
sents the theoretical counting rate assuming an isotropic distribu- 
tion of neutrons in the center-of-mass system and assuming that 
the cross section increases as the neutron velocity. 
® Taschek, Argo, Hemmendinger, and Jarvis, Phys. Rev. 76, 
325 (1949). 

‘© Hornyak, Lauritsen, Morrison, and Fowler, Revs. Modern 
Phys. 22, 299 (1950). 

1G. Breit and I. Bloch, Phys. Rev. 74, 397 (1948). 
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threshold to about 190 kev above, indicating that either 
the probability of neutron emission is independent of 
bombarding energy in this range, or that the cross 
section for formation of the compound nucleus is a 
decreasing function of energy. Since the behavior of 
the cross-section curve below 23 kev above threshold 
was unknown, it was felt that by determining the 
trend of the cross-section curve closer to threshold, one 
might draw more definite conclusions as to the possi- 
bility of existence of an excited state in the Be® nucleus 
corresponding to a bombarding energy in the neighbor- 
hood of the threshold. 

A target of LiF, 4 micrograms per cm? thick (about 
600 volts for 1.9-Mev protons), was bombarded with 
protons from the threshold to 1940 kev. The geometry 
was the same as in Fig. 1 except the counter was 
moved back until the average solid angle subtended by 
the paraffin was a cone of half-angle 5°. Figure 4 
shows the experimental data. 

Since the outside layer of paraffin seemed to be rather 
ineffective in contributing to the counting rate in the 
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Fic. 5. Neutrons from the reaction Be*(d,2)*B'® using counter 
half-angles of 27° and 15° and a 4kev target. 


T*(p,n)He’ reaction, the theoretical curve for the reac- 
tion was calculated using an effective angle of 4° (that 
is, the same “effective volume”) instead of the geo- 
metrical angle of 5°. The calculated results using a 5° 
cone were found to be not appreciably different from 
the 4° curve, which is shown in Fig. 4. 

Since the experimental points above 1890 kev drop 
faster than the theoretical curve, there is an indication 
that the cross section for formation of the compound 
nucleus is a decreasing function of energy in this 
interval. This is consistent with the results of Taschek 
and Hemmendinger at higher energies, and it lends 
support to the existence of a level in Be*® near 18.90 
Mev.” 


Be‘(d,n)*B'° 


The neutrons from this reaction have been previously 
investigated by other methods,® and the group of 


® Calculated with Bainbridge’s 1951 Table of Masses. 
's T. W. Bonner and W. M. Brubaker, Phys. Rev. 50, 308 (1936). 
4 Evans, Malich, and Risser, Phys. Rev. 75, 1161 (1949). 
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Fic. 6. “Threshold” neutrons from the reaction Be*(d,n)*B"’. 
Circles and crosses give data for counter cones of 27° and 15°. 
Experimental points show only “threshold” neutrons (fast 
neutrons have n subtracted) corrected for the cross section 
for formation of the compound nucleus. The curves represent the 
theoretical counting rates. 


neutrons having a threshold at about 0.9 Mev re- 
ported." 

The targets were made by evaporating metallic 
beryllium onto silver disks Targets which were used 
varied in weight from 8 to 50 micrograms per cm’. 

Figure 5 gives results obtained with an 8-microgram 
per cm? target, which is about 4 kev thick for 900-kev 
deuterons. Curves are given for 15° and 27° cones. 
The data at 15° were obtained by moving the counter 
and moderator back from the target until the average 
solid angle subtended by the paraffin was a cone of 
half-angle 15°. 

Two thresholds are indicated—one at 920-kev bom- 
barding energy, the other at 985 kev. The calculated 
Q values are —752 kev and —805 kev, respectively. 
These thresholds indicate a doublet energy level in the 
residual nucleus B!® at 5.110 Mev and 5.163 Mev, 
calculated on the basis of a reaction Q-value of 4.358 
Mev.” Since the curves exhibit sharp breaks at the 
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thresholds, these states in B'® are quite narrow, prob- 
ably 3 kev or less, although they usually break up into 
Li® and an alpha-particle.’® 

In order to determine how well a theoretical curve 
will fit the experimental data, it is necessary to correct 
the experimental data for the fast neutron counts and 
for the cross section for formation of the intermediate 
nucleus. The total yield was determined by the use of 
a flat energy response neutron detector’ at 90° to the 
deuteron beam. The corrected data is given in Fig. 6. 

The theoretical values shown in Fig. 6 are equal to 
the integrated effects over a 4-kev target of the product 
of the geometrical factors and the square root of the 
neutron energy in the center-of-mass system. 

The calculated curves fall below the experimental 
points. This discrepancy can be explained in a number 
of ways. If one assumes a small percentage of p-neu- 
trons, a very good fit can be made with the experimental 
points. However, the high centrifugal barrier for 
p-neutrons with such low energies makes it very 
unlikely that these neutrons make any appreciable 
contribution to the yield. A more likely explanation of 
this relatively small deviation is the difficulty in sub- 
tracting out accurately the effects of the fast neutrons. 

Figure 7 gives data obtained at bombarding energies 
from 480 to 2130 kev. No thresholds were observed 
below 920 kev, although Ajzenberg,!® using a bombard- 
ing energy of 3.4 Mev, found a group of neutrons 
corresponding to a level in B'° at 4.79 Mev. This group 
should have a threshold at about 525 kev. Since our 
data showed no threshold at this energy, a reasonable 
conclusion is that s-neutrons are forbidden at such low 
bombarding energies. s-deuterons are expected to be 
predominant, leaving the excited B" intermediate 
nucleus with odd parity. If the 4.79-Mev state of B® 
has even parity, then s-neutron emission is forbidden 
near threshold. Figure 7 shows that there is another 
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Fic. 7. Neutrons from the reaction Be*(d,n)*B' over a wide range of bombarding energies. 
Target thicknesses ranged from 8 to 50 micrograms per cm”. 


6 Chao, Lauritsen, and Rasmussen, Phys. Rev. 76, 582 (1949). 
16 Fay Ajzenberg, Phys. Rev. 82, 45 (1951). 
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Taste I. Data on the neutron “thresholds” in the 
reaction Be*(d,n)*B". 





Be® threshold Q-values 
(kev) (kev) 


92042 — 752+2 
— 805+2 
— 1566+4 


Bie levels Level i 
“Gfev) (Mev) 


5.110 
5.163 
5.924 





0.053 


98522 
0.761 


1916+4 





threshold at a bombarding energy of 1916 kev, giving 
a Q-value of —1566 kev and an energy level of 5.924 
Mev in the B?° nucleus. 

The 920-kev threshold was calibrated in terms of the 
1882.2-kev threshold of the Li’(p,)Be’ reaction using 
the mass-one beam, the 446-kev resonance in the 
Li’(p,y)Be® reaction, and the 485-kev resonance in the 
reaction F!*(p,a,7)O", using the mass-two beams. The 
respective results were 920, 919, and 920 kev. 

The value of the 1916-kev threshold was measured 
by comparing it with the 873.5 kev F'%(p,a,7)O"* 
resonance using the mass-two beam. The values of all 
three thresholds, their probable errors, Q-values, and 
corresponding B’° energy levels are given in Table I. 


O'*(d,n)F!7 


This reaction has been observed by Heydenburg and 
Inglis!” and others, but the thin target excitation curve 
in the region just above threshold has not previously 
been investigated. A target of Ca(OH):, 85 micrograms 
per cm* thick (about 20 kev for 1.8-Mev deuterons), 
was prepared by evaporating metallic calcium onto a 
silver disk and allowing the calcium deposit to become 
oxidized and slaked by exposure to the air. The target 
was then bombarded with deuterons with energies from 
1800 kev to 2077 kev and the counting rates recorded 
with the 27° geometry previously described. The 
background was relatively large because of the low 
cross section for this reaction. 

The circles in Fig. 8 indicate the experimental values 
which were obtained using the 27° geometry, and the 
broken curve represents the values calculated by multi- 
plication of the geometrical correction by the square 
root of the neutron energy in the center-of-mass 
system, and integration over a 20-kev target. The 
curves are quite dissimilar; their differences can be 
explained at least qualitatively. The reason that the 
experimental curve does not show the characteristic dip 
beyond the peak is believed to be incomplete oxidation 
and/or slaking of the layer of calcium next to the silver 
disk. This would cause the target density to taper off 
instead of having a sharp boundary. The reason for 
the major difference between the experimental and 
calculated curves lies in the variation of the cross 
section for the formation of the compound nucleus. 
The data of Heydenburg and Inglis’? for the short- 
range proton yield from deuterons on O** show a 
resonance at about 1.7 Mev, a minimum at 1.95 Mev, 


17 N. P. Heydenburg and D. R. Inglis, Phys. Rev. 73, 230 (1948). 
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Fic. 8. Neutrons from the reaction O'*(d,n)F!’. Circles give 
experimental points using the 27° geometry and a 20-kev target 
of Ca(OH):. The broken curve represents the calculated counting 
rate assuming constant cross section for formation of the com- 
pound nucleus. The crosses give the total cross section for the 
reaction by measurement of positron activity of F'. Units are 
arbitrary. 


and another resonance at about 2.2 Mev. Similar 
resonance effects are evident in the neutron curve. 

The absolute value of the threshold was determined 
by calibration of the beam analyzing magnet with the 
873.5-kev resonance in F!* by means of the molecular 
hydrogen beam. Two runs were made, both giving a 
threshold value of 1836 kev. The error is estimated to 
be 3 kev. 

When the value of 1836 kev is used for the reaction 
threshold, the Q-value is — 1631 kev, which gives the 
mass of F!’ as 17.007506+-0.000018, when the values of 
deuteron and neutron masses given by Bainbridge” 
are used. The probable error in this mass is mostly 
due to the uncertainty in the masses of the neutron 
and the deuteron. 

We are indebted to the Research Corporation and the 
joint ONR-AEC program for financial aid. 


APPENDIX 


Because of the center-of-mass velocity, the neutrons emitted 
just above threshold will be concentrated in a small cone in the 
forward direction in the laboratory system of coordinates. As 
the energy of the bombarding particle is increased above threshold, 
the cone of neutrons opens up until it reached 27 steradians. Any 
further increase in bombarding energy causes neutrons to be 
emitted throughout the entire solid angle of 4x steradians. 

To derive a quantitative expression for the effect of this chang- 
ing cone on the counting rate, we determine the fraction F of the 
neutrons that lie within the constant cone subtended by the 
counter as the total cone of neutrons opens up. If an isotropic 
distribution of neutrons in the center-of-mass system is assumed 
and the laws of conservation of energy and momentum are 
applied, the fraction F for the case when the center-of-mass 
velocity is greater than the neutron velocity in the center-of-mass 
system is given by 

F=1—cos6[1—(M1M./M2M;)(E,/AE)) sin*6}, 
where @ is the half-angle of the counter cone and the subscripts 
1, 2, 3, 4 refer to the bombarding particle, bombarded nucleus, 
residual nucleus, and emitted particle. 

When the center-of-mass velocity is less than the neutron 
velocity in the center-of-mass system, F is given by 


MM, t3 P sin?@— coso( 1- MMe A si #)'| 
My AE; MwM,AE, / 


1 
P= rE + 
When the two velocities are equal, both forms reduce to 
F=sin%. 
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The disintegration of 3.3-day Au’ has been investigated using beta-ray spectrometers and counting 
techniques. The beta-ray spectrum was observed to be complex. Determinations were made of the con- 
version electron and y-ray intensities of three y-transitions of 50, 159, and 209 kev. A consistent disinte- 


gration scheme is given. 





INTRODUCTION 


HE 3.3-day beta-activity of Au'®® was discovered 
by McMillan, Kamen, and Ruben.' In 1948, 
Mandeville, Scherb, and Keighton* reported that the 
beta-spectrum was simple, with an upper energy end 
point of 380 kev. In 1949, Meem and Maienschein* 
concluded that the beta-spectrum was simple and had 
an end point of 320 kev. They also observed y-rays of 
140 and 214 kev. In 1949, Beach, Peacock, and Wilkin- 
son‘ investigated the beta- and y-ray emission of Au’. 
They observed a simple beta-spectrum of 320-kev end 
point and y-rays corresponding to energies of 24, 52, 
76, 154, 206, and 230 kev. More recent work® has 
seemed to indicate only the existence of 50-, 159-, and 
209-kev y-rays. Because of this and the interest 
attached to the disintegration scheme of Au'® in 
evaluating the neutron capture cross section® of Au'®*, 
the present investigation was undertaken. 


SPECTROMETER MEASUREMENTS 
A. Electron Spectrum 


The combined beta- and conversion electron spectrum 
was observed with a 180° variable field spectrometer of 
approximately 1.4 percent resolution. The detector was 
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Fic. 1. Electron spectrum of Au’. 


* Assisted in Ym by the joint program of the ONR and AEC. 


1 McMillan, Kamen, and Ruben, Phys. Rev. 52, 375 (1937). 

* Mandeville, Scherb, and Keighton, Phys. Rev. 74, 601 (1948). 
sj. L. Meem and F. Maienschein, Phys. Rev. 76, 328 (1949). 

* Beach, Peacock, and Wilkinson, Phys. Rev. 76, 1585 (1949). 
5R.D. ‘Hill, Phys. Rev. 79, 413 (1 950). 

*R. D. Hill and J. W. Mihelich, Phys. Rev. 79, 275 (1950). 


a Geiger counter having an 0.12 mg/cm? Nylon window. 
The source was ~0.01 mg/cm? thick and was mounted 
on a conducting plastic backing of 0.025 mg/cm? thick- 
ness. Sources were prepared by chemically separating 
gold from platinum metal which had been irradiated 
by neutrons in the Oak Ridge pile. The spectrum, after 
correction for known factors, is shown in Figs. 1 and 2. 

Fermi plots of the beta-spectrum are shown in Figs. 
3 and 4. Analysis of these plots, assuming as a first 
approximation allowed-shape spectra, indicates the 
existence of three components with upper energy end 
points of 250, 300, and 470 kev. Errors up to 25 kev 
would be possible for these energy values. The existence 
of the highest energy component is definite and the 
value of its upper energy limit is consistent with a 
transition to a level 159 kev below that reached by the 
main beta-ray component. The existence of the lowest 
energy component is less certain. Its existence is again 
supported by the value of its upper energy limit being 
50 kev less than the main component. 

The conversion lines corresponding to y-transitions 
of 50, 159, and 209 kev confirm the experimental work 
of earlier observers.*® The intensities of the lines were 
obtained by decomposing them from the beta-spectrum 
and then integrating the counting rates with respect to 
Hp. These intensities are listed in Table I. 


B. Photoelectron Spectrum 


This spectrum was measured using a lens spectrom- 
eter of approximately 1 percent transmission and 3 
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Fic. 2. Electron spectrum of Au'**: high energy end. 
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Fic. 3. Fermi plot of Au’ beta-spectrum (245 kev to 470 kev). 
[R is the normalized counting rate and ¢=(n*F)—.] 


percent resolution. In order to resolve the photoelectron 
lines from the 159- and 209-kev y-rays to the greatest 
extent possible a tin radiator was used. The spectrum 
obtained from a 15.7 mg/cm? tin radiator, with no 
counting rate corrections applied, is shown in Fig. 5. 
The lines marked K,a-Z and Kg-L arise from the 
conversion of K x-rays of mercury in the L-shell of tin. 
The small peak at Hp=1370 is due to a trace of source 
material deposited on the outside of the container. 
This peak is the strong 159-Z conversion line, and 
corrections for the presence of the unshielded Au’? 
were made on the basis of its intensity. 

The peak heights of the photoelectron lines were 
measured and corrected for known factors such as 
background, decay of source, and window absorption. 
The ratio of the peak heights of the K lines of the 159- 
and 209-kev y-rays was determined to be 6.1. Using 
Richardson’s thick target formula,’ this ratio was then 
used to calculate the true ratio of the 159-kev y-ray 
intensity to the 209-kev y-ray intensity. The final 
value obtained was 4.2. Gamma-ray intensities are 
shown in Table I. 

No trace of a 230-kev y-ray, such as reported by 
Beach ef al.‘ was found. The strong line interpreted by 
these workers as the K line of a 230-kev y-ray can be 
attributed, for a lead radiator, to the Z line of the 
159-kev y-ray. 


ABSORPTION MEASUREMENTS 


Using scintillation counters with 2-mm thick sodium 
iodide crystals, y-y-coincidences were observed. The 
resolving time of the coincidence circuit was 1.2 10~? 
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Fic. 4. Fermi plot of Au’ beta-spectrum (250- and 300-kev com- 
ponents). [R is the normalized counting rate and ¢=(n*F)~.] 


second. Both counters were shielded with enough 
aluminum so as to prevent the passage of 500-kev 
electrons. 

An absorption curve of the -rays in coincidence was 
obtained by introducing copper absorbers in front of 
one counter. The curve showed that a soft y-ray 
component of ~50 kev was in coincidence with an 
x-ray of ~70 kev and a y-ray of ~160 kev. Copper 
absorbers placed in front of both counters showed that 
there was no appreciable coincidence rate between 
y-rays ~ 200 kev. 

The intensity of the 50-kev y-ray relative to the 
159-kev y-ray was estimated by comparing coincidence 
and singles rates. With no absorber, the coincidence 
rate was 0.059 count per second, as compared with a 
singles rate of 276 counts per second. Using the solid 
angle and efficiency factors of the crystals, it was then 
estimated that the 159-kev y-ray was ~120 times 
more intense than the 50-kev y-ray. 

This result assumes that the lifetime of the level 
intermediate between the 50- and 159-kev y-transitions 
is shortlived compared with the resolving time of the 
coincidence circuit. This point was verified by showing 
that the y-y-coincidences were as prompt, within the 
limits of our experiment, as the 8-y-coincidences from 
Au!®*, Coincidences between beta- and y-rays were also 
investigated, but no significant results of their inter- 
relationship were obtained. 


DISCUSSION 
A. Energy Level Diagram 


Considering the three main lines of evidence: y- 
transition energy values, component beta-ray energy 
values, and y-y-coincidence observations, the most 
probable Hg'® level scheme involved in the decay of 
Au!® is one consisting of two excited levels of 159 and 
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7H. O. W. Richardson, Proc. Phys. Soc. (London) 63A, 234 (1950). 








DISINTEGRATION 


209 kev above the ground state. This scheme is shown 
in Fig. 6. It is found to lead to a consistent interpre- 
tation of the intensities of all transitions and also to 
assignments of spin values for the levels which are 
consistent with interval conversion and radiation 
theory. 


B. Radiation Intensities 


The observed radiation intensities are shown in 
Table I. The intensities have been normalized so that 
the total beta-ray intensity is 100. The y-ray and 
conversion electron intensities have been related to 
each other and to the beta-ray intensities by assuming 
that the 159- and 209-kev total transition intensities 
equal the sum of the 250- and 300-kev beta-intensities, 
i.e., on the basis of the level diagram in Fig. 6. 


C. Conversion Coefficients 


The conversion coefficients calculated from the above 
intensity data are shown in Table II. Limits of errors 
involved in these coefficients were arrived at after 




















Fic. 5. Photoelectron spectrum of Au’. 


trying a number of decompositions of beta-spectra and 
conversion lines, as well as after considering the inaccu- 
racies arising from the observations alone. The different 
upper and lower limits arose primarily from the de- 
composition process. For example, the lowest intensity 
limits of the lines were obtained when the continuous 
beta-ray spectrum was drawn as far as feasible up into 
the bases of the lines. 

Although the divergence of the experimental con- 
version coefficients from the theoretical value is ad- 
mittedly large, the experimental values favor the electric 
2? assignment for the 159-kev transition, and, to be 
in line with this, an assignment of either 2' magnetic 
or 2‘ electric for the 209-kev transition. These assign- 
ments are also supported by a consideration of the 
Nx/N_ ratios for these two transitions. Although the 
present state of the theory does not seem to warrant 
an accurate comparison with experimental Nx«/N1 
ratios, it would appear that a value of 0.6 for the 
159-kev transition is in better agreement with one of 
~2 for electric 2? than with one of ~8 for electric 2'. 
And for the 209-kev transition, the experimental value 
of Nx/N.=5.4 agrees better with a value ~12 for 
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Fic. 6. Proposed disintegration scheme of Au'®. 


magnetic 2! than with 0.7 or less for either electric 2° 
or 24, 


D. Spin and Parity Assignments 


The ground-state spin of Hg'® is known® to be 1/2. 
Thus considering the multipolarities assigned to the 
transitions, the 159-kev excited level must have spin 
5/2, and the 209-kev excited level must have spin 3/2, 
both levels being of the same parity as the ground level. 

On this basis, the 50-kev transition is magnetic 2'. 
If the Z conversion coefficient is increased from the 
experimental value of 6 to ~10, so as to be in line with 
the probable values of the other K conversion coeffi- 
cients, it would not seem to be inconsistent with one of 
~10 for the theoretical*® Z; conversion coefficient. 

The experimental branching ratio of the 209- to 
50-kev y-ray transitions is 28. The theoretical ratio, 
based on a (2/+1) energy dependence, is 73, which is 
in reasonable agreement with experiment. 

The logft values of 6.3 and 6.0 for the 250 and 
300-kev beta-components indicate either allowed or 
first-forbidden transitions. The values of logft=7.8 or 
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® Schuler et al., Z. Physik 72, 423 (1931); 74, 631 (1932). 
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1100 N.°Z. 


of log[ (Wo?— 1)ft]=8.5 for the 470-kev beta-component 
indicate either first or second forbidden, or possibly 
first forbidden, AJ=+2. Since allowed and second- 
forbidden transitions involve no parity change, whereas 
first-forbidden transitions do, and since the parity 
changes of all three beta-components have to be the 
same, the parity of the Au’®® ground level is probably 
opposite to that of the Hg'*® levels involved. The spin 
of the Au'® level is therefore probably 3/2, but the 
possibility of 5/2 cannot be ruled out. 


E. Final Conclusions 


Hole” has found that the decay of Hg'**™ contains a 
159-kev y-transition. From the half-life of 43 minutes, 
it would appear that the isomeric transition of 370 kev 
is a 2 magnetic transition to the 159-kev excited level. 


10 N. Hole, Arkiv. f. Mat. Astron. Fys. 36A, No. 9 (1948). 
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This would identify the spin of the isomeric level as 
13/2 and the parity as opposite to that of the lower 
levels. 

Another point concerns the neutron capture cross 
section of Au'®*, If the intensity of the 159-K line is 
accepted as being present to the extent of 9 percent of 
the Au’®® decays, then the cross section is estimated to 
be 3.8X 10‘ barns. 

In conclusion, it is significant to point out that if the 
ground state of Hg'® is p12, as is suggested by Mayer’s 
shell structure model," then the 159-, 209-, and 529-kev 
excited levels are fs2, ps/2, and %13/2, respectively, all 
levels being consistently predicted by the model. 

We are indebted to Dr. F. R. Metzger for the use of 
scintillation counting equipment and for his interest in 
the problem. 


™ M. G. Mayer, Phys. Rev. 78, 16 (1950). 


NUMBER 6 SEPTEMBER 15, 1951 


Neutron Diffraction by the Gases N., CF,, and CH,* 


N. Z. Atcocxt anp D. G. Hurst 
National Research Council of Canada, Chalk River Laboratory, Chalk River, Ontario 


(Received June 4, 1951) 


Neutron diffraction patterns for the gases nitrogen, carbon tetrafluoride, and methane are given for a 
neutron wavelength of 1.063A. It is found that the coherent scattering cross sections of nitrogen and fluorine 
are nearly equal to the total cross sections, and that the C—F bond length in carbon tetrafluoride is 1.33A. 
The error in a semiclassical form of the differential scattering cross section is discussed. 


I. INTRODUCTION 


EUTRON diffraction by gases may be used to 
determine nuclear scattering cross sections and 
details of molecular structure. In the present paper 
diffraction patterns are given for nitrogen, carbon 
tetrafluoride, and methane. From these the bond 
lengths in carbon tetrafluoride, and the ratio of coherent 
to total scattering for nitrogen and fluorine are derived. 
The present results, together with the patterns for 
deuterium,' oxygen and carbon dioxide,’ are the only 
published diffraction patterns for gases. The deuterium 
measurements were analyzed according to the complete 
quantum-mechanical formulation.*~* Such an approach 
cannot be used for every gas because in many cases the 
necessary formulas have not been derived or because 
of the large amount of computation required even 
* The results published in this paper were given at the Harwell 
Nuclear Physics Conference, Oxford, September, 1950, and are 
summarized in the Report on that Conference—Report A.E.R.E. 
G/M 68, p. 105 (September, 1950), unpublished. 
+ Now with Isotope Products Ltd., Oakville, Ontario. 
1D. G. Hurst and N. Z. Alcock, Can. J. Phys. 29, 36 (1951). 
2 N. Z. Alcock and D. G. Hurst, Phys. Rev. 75, 1609 (1949). 
3M. Hamermesh and J. Schwinger, Phys. Rev. 69, 145 (1946). 
‘J. A. Spiers, Phys. Rev. 75, 1765 (1949). 
5 J. A. Spiers, National Research Council (Canada) Report 
CRT-417 (April, 1949). (N.R.C. No. 1940), unpublished. 


when the formulas are known. This theoretical com- 
plexity and the experimental requirement of large 
neutron fluxes are probably the reasons why the 
subject has not been developed previously. 

The proof that a semiclassical approximation is often 
applicable? greatly simplifies the equations and re- 
moves one of the obstacles to structure determinations. 
The error in this approximation is examined below in 
the light of experimental and theoretical results for 
nitrogen, and an elementary application is made to the 
measurement of bond lengths in carbon tetrafluoride. 


Il. THEORY 


In the quantum-mechanical treatment of the scat- 
tering of monoenergetic neutrons by molecules of a 
gas’ a differential cross section is calculated for each 
possible molecular transition. The formulas given in 
reference (3) are for deuterium in the center-of-mass 
system, but Spiers®' has derived the transformation 
to the laboratory system for a maxwellian distribution 
of molecular velocities. Similar formulas could be 
applied to nitrogen because 99.2 percent of the mole- 
cules are N'*N™, the same type of molecule as De, but 
the greater mass and size of the nitrogen molecule 
would increase the amount of computation for the 





NEUTRON DIFFRACTION BY Nz, 


following reasons. Rotational transitions, which are the 
only type possible with the neutron energies used in 
these experiments, involve transfer of angular momen- 
tum between the neutron and molecule, the important 
transitions being those in which the change in rotational 
quantum number is small. This can be interpreted in 
terms of classical impact parameters, the principal 
limitation on the change in angular momentum corre- 
sponding to the requirement that the neutron hit the 
molecule; for example, the maximum change in the 
rotational quantum number for 90° scattering is given 
roughly by 2m (nuclear separation/wavelength in the 
center-of-mass system) which follows from equating 
the angular momentum change to the angular momen- 
tum of the neutron when its impact parameter equals 
the nuclear separation. From this it can be seen that 
the larger nuclear separation (1.11A compared to 
0.75A) and the smaller neutron wavelength in the 
center-of-mass system for nitrogen as compared to 
deuterium increase the possible change in quantum 
number and consequently the number of transitions 
from each initial state. Because nitrogen is heavier and 
larger, the spacing between the rotational energy levels 
is less and many more initial states are populated at 
the same temperature. When, as was the case experi- 
mentally, the nitrogen is at a higher temperature the 
number of initial states is still larger. The combination 
of more initial states and more transitions from each 
initial state gives about ten times as many transitions 
to be computed for nitrogen at room temperature as for 
deuterium at 77.4°K! with 0.072-ev neutrons. The need 
of a simpler method of analysis is thus apparent for 
nitrogen. For other types of molecule the exact scat- 
tering formulas have not yet been given explicitly. 
However, earlier measurements,’ were found to agree 
reasonably with a simple formula discussed in the next 
paragraph. 

In the semiclassical treatment of coherent scattering 
of x-rays and electrons by molecules® the molecule is 
considered to have a definite orientation and the 
wavelets scattered by the constituent atoms are added 
in the direction of observation. The intensity is then 
calculated and is averaged over all molecular orienta- 
tions. The semiclassical treatment of neutron scattering 
is similar,?> but the calculation is performed in the 
center-of-mass system and a transformation must be 
made to the laboratory system, taking into account the 
thermal motions of the molecules. For heavy molecules 
this transformation is a small correction. The intensity 
of coherent x-ray scattering through an angle ¢ is 
proportional to 


I(¢) = Ls Di fifi sinzy/z, 
where i and j refer to atoms in the molecule, f; is the 


scattering amplitude of the ith atom, and the sum is 
taken over all values of i and j, including i=j. The 


*M. H. Pirenne, The Diffraction of X-rays and Electrons by 
Free Molecules (Cambridge University Press, London, 1946). 
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quantities x,; are given by 
xi (4e743/d) sin(e/2), 


where 7,; is the distance between the atoms é and j, 
and X is the wavelength. A similar formula applies for 
neutron scattering in the center-of-mass system, but 
because of the effect of nuclear spin, which occurs 
specifically with neutrons, the scattering amplitude 
used is the coherent scattering amplitude’ if #7 and 
is the total scattering amplitude if i=j. 

More precisely, the semiclassical differential cross 
section for neutron scattering through an angle @ in 
the center-of-mass system is 


=—(—— -)3 inte: Oi 
M+1 Lb ij 

where M is the ratio of the masses of the molecule and 
neutron, and o; is the total bound scattering cross 
section of the nucleus i if i=7, otherwise it is the 
coherent cross section. In the calculation of xy the 
wavelength is that of the incident neutron in the center- 
of-mass system. This general form is due to Pope;* the 
special case of diatomic molecules having like nuclei 
with spin 1 has already been given‘ and is discussed in 
further detail in the Appendix. 

The discussion in the preceding paragraphs has 
ignored the effect of molecular vibration which reduces 
the scattering at large angles. For x-ray and electron 
diffraction® the extent of the electron cloud and the 
angular dependence of Rutherford scattering cause the 
scattering to decrease so steeply with increasing angle 
as to make the reduction due to vibration very difficult 
to measure. For neutrons, however, the nuclei act as 
points and would scatter spherically except for the 
effect of vibration. The reduction due to vibration is 
then more in evidence, and the approximation involved 
in the assumption of a rigid molecule requires investi- 
gation. In many molecules only the ground-state 
vibration occurs at room temperature and the energy 
of the neutrons (0.072 ev for the present series of 
measurements) is insufficient to cause transitions to 
higher vibrational levels. The nuclear scattering then 
has the structure factor of the probability density of 
the ground-state vibration. When the neutrons have 
sufficient energy to cause vibrational transitions, or 
when more than the ground-state vibration is present, 
the effect is more complicated. 

Deuterium and nitrogen belong to the simpler case 
and calculations have been made for these molecules. 
The result for deuterium has been given,' and the 
modification to fit nitrogen is straightforward and was 
applied to the measurements reported in this paper. 

Carbon tetrafluoride is more complicated because 
one of the four fundamental vibration frequencies corre- 

7 E. O. Wollan and C. G. Shull, Phys. Rev. 73, 830 (1948). 

5N. K. Pope (unpublished). 


*R. W. James, The Optical Principles 4. the — of 
X-rays (G. Bell & Sons Ltd., London, 1948), Chap. 
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TaBLe I. Corrected experimental intensities with standard deviations. 








Pressure 
(atmos) 


Scattering 


gas 7.7° 15.7° 23.7° 31.7° 


Scattering angle 
° 


39.7 47.7° 55.7° 63.7° 71.7° 79.7° 





161.2 
+4.0 


162.0 
+3.6 


940 
+12 
384 
+9 


210.8 
+4.4 


134.4 
+4.0 


984 
+13 
409 
+9 


299.2 
+7.6 


303.2 
+7.6 


1068 
+15 

397 
+10 


300.0 
+10.0 


602.4 
+12.0 


1043 
+16 

398 
+12 


N:2 30 


CF, 


CH, 
CH, 


+10 


176.0 
+40 


200.0 
+3.2 


490 
+8 
206 
+6 


174.0 
+5.2 


150.0 
+2.8 


434 
+6 
173 
+5 


173.6 
+44 


230.8 
+3.6 
584 
+9 
227 
+5 


154.8 
+4.0 


164.0 
+2.8 


764 
+10 
308 
+5 


163.2 
+48 


202.0 
+3.2 
674 
+8 
274 
+10 


141.2 
+3.6 


173.2 
+2.8 


872 


334 
7 











sponds to 0.054 ev which is comparable to thermal 
energies. Consequently there is an appreciable popula- 
tion in the second level at room temperature, and more- 
over neutrons of 0.072 ev can induce transitions in this 
mode. As an approximation to the scattering the differ- 
ence caused by these deviations from the simple case 
was neglected and it was assumed that the vibration of 
each nucleus could be represented by the ground state 
of a three-dimensional harmonic oscillator. The radial 
density of this state is exp[—(r/a)*] where a is (h/mw)}, 
m being the mass of the oscillator and hw the separation 
of the energy levels. The intensity of elastic scattering 
is proportional to exp[—8(xa/A)* sin?(¢/2)] where ¢ 
is the scattering angle. The observed pattern of CF, 
was about 0.93 of the semiclassical curve at 90°. This 
factor was ascribed to vibration and equated to the in- 
tensity ratio just given, with the result that a2=0.045A, 
a reasonable value for the mean amplitude of the 
modes of the CF, molecule. In nitrogen the vibration 
changed the scattering by only about 0.7 percent at 90°; 
the larger effect in CF, is due not to a larger amplitude 
of vibration, but to the fact that the vibration is three- 
dimensional instead of linear as in nitrogen. 

Another departure from the formula for an isolated 
rigid molecule occurs because the measurements were 
made with gases at high pressure. Under these condi- 
tions the scattering pattern shows evidence of inter- 
molecular interference. Debye,'° discussing the corre- 
sponding phenomenon in x-ray scattering, named it 
“the outer effect” and gave a formula for diatomic 
molecules. This has been used for nitrogen, and has 
been modified for polyatomic molecules and applied 
to CF. 


Ill. EXPERIMENTAL PROCEDURE 


The spectrometer, scattering chamber, and operating 
procedure have been previously described.' The meas- 
urements on No, CF4, and CH, were made immediately 
after those on D2 with similar experimental conditions 
except that the gases were at room temperature (23°C). 
The average wavelength of the neutrons was 1.063A 
with a spread of about +0.05A. The spectrometer was 
operated automatically, counts being recorded every 
8° through the angular range 7.7° to 87.7°. As with 


~ 1© P. Debye, Physik. Z. 28, 135 (1927) 


deuterium, the counts from a primary neutron flux 
monitor were recorded during the time taken for one 
thousand counts to accumulate in the spectrometer 
counter, though on some background runs a one 
hundred count setting was used. 

Bottled compressed gases were used for the measure- 
ments with no additional purification, except that 
nitrogen was passed through a dry ice trap to remove 
traces of water vapor. Samples of the gases were drawn 
from the gas cell and analyzed in a mass spectrometer. 
The gas pressures remained constant during the meas- 
urements, the slow leak mentioned in connection with 
the deuterium having been repaired. 

The reduction of the measured angular distributions 
for comparison with theory was carried out as for 
deuterium :' (i) background, which was measured with 
the cell evacuated, was separated experimentally into 
fast and slow neutron components, and each treated 
separately, the fast component being subtracted directly 
from the total intensity, the slow component being 
subtracted from the total intensity after correction for 
loss in transmission through the scattering gas; (ii) the 
geometry of the scattering system was taken into 
account by dividing the intensity at each angle by the 
effective scattering volume; (iii) double scattering was 
allowed for after the manner described for D2; the 
angle whose intensity corresponds to the average in- 
tensity due to single scattering was found for Nz and 
CF, by a numerical integration of the semiclassical 


TABLE II, Experimental details. 








Double 
scattering 
correction 


Background 
(percent of meas. 
intensity) 


50% at 7.7° 
16% at 87.7° 


34% at 7.7° 
18% at 87.7° 


Pressure 
(atmos) 


30 Impurities <0.2 
percent 


Analysis* 





2% to 4% 


31 0.2 percent CF;H 1% to 4% 
Trace of water 
vapor and 

atmospheric 


gases 


23% at 7.7° 

7% at 87.7° 
44% at 7.7° 
16% at 87.7° 


3% to 11% 
2% to 5% 


Impurities < 1 








* See reference 11. 
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angular distribution over 4m-steradians, for CH, by 
integration of an estimated pattern based on the 
experimental distribution. 


. IV. EXPERIMENTAL RESULTS 


The corrected experimental intensities (expressed as 
counts per 10‘ monitor counts per cubic inch of scat- 
tering gas) are given in Table I. Other experimental 
information," including some background and double 
scattering corrections to indicate their magnitude, are 
given in Table II. The intensities are plotted on Figs. 
1 to 3 as functions of the scattering angle. 

In Fig. 1, which contains the nitrogen results, the 
experimental points are shown fitted at 23.7° to a 
semiclassical diffraction pattern. This is the broken 
line marked “Theory—1st approximation” and it has 
been transformed from the center-of-mass coordinates 
and corrected for thermal motion of the molecules. The 
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Fic. 1. The scattering of neutrons of wavelength 1.063A from 
nitrogen at 23°C and 30 atmos pressure. The curves shown are 
for spin-independent semiclassical scattering uncorrected (1st 

proximation), and corrected for vibration and deviations from 
the exact spin-independent formula (2nd approximation). At 
small angles the calculated effect of intermolecular diffraction is 
shown dotted. The experimental points are normalized so that 
the point at 23.7° lies on the curve. 


curve marked “Theory—2nd approximation” has been 
corrected for the error in the semiclassical approxima- 
tion according to the calculations in the Appendix and 
also for the effect of molecular vibration. At small 
angles the dotted line shows the “outer effect.” The 
theoretical curves were calculated on the assumption 
that the coherent scattering cross section equals the 
total cross section, i.€., ¢eon/¢r=1. The molecular 
parameters used were 1.11A for the internuclear dis- 
tance and 1.78A for the molecular (collision) radius. 

Figure 2 shows the carbon tetrafluoride results fitted 
in the region of small angles to a semiclassical formula. 
The coherent cross section of fluorine was assumed to 
equal the total bound cross section which was taken as 
4.1 barns, and the bound cross section of carbon was 
taken as 5.52 barns. The curve as drawn is for a carbon- 
fluorine distance of 1.33A. The “outer effect” was 
calculated for a molecular radius of 2A. 


We are indebted to the Chemical Control Laboratory, 
Chalk River, for the analyses. 
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Fic. 2. The scattering of neutrons of wavelength 1.063A from 
carbon tetrafluoride at 23°C and 31 atmos pressure fitted to a 
semiclassical equation for spin-independent scattering. The dotted 
line is the calculated effect of intermolecular diffraction. A value 
of 1.33A was used for the carbon-fluorine bond length. 


The experimental points for methane are plotted in 
Fig. 3 where the high pressure point for 7.7° has been 
fitted to unity and the low pressure points have been 
normalized for best average fit to the high pressure run. 


V. DISCUSSION 
(a) Nitrogen 


The fit of the points to the theoretical curves shows 
that the 2nd approximation is quite good. Besides the 
value ¢eon/or=1 for which the curve is plotted, other 
values of this ratio were tried, and it is estimated that 
the ratio of coherent to total bound scattering cross 
section lies between 0.9 and 1.0. This was at variance 
with previous measurements but is in agreement with 
the most recent results.” 


(b) Carbon Tetrafluoride 


The general run of the experimental points is in 
agreement with the semiclassical equation. There is a 
decrease of the experimental values relative to the 
theoretical curve at large angles, and this is attributed 


CH, 
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Fic. 3. The scattering of neutrons of wavelength 1.063A from 
methane at 23°C for 14.7 atmos and 5.0 atmos pressure. The 
high pressure point at 7.7° has been fitted to unity and the low 
pressure results normalized for best average fit. 


® G. H. Goldschmidt and D. G. Hurst, Phys. Rev. 83, 88 (1951). 
C. G. Shull and E. O. Wollan, Phys. Rev. 81, 527 (1951). A.W 
Reynolds and G. W. Johnson, Phys. Rev. 82, 344 (1951). 
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Fic. 4. The carbon-fluorine bond lengths in the fluoro-methanes 
as observed by various methods (see reference 13). 
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to vibration and to the approximate nature of the 
theoretical formula. The simple treatment of vibration, 
outlined in Sec. II, in which the decrease at 90° was 
taken as 7 percent (Fig. 2), shows that vibration can 
account for the major part of this difference. 

The carbon-fluorine bond length of 1.33A on which 
the curve of Fig. 2 is based is smaller than the generally 
accepted value of this quantity as found by electron 
diffraction. A comparison of bond lengths in the fluoro- 
methanes is given in Fig. 4." It will be seen that electron 
diffraction has given consistently greater bond lengths 
than other methods and that the present result is in 
agreement with an extrapolation of the spectroscopic 
results. 

The “outer effect” corrections for both CF, and Nz 
give the general trend of the scattering at small angles, 
but they do not seem to fit in detail. 


(c) Methane 


Because slow neutron scattering by hydrogen is 
almost entirely incoherent, negligible diffraction and 
“outer effect” are to be expected for methane. The 
observed decrease of scattering at large angles is due 
to effects of inelastic scattering and vibration. 

The ratio of the scattering at the two pressures was 
compared with the relative densities of the gas as given 
by Van der Waals’ equation with allowance for trans- 
mission losses through the gas cell. The two agreed 
within 1 percent. This agreement and the similar 
angular dependence for the two pressures (Fig. 3) 
justify the methods used for all the gases to correct the 
experimental counting rates for background and double 
scattering. 

VI. CONCLUSION 


It has been shown that measurements of the differ- 
ential cross sections of gases for monoenergetic neutrons 


%H. J. Bernstein and G. Herzberg, J. Chem. Phys. 16, 30 
(1948). Gilliam, Edwards, and Gordy, Phys. Rev. 75, 1014 (1949). 
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can be analyzed to give coherent cross sections and 
information about molecular structures. The semi- 
classical formulas apply to many gases with sufficient 
accuracy to be used for such analyses. 

We thank the Minnesota Mining and Manufacturing 
Company for supplying the carbon tetrafluoride and an 
infrared spectrographic analysis of impurities. We are 
indebted to Dr. N. K. Pope for helpful discussions, and 
to Mr. R. Semple for computing assistance. 


APPENDIX 


The semiclassical equation for gas scattering is very simple and 
a knowledge of its error is of interest because of the complexity 
of the exact formulas. In this Appendix an approximate expression 
is derived for the error in the special case of rigid diatomic mole- 
cules with like nuclei of spin 1 to which the formulas for deuterium, 
suitably modified for the mass and size of the molecule, are 
applicable. The cross section for scattering of a neutron through 
an angle ¢ in the laboratory system by such a molecule which 
undergoes a rotational transition in which the rotational quantum 
number changes from J to J’ is 


oss ge) = usr X(¢)(p/ po) Z1(2L+1)(2I'+ I Crssjr2(kr). (A.1) 


This is Eq. (35) of Spiers’ report’ with some changes in notation. 
The quantity uss depends on whether J and J’ are even or odd 
according to Table IIT; in this table or is the total bound scattering 
cross section and gon is the coherent bound cross section of the 
nuclei, M is the ratio of the mass of the molecule to the mass of 
the neutron. fo and # are respectively the neutron momentum in 
the center-of-mass coordinate system before and after the collision. 
X(¢) is the function which transforms from the center-of-mass 
coordinate system to the laboratory system and has been given 
exactly for deuterium by Spiers;5 as this Appendix applies only 
if M>>1, a sufficient approximation is X(¢)=1+2)0/(M ) cos¢. 
L is an integer which takes the values J+J’, J+J’—2, 
ees (|J—J"|. Corr =4S_1P1(2)Ps(z)Ps-(z)dz where P,(z) is the 
Legendre function of degree m. jx(x)=((/2x))'J14;(x), where 
J1+44(%) is the bessel function of order L+4, r is the internuclear 
distance in the molecule, and k= (x/h)(po?-+ p?— 2p 0 cos@)* where 
his Planck’s constant and @ is the scattering angle in the center- 
of-mass system. 

The differential cross section o(¢) is the sum of all the cross 
sections oys/(¢) and the computation can involve many terms. 
Spiers® showed that the semiclassical result is obtained if the 
energy change in the transition J—>J’ is ignored, i.e., if p is put 
equal to fo, for then 


o3,a"(y) =D y*o77*(y) = s,aX*(e)}{ltsin2k*r/(2k*r)} (A.2) 


where an asterisk is used to denote a quantity which has been 
calculated with p= o. The sum is taken either for J—J’ even, 
corresponding to the plus sign inside the brackets, or for J—J’ 
odd, corresponding to the negative sign, the symbol a being used 
to indicate this partition of the values of J’. The differential 
cross section is the sum over J of these oy,4*(¢). At room temper- 
ature two-thirds of the molecules have even values of J and the 
differential cross section is 


o*(¢) =X*(¢)4{ (Foot Supp) (1+sin2k*r/(2k*r)) 
+ (GHopt+ dupe) (1—sin2k*r/(2k*r))} 
= X*(¢)[M/(M+1) Fl or+ coon sin2k*r/(2k*r) } /(2m). (A.3) 


The semiclassical differential cross section is calculated on the 
basis of elastic scattering and is sometimes assumed to represent 
a physical process of coherent scattering without change in 
wavelength.* A study of the contributions from (A.1) to the 
curves of Fig. 3, however, shows that although at angles less than 
30° essentially only elastic scattering contributes, between 45° 
and 80° most of the scattering is associated with a transfer of 
energy resulting in transitions to J’=J+:2. These changes in 
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energy may not be negligible in neutron diffraction, even when 
(A.3) is a good approximation to the differential cross section. 

The difference between o({¢) and o*(¢) is 
Ao=o(y)—o*(~)=2y Zr [oss ¢)—os7*(9)] 

= 25 2p’ +l )psr Zr (2L+- 1) Cis 

X {X(¢)(p/po)jr*(kr) —X*(e)jr7(k*1) } 

where 2; means average over the Boltzmann distribution. The 
semiclassical equation was obtained on the assumption that 
p= po. The quantity in the braces { | is a function of the dif- 
ference po— p, and to the first power of «= (po— p)/Po, 


X(¢)(/bodjn*(he) —X*(o)jik**) 
=— xro{d F(atir*2)) —2ji(x)M~ cose 


+2j(2)j'2)M-1cos4(o/2) }= — eX" 9) Fr 


where 
Fy = {(1/2x)(d/dx)x*—2M~ cose} ji*(x) 
+-2j(x)j'(x)M~ cos*(¢/2) 
and 
x= kh*r=2x(r/d)[M/(M+1)] sin(6*/2). 

Powers of 1/M higher than the first arising from X(¢g) have been 
neglected in (A.4). The quantity ¢ is approximately given by 

e= —((M+1)/M)(Ei/E) (JJ+1)-J''+)}/4 (AS) 
where £; is the energy of the first rotational level and £ is the 
energy of the incident neutrons, E,/E=(2/M)(A/zr)?. 

For neutrons of 0.07 ev scattered by nitrogen e= —1.7X 10 
xX {J(J+1)—J'(J'+1)} and having regard to the distribution of 
J values at room temperature and the vanishingly small proba- 
bility for ¢<90° of transitions involving |J—J’| >6, it appears 
that all values of e which merit consideration are <1. The equation 
for Ag to the first power of ¢ is 


M+1E, 
oe XN pees , : ’ 
Ao=X*(¢) i ag 2 22 +1)uss ZQL+1)Cuss 


X(JJ4+D-J'('+) Fr. (A.6) 
The order of summation over L and J’ may be changed and 


M 


Ao=X*(¢) i 


Ft Ets p97 1) Busy (2'+1)Cuse 
4E si z 


X(JJ+)-—J''+ 1}. 
From the definition of Cz,’ it follows that 
Zy(2I'+1)Crs9-Py(2) =P rz) Ps(2). (A.8) 


Differentiation of both sides with respect to z and use of the 
formula (d/dz)P,(z) =(+)**'n(n+1)/2 for z= +1, yields 


Zo CrsrJ'S'+1) = L(L+1) +I S +0). 
From (A.8) with s=1, 2y-(2J’+1)CissJ(J+1)=JJ+1). The 


(A.7) 


TaBLe III. The values of wyz:. 





Desig- 
Transition nation a“ 
ortho-ortho vo Lr /(M+ D Herts 3econ)/8x 


J Yad 





even 
odd 
even 
odd 


even 
odd 
odd 


para-pata = pp [M/(M+1) Plor+3econ)/4e 
ortho-para = fop sti /(M+1 Aer Seon) /8x 
para-ortho po 3{M/(M+1) Plor—ceon)/4e 





difference is 2 y-(2J’+ 1) Crise (LJ I+)—J'('+)) J=—L(L+ D. 
With the notation uy. for usz when J—J’ is even, uss» when 
J—J’ is odd, this gives from (A.7) 
Ao=—X*(¢)((M+1)/M)(Ei/4E)Z (uw sate+ ws088) 
where 
So= 21 even L(L+1)(2L+1)F x, t9= Zz ota L(L+1)(2L+1)F x. 
With ys —=2o29=21(+)"L(L+1)(2L+1)Fz the formula for 
Ao becomes 
Ao= — X*(¢)(M/(M+1))(E:/4E)(y40r+y-00)/2. 
y4 is readily found from* 
21(2L+1)jx%(x)Px(z)=sins/s where s=x[2(1—zs)}}. 
Differentiation of both sides with respect to z at s= +1 leads to 
L(+)“ L(L+1)(2L+1)f12(x) = f22 for the + sign 
= 4(cos2x—sin2x/2x) 
for the — sign. 


(A.9) 


To obtain y, it is only necessary to operate on both sides so as 
to transform jz7(x) to Fz by Eq. (A.4). Then 

¥4= (4/3)x* 

y-=}{cos2x—[(2x)*+1] sin2x/2z} 
neglecting terms in M-'. 

The value of Ac=o(¢)—o*(¢) follows from (A.9) with these 
values of ys, and has been applied to the nitrogen results as 
shown in Fig. 1. 

In the range of x where Ac is important y_ is small compared 
to y,. A rough value of Ac is obtained by retaining only y, and 
also neglecting 1/M compared to unity. Then 


Ao=— (8/3M)(er/2) sin*( ¢/2) (A.10) 


and for nitrogen the difference between this and the full result as 
given by (A9) is experimentally unimportant. 

The smallness of y_ means that the error in the semiclassical 
equation is largely independent of coherent effects because, to 
the extent that (A.10) holds, Ao is independent of econ. When 
ocoh=0, the semiclassical result except for the reduced mass term 
is practically billiard ball scattering. This suggests that the chief 
source of error in the semiclassical equation is in the assumption 
of a molecular model which is fixed in orientation so that transfer 
of angular momentum cannot occur. 
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The principal relativistic correction to neutron-proton scattering has been computed to fourth order for 
nonrelativistic energies by calculating the matrix elements using the Feynman method and then subtracting 
off the appropriate order Born approximation to the Yukawa potential. A new meson theory was used, 
namely a mixture of pseudovector mesons and pseudoscalar mesons with pseudovector coupling; it is shown 
that by suitable choice of the coupling constants the divergent terms could be eliminated in all orders (dis- 
regarding possible electromagnetic couplings). The mesonic field corrections to neutron-proton scattering 
were found to be of order 4/M smaller than the static Yukawa potential cross section; in practical applica- 
tions, they could be treated as a perturbing potential to the static Yukawa interaction. 





I. INTRODUCTION 


HRISTIAN and Hart! have calculated neutron- 
proton scattering quite accurately using a static 
Yukawa potential, e~“"/r. The most important cor- 
rection to this form of the interaction should be because 
of the field effect, that is, noninstantaneous interactions 
or rather what might be called virtual ; phenomena 
occurring in times too short for energy to be conserved. 
Using Feynman’s*? approach to quantum electro- 
dynamics one might consider expanding the solution in 
a series in powers of g®/fic in analogy to quantum electro- 
dynamics. Unfortunately such a series converges very 
slowly for values of g*/fc which fit the experimental 
total cross section; for each term includes the appro- 
priate order Born approximation to the static Yukawa 
potential, and this, as will be apparent in Sec. III, is 
rather large. Since Christian and Hart have already 
calculated the static interaction quite accurately what 
one can do is to make the calculation in terms of powers 
of g’/ic anyway and then subtract from each order the 
appropriate order Born approximation to the static 
interaction. The remainder is the mesonic field cor- 
rection to neutron-proton scattering.* 


A 


Fic. 1. Feynman diagram for a possible complex process. 


2. * Now at The Catholic University of America, Washington, 
 & sa 
1R. S. Christian and E. W. Hart, Phys. Rev. 77, 441 (1950). 
? R. P. Feynman, Phys. Rev. 76, 749 (1949) ; ibid. 76, 769 (1949). 
*A similar calculation has been made by Y. Nambu in the 
Prog. Theor. Phys. 5, 614 (1950). 


The final cross section will be: 


ait) 


II. DISCUSSION OF THE INTERACTION 


Though the method may be taken over for scalar, 
neutral vector, and other convergent meson theories, 
the calculation was based on a new mixture theory of 
pseudoscalar and pseudovector mesons with equal 
pseudovector coupling which eliminates the divergence 
occurring in either theory alone. 

The interaction for the emission of a pseudovector 
meson with pseudovector coupling polarized in the wth 
direction is, according to the Feynman theory, 
"s(Yu—(9uéo), Where ys is the product of the three 
Dirac matrices az, ay, a, times i (=iyz7y¥z¥1), 7 is the 
product, q,7,, and yo is the meson mass. For absorption 
the interaction is simply ys7,. 

The divergence arises, in all higher orders, from 
integrating the qqg,uo* part of the interaction over 
d‘g. The other part of the coupling, ysy,=6e,, does 
not give rise to divergences. The coupling of the pseudo- 
scalar mesons is taken to be sq, for both absorption 
and emission. 

The elimination of divergences by this mixture may 
be shown in the following way: Consider a complex 
process in which many virtual pseudovector mesons 
are emitted and absorbed (see Fig. 1). If one of the 
mesons is polarized in the uth direction the matrix 
element will be: Wysy,Bys(vu.—q.u0)€ where A, 
%, and € may be products of many q’s and y-matrices 
belonging to either nucleon and represent the emission 
and absorption interactions for the other virtual 
mesons in the process. The particular meson polarized 
in the wth direction may or may not be absorbed by 
the same nucleon which emitted it. The matrix element 
may be rewritten as: Uysy,Bysy,C— uo “AysqBrsqC. 
To this one adds the matrix element for the possibility 
of this particular meson having been a pseudoscalar 
meson with pseudovector coupling, +uoWXysqBysqG, 


Christian and Hart pure field effect |? 

result with appro-, to the order 
priate spin and + one cares to 

charge dependence _ compute it 


(1) 
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and gets: Aysy,Bysy,. If one repeats this addition 
for the emission and absorption of a pseudoscalar meson 
wherever the emission and absorption of a pseudovector 
meson is treated in YU, B, or € the resulting matrix will 
contain only ysy, type couplings. Therefore, if in any 
process having virtual mesons only one adds the con- 
tributions from these two types of mesons the effective 
coupling will always be merely ys7z. 

Thus the divergent terms are identically removed in 
all orders. It should be noted, however, that in this 
process the entire tensor interaction, which occurs in 
first order and is necessary to explain the electric 
quadrupole moment of the deuteron, is lost also. The 
central force which is left predicts a symmetrical deu- 
teron, but this is quite close to what has been experi- 
mentally observed. 

It should also be remembered that there are dif- 
ficulties in the treatment of the interaction of a charged 
meson of spin 1 with the electromagnetic field. As 
Salam has shown,‘ this theory cannot be renormalized 
with the standard procedure which is successful for the 
electrodynamics of particles of spin zero or }. It is 
therefore doubtful whether charged mesons of spin 1 
can exist. There would of course be no trouble in a 
neutral meson theory which is mixed pseudoscalar and 
pseudovector; however, in this case the experimental 
evidence shows that at least the neutral pi-meson has 
spin zero which rules out the pseudovector. 


III. SECOND ORDER MATRIX ELEMENT 
AND THE BORN APPROXIMATION 


The matrix element for the second order’ is according 
to Feynman’s theory (see Fig. 2): 


—4Anhitc(g?/he)ys4yuALg?— wo? }ys?yn%, (2) 


where g is the energy-momentum 4-vector of the meson 
exchanged by the two nucleons. In the center-of-mass 
system g® equals —Q*, where Q is the momentum 
3-vector, since g is the energy-momentum exchanged 
by the two nucleons and therefore g, is zero in the 
center-of-mass system. Since the nonrelativistic ap- 
proximation to Uzysy,U; is U2e,Ui, the matrix element 
for the second-order process is: 


A4ahic'(g?/hc)o*-o®(uw?+Q? 1", (3) 


a purely central spin dependent force corresponding to 
a potential g’*(e~*"/r)e4-e®. The first-order’ Born ap- 
proximation to this potential which we must subtract 
from the matrix element [Eq. (3)] is identical to this 
matrix element and, therefore, in this nonrelativistic 


* Private communication to H. A. Bethe. 

5 By the order of a process we refer to the number of vertices 
in a Feynman diagram. In this development the order corresponds 
to the power of the coupling constant (e¢, in electromagnetic 
theory, g, in meson theory) in the matrix element. In the Born 
approximation, however, the order refers to the power of the 
potential and therefore corresponds to half the power of the 
coupling constant, 


>< 


Fic. 2. Feynman diagram of second-order process. 


approximation one gets no contribution to the field 
corrections to this order. 

The second-order Born approximation is the con- 
volution in momentum space of the potential and the 
first-order approximation to the wave function: 


heed f W(Q.) ¢:(P:— Q.)4°Q., (4) 


where W(Q,) is the fourier transform of the potential 
and ¢;(P.—Q,) is the transform of the first-order 
approximation to the wave function. This second-order 
term is, therefore: 


WiC g/e)2M (4-08 x [Eu QT 
X[O.!—20.-Pr} [Ost 20. 0+ 0+ w#T4'Os, (5) 


where P, is the space momentum after the collision, P; 
the momentum before collision, and Q=P.—P,, the 
momentum exchanged by the two nucleons. The de- 
nominator of (5) can be transformed into an easier 
integrand by Feynman’s parameter integration scheme. 


1 ae 2(1—x)dxdy 
aoe J [(a—6)(1—x)(1—y) + (6—o)(1—x) +e}? 
(6) 





and the integral in Eq. (5) becomes: 


itt 


(1—x)dxdyd*Q, 
{(2Q-Q.—Q*][1—x][1-y] 


+[Q*+ u?—2Q-Q,+ 2P;-Q, ][1—«] 





+[Q.*—2P:-Q.]}* 


=% J f | ae i 





—o* 0 


+[u%(1—2) + QU1—2)y]}? 
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The integral can be evaluated: 


f {Q,?—2P-Q,+L}-*d'Q, 


—x 


x 


i f (0,4 (L—P?)}-14°0"s 


=4nf (O%+(L-P)}0".0.! 


= 4x(8)—'(L—P*)(4/2) = (3)*(L—P?)4. (8) 
Since | P,| = | P;| in the center-of-mass system, we have 


Q'= 2P.*—2P, . P.=2P,- Q. 


BETHE 


Fic. 3(a). Feynman diagram 
of vacuum polarization correc- 
tion to second-order process. 

Fics. 3(b), 3(c), and 3(d). 
Feynman diagram of radiative 
correction to second-order 


process. 
Fic. 3(e). Feynman diagram 
for successive exchange of two 
mesons (process I). 
Fic. 3(f). Feynman diagram 
for crossed exchange of two 
mesons (process IT). 


it: 


(7) becomes then: 


be? f f (1—x)dedy{u2(1—2) + Q*(1—a)y 


—P,*x?— Q*(1—z)xy— Q*(1—x)*y"} 4 
=iet ff a-2)dedy|—0°0-2) 
+ Q*(1—x)*y+ ?(1—x)— P,2x*} 4 
=4}n! f (U—2)ds{u2(1—2)+ 4012) Pye} 
0 


X {u2(1—x)— P,2x?}-4. (9) 
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Therefore (5) is: 
h'c*(g?/hc)?2M (04 -@®) (2/2) 


x f (1—x)dx[_y?(1—x)+3Q*(1—2x)?— P22] 


X(u*(1—a)—Psx*}-*. (10) 
This is the term which must be subtracted from the 

fourth-order expression which includes the Born ap- 

proximation to the Yukawa potential (see Fig. 3(e)). 


IV. FOURTH-ORDER CALCULATION 


In the fourth order there are several possible pro- 
cesses. To begin with there are the processes for vacuum 
polarization and radiative corrections to scattering 
(see Figs. 3(a), 3(b), 3(c), and 3(d)). 


A. Vacuum Polarization 


As in quantum electrodynamics, vacuum polarization 
gives rise to two kinds of terms, namely an infinite 
charge renormalization and a term which vanishes as q” 
for small momentum change. Terms of the latter kind 
are considered negligibly small compared with the 
square of the nucleon mass in our approximation. The 
charge renormalization was calculated with regulators*® 
satisfying the conditions 


 C=¥ C:MZ=E C)M? InM;=0. 


The charge renormalization then turns out to be pro- 


portional to’ 
LX C(M?+M?*) InM;, (11) 


which can be made zero by imposing an additional con- 
dition on the coupling constants C;, 


y B C; InM. i= 0. 
B. Radiative Corrections to Scattering 


These are represented by Figs. 3(b), 3(c), and 3(d). 
As usual they give rise to another charge renormaliza- 
tion and to a term which vanishes as g*. The latter term 
is neglected in our approximation. The charge renor- 
malization which is zero in electrodynamics, is finite in 





this problem and has the value’ 
(g°/whc)[8 In(M/u)—7+6rp/M ). 
C. Exchange of Two Mesons (General) 


The fourth-order calculation, then, involves only 
the exchange of two mesons. This can happen in two 
different ways (see Figs. 3(e) and 3(f)). For purposes 
of identification we will call the process shown in Fig. 
3(e) process I, that shown in Fig. 3(f) process IT. 

Some general relationships for the exchange of two 
mesons: 


(12) 


b2— pi=Ps— P= G— Ga=Q- (13) 
From this and the fact that all p?= M? it follows that: 
Pi-Pr= ps Ps, Po Ps=Pi-ps, and pi-pr=p2 ps, (14) 


Q =: (P2— pi) = (p2— pi)?= 2M*— 2p, po 
= 2M?— 2ps pa. 
Therefore, 
Q’= 2px: (p2— pi) = — 2p1- (P2— pr) 
= 2ps (ps— Ps) = 2pa (Ps— Pa), 
Q = 2p2-q= —2pi-q= 2s: q= — 2pa-g. 
Here p; and p; represent the four-momenta of the 
neutron and proton before collision; p2 and p, represent 
the two four-momenta after collision; q and q. repre- 
sent the four-momenta of the two mesons which are 
exchanged, and g represents the four-momentum ex- 
changed between the two nucleons. 
We shall carry out the calculation in the center-of 
mass coordinate system; this involves further simpli- 
fying relations: 


pv ps=E—P-(—P)=F+P*=M?+2P*, (16) 
M*+pi-ps=2E?; pi: ps— M?=2P", (17) 


where E and P are the energy and space-momentum 
respectively of each of the two nucleons in the center- 
of-mass coordinate system, and as before —q’= Q*. 
Since this calculation is a nonrelativistic one, 
uM, y?, P*, and Q? are all assumed small compared 
to M?, and BM’. 
We shall represent the operator p,7, by p. 


(15) 


D. Successive Exchange of Two Mesons (Process I) 


hic g? 


he 


i 


hi<3 g 2 we 
-1(—) (— f (q.°— 2g.°q+q’— p*)—"(qa?— us), ie Oe ¥uAd "qa. 
t —) 


2 C. 
(—)(~) f (qe? — u2)“(qa?— 2)" (Det Ge— MVP 9,Prs44(01— Ge My pAd ge 


Pst+q.—-M Yi-qa—-M 





(18) 


Ga’ +2ps°Ga Ga’— 2p1' Ga 


These four fractions, (c d a b)~', may now be transformed into easier integrals by Feynman’s parameter integration 


®W. Pauli and F. Villars, Revs. Modern Phys. 21, 434 (1949). 


? Professor R. P. Feynman has also obtained this result (private communication). 
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scheme.? 


(aed)-'m6 f ds f ay f x(1—x)dx{[ay+6(1—y) }x+ [es+d(1—2) ][1-—«]}—- 
0 0 
‘ (=~ 3 ‘) (5 ) f if f 7 6a(1—x)dxdydzd*gay,? (pst Ge—M) 1.874 (9i— Ge— My" ca 
i J \he {2ga: (prt ps)xy+[2ga-q+q* ]e(1—x)—[2p1-qa—u* x+-ga’—u*} * 
3 (~) (« ) ip if f f 6a(1—«)dadydad"gay,?[ (ps—M)+Qa ys? -4L(Pi— M) — Qa v4 (20) 
t hc! Jw Jo Yo {Qa?—2Ga:[—Gza(1—x)+ pix(1—y)— psry]—[—g*2(1—x)+u*(1—2x) ]}* 
The integration over d‘ga(=(22)~*dqazdGay44a:dat) has been done by Feynman,’ and yields: 


hecy 7g2\2 7! fp! 
CETTE 6x(1—x)dadydz{[—q2(1—x)+pi(l—y)x— pary P+ [—g*s(1—*) + u*(1—2) }} 

6 he 0 “o 0 

x {7 (ps— M)y,2 yA (ti— M)yu4+ 7*®[- p2(i—x)+ pir(1 —y)- pry ly.Py4(pi— M) v4 


=~ as | ~Ps— M)v,*7,4[- p2(1 aaa x)+ pir(1 <4) y) Kes pary ly.4 = 7*[- p2(1— x)+ pix(1 = y) PE pary ly .Py4 








hic?) (7 \2 (ber 
x[—ps(1—«)+ pix(1—y)— ayhnti+(—)(=) ( * JePrPrctavtrcte! 
c 2 





6x(1—x)dxdydz 
Xx ; 
LSJ {C[—q2(1—x)+ pix(1—y)+ pary ?+[—9*2(1—«)+ (1-2) ]} 


We will consider the matrix element term by term. In the nonrelativistic approximation only the time 
component of p gives an appreciable result and since g,=0, g in the numerator becomes zero since it is to be 
compared with M, while in the denominator where it occurs with u*, g’=—Q*. Since pp=Myi?, pi=M a4; 
and yy¥1=—vey» for v¥4, YWws=yav for v=4; (Usy.(Ps—M)yv,Us) becomes 0 for v=4, while for v¥4 it is 
—2M (Usyv,U;)= —2M(U,,Us); and the first term becomes, using (15): 


hic®(g?/he)*4M(oyAo ys “f Sf x(1—x)dxdyds[ M*x?(1—2y)?— P*x?+ u*(1—x)+ Q*(1—x)*s(1—2) J. (22) 
The second and third terms may be considered together. The integral 


1 
f {M*x°[ (1—y)—y ]}?— P2x?+ w?(1—x)+ Q*(1—2x)*s(1—2)}~*ydy 
0 
equals the integral 


1 
:§ {M?*x*[(1—y)—y — P*x*+ y?(1—x)+ Q?(1—x)*s(1—z)}] *°(1—y) dy, 


0 


and as a result the second and third term are both equal to zero. 
The fourth term becomes, leaving out the coefficient of the integral: 


M?*x?(1—2y)*x(1—x)dxdydz 
veatrotrcent fff 
{ M?x?(1—2y)?+ y2(1— x) — P?x?+ Q?(1—x)? 2(1—2)}? 








“ttf x(1—x)dxdydz (24) 
7s By fy B vAyAy 
M?x*(1—2y)?-+ u%(1—x)— Px?-+ Q:°(1—2x)’s(1—z). 


omitting remainder terms of order y?/M?, Q?/M?, and P?/M?. 

It can be easily shown that this integral, which also occurs in the fifth term is small compared to the first term. 
We note that the terms with y? and Q? are comparable to the first term only when the latter is small, i.e., for x 
small, so that the factor (1—x) can be replaced by one of these terms; the same can be done in the numerator. 





FIELD CORRECTIONS TO n-p SCATTERING 


If we let #?= y?+ Q*z(1—2), the integrations over x and y give: 


1 1 1 
f f [M2x*(1—2y)?-+k*)}-lededy~e f [Mxk]}'xdx= (x/Mk) 


whereas the integrations of the first term yield: 
wf f Carey) ededy = fh [1—2y}-*Lk-*— { M*(1—2y)?+ k?}-" dy 
0 0 0 
=rrre f [M?2(1—2y)*+ Rk? ]-"dy= (M?/2k*)(4/Mk). (25) 
0 
The first term (25) is larger by about a factor (M/k)*>~M*(u?+ Q*)-". The field effect, as we shall see, is smaller 
than the main term by a factor u/M, but the fourth and fifth terms are sfil/ smaller by another factor u/M and 


therefore can be neglected. 
We are left, then, with only the first term: 


ry a aa wa x(1—x)dxdydz 
we(=) Moon f f f 
he 0 %o Yo {M*x*(1—2y)?— P*x*+ u2(1—x)+ Q*(1—x)*2(1—2)}? 


letting s= Mx(1—2y): 





g? 2 1 
we(—) Monon f f 
he o “9 


g?\? 1 1 
-we(=) 2MopPow' f ax f (1—x)d2{ Ma[u2(1—x)+ Q2(1—x)*2(1—2) — P2x? } -"[M*x*+- (1 —2) 
he 0 0 : 


1 Mz 


f (2M)—"{ s?+ w?(1—x)+ Q?(1—x)*2(1— 2) — P*x*} -*(1—x)dxdads 
~—Mz 


+ Q*(1—x)?2(1 —2) + [*(1—)+ Q4(1—«)*s(1—2)— P*a? 4 
Xtan~'[Mx{ u?(1—x)+ Q?*(1—x)*2(1—2z)—P*a*}-*}} (26) 


g? 2 1 1 
alt. C pePO ye oe 11 — x 2(1—x2)2(1—2) — Px? 
a(-) 2Mo, fo side fdet(n/2)C04 ++ Q*(1—2°)a(1—2) — Pte?) 


—[w2(1—x)+ Q*(1—x)?s(1—z) — P*x?}74 tan-[{ Mx} —{ w2(1— x) + Q*(1—x)*2(1—2) — P*x?} #] 
+ Mal u?(1—x)+ Q2(1—2x)*2(1—2) — P*x?)}-"[M2x?-+ Q*(1—«)*2(1—2z)+e%(1-—x)}-}. (27) 
The first term is exactly the Born approximation Eq. (9) with the correct factor. To see this, and to carry out the 


summation over u and » in (26), it is convenient to use the relation between Pauli spin operators, ¢45=¥+¥u= 0», 


so that we have: 
o,80,o,40,4 = (4 -o*)?. (28) 


Since process I contains the second-order Born approximation to the Yukawa potential we must subtract the Born 
approximation from it in computing the field effect corrections. We are left then with the other two terms, which 
taken together may be neglected for large x since, for large x, they equal roughly: 


{ u*(1— x) + Q*(1—x)*2(1—2) — P*x*} —"{ Ma M*x?+ Q*(1—x)*2(1—2)+ w(1—2) -'—-[Ma}} 
u?(1—x)+ Q*(1—x)*s(1—2) 
Mx{_M?*x?+ p2(1—x)+ Q2(1—«)’s(1—)]} 


which for large x can be neglected. These terms contribute, then, only for small x of order u/M. Neglecting terms 
of relative order u/M, we can neglect x in (1—«) everywhere. Our result becomes: 





~—[w(1—x)+ Q2(1—x)*2(1—2)— P*x*}' (29) 


(G4 /he) MopPop* f {w+ Qs(1—2)}~as f dx{ Mx M*x?+ y?+ Q*z(1—2) }- 
’ * Lut O12) tan—'[ (w+ O*(1—2)) (Mx) ]} 
= hic4(g2/hic)* Moyo’ f {u-+ Q%s(1—2)}~!de{ (2M)? In Mf w?-+ Q*s(1—s)}-"] 


— (2M)~ In[M*{ u?+ Q*z(1—2)}-"]—[u?+ Q*2(1—2) J“! tan {u?+ Q*a(1—2)}!M—"]} (30) 
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1 
~— Ric g?/ic)*2MoyPoye4 f M-"[yu?-+Q*s(1—2) }'dz (30a) 
0 


(u*+-20")'+30 
= —hic3(g?/hc)*o.®oy4[(40)(u?-+-30*)4}! n— _—., (31) 
she epee “U+10)—40 


where Q= (Q*)!. 
This expression (31) is of order u/M smaller than (10), the second-order Born approximation term. For the 
evaluation of o%,, o,»4, see the appendix. 


E. Crossed Exchange of Two Mesons (Process II) 


hi¢3 g? 2 ~ 
(—) (-) j (qo? — wu?) (a? — wu?) ys? u? (Ps— Go— M8? 2? 754-74 (Pi— Ja— M84 744d “Ga 
cl J. 


i 


he g 2 pw Ys—qea—-Q-—M Yi—qa—-M 
a (;.) f (qo?+ 2ga-g+-q?—u*) (qa? u*) 7,7 ey Y*d%qa, (32) 
i hc} J_« Ga°— 2g: (P3—) Ya’—2Ga" fi 





and from Eq. (19) 


(EDS LS ° 6x(1—x)daxdydz[y,7(ps—qa—Q—M) y,? 7,4 (pi1— Ga— M) v4 JG 
i he oo %o —w {2Ga:(— Pst pit g)xy+ (2Ga:q+q*)2(1—x)—(2ga: pi-— wu?) x+Ga?— u?}* 





(33) 





=(—)(E)V Sf 2  — 6x(1—x)dxdyds[y,7(ps— Ga—Q— M) 7,74 (P1— Ga— M) 7,4 \d"qa 
he 0 0 0 


i 


~« {Qe?—2ga-[—gz(1—x)-+2(psyt+-pi(l—y)) — gxy]—[u?— g’2(1— x) — p*x J}! 
This integration over d‘g, has been done by Feynman.? 
g° 2 1 1 1 
we(~) J i f x(1—a)dadyds{[—gs(1—x)-+2{ pay+pi(1—y) | — gry ]P+ [ut ga(1—2)— wx} 
€ 0 “0 “0 

X {v8 (ps—q—M) 2 y.4(pi— M) v4 — 1.8 (— pall —x]+-a[ payt pil 1—y} ]— pry)? 74 (pi—M) v4 

—.(ps—q—M)y,2y,4(— p2(1—x)+a[ payt+ pif 1—y} J— pry) y,4 

+ y,3(— p2(1—x)+a[ psyt+ pif 1—y} J— pry)? y4(— p2(1—x)+2[ payt pif l—y} J— pry) y,4} 


+ hic8(g?/he)?(Ser/2) vB yey yeA yA uA 





pl pl x(1—«)dxdydz 
x f f f . (34) 
0% 4% {—gs(i—x)+2[ psyt+pi(l—y) ]—gry}*+ {u?(1—x)—q*2(1—2)} 
In the nonrelativistic approximation only the time component of p gives an appreciable result, and since g,=0, 
q in the numerator is dropped while in the denominator g*= — Q? and g*x? is neglected since it is always much less 


than M*x*+-y?(1—x). The matrix element is now considered term by term. 
As in process I (21-25) the first term gives: 


2\2 ee ae 
wo(=) sMronPon f f f { M*x?+ u?(1—2x)+ Q2(1—2x)*2(1—z)} ~*x(1—x)dadydz. 
0 Yo 0 


The second and third terms yield: 


2 2 1 1 1 
-wo(=) satrontont {ff (Mest wi(t—a)+ Ua) —2)) added (36) 





FIELD CORRECTIONS TO n-p SCATTERING 


The fourth term, neglecting the coefficient of the integral, becomes: 
1 1 1 
MopPon* f f f { M?x?+ u?(1—x)-+ Q*(1—x)2(1—z)} ~*x9(1—x)dxdydz 
0 0 0 
1 1 1 
wonton {ff {[aee+ud—2)+ 0%0-2)"0-2)) 
oo. =e e 


vt. *(1—x)*2(1— 
iain a eee 


(M*x?+ u?(1—x)-+ Q*(1—x)*2(1—2) ? 
According to (24), (24a), and (25), this integral and the fifth term integral are of order u?/M? or Q*/M? less than 


the other terms and are therefore neglected. 
The matrix element for process II is then: 


wo(=) Mo Ponst [ f f [M2x?+ y?(1—x)+ Q?(1—x)*2(1—z) }-*x(1—x)"*dxdydz 


Cc 





2 2 1 1 
= wo(—) Moon f f [M2x?+ y?(1—x)-+ Q*(1—x)*s(1—z) }-*x(1—x)*dxdz. (38) 
0 0 


c 


For large x this integral is of order M?/M‘*= M-*; therefore it is quite safe to replace (1—x) by 1 everywhere. 
Since the only sizable contribution comes from small x: 


g’ 2 1 1 
hic (~) 4M°o 57 05,4 f f [M2x?-+ u?+ Q*z(1—2) }-*xdxdz 
0 0 


he 


2 2 1 
=o (=) satentont f QM-ILE+ O09} [art w+ Oa(—2)} (39) 
0 


he 


g? 2 1 
~we(~) cwPon* f [u?+ Q*2(1—2z) }-'2dz, (39a) 
c 0 


or, from Eqs. (30a) and (31): 


2\2 24.102)h4 
wo(E) Op? omu4[ ($0) (u?+402)!]-! me tse 40 
Cc 


(w?+30*)'-40 
V. CHARGE THEORY potential result of Christian and Hart and the field effect : 


What charge is assumed for the meson field, has little 2) Yukawa potential result (6?-@4)(1+P) 
effect on the magnitude of the maxima and minima 
nucleon-nucleon scattering as a function of angle; it X[80?-@4(1-+ P)— (20-a4-+ 3) Jhie?(g2/hc)* 
has effect only on their relative positions. In order to (u?+40")!+-40 
explain the near-symmetry of the n-p scattering about XC) (u*#+20%)! gf (41) 
the equatorial plane, Serber and others at Berkeley have (u*+20*)'—40 
suggested that the nuclear force contains a factor 1+ P. 
This charge dependence was, e.g., employed by Christian 
and Hart.' To obtain this symmetry in meson theory, 
we assume that neutral and charged mesons are ex- 
changed with equal* probability and almost attain 
symmetry. That we do not quite obtain symmetry, is 
because the crossed exchange of two charged mesons is 
forbidden, thus favoring scattering in the backward 
direction. 

The contribution to the cross section of the field 
effect is the cross-product between the static Yukawa Pamnactesr Lineal Ite Sh an bo 


® In Kemmer’s theory, the emission of charged mesons is twice . 4. Matrix element for the field effect at various energies 
as probable as that of neutral ones. in the laboratory system. 


(40) 





T ’ 
Arbitrary Units 
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VI. RESULTS 


The leading relativistic corrections to the static 
interaction of two nucleons by a Yukawa potential have 
been computed by examining the effect of retarded 
interactions in nonrelativistic approximation ; this field 
correction was found to be of order u/M, not (u/M)*, 
smaller than the static Yukawa potential. The function 


*+40")1+ 
C4O)(u?+402)} Dene 


u?+40*)!-40 


has been plotted as a function of scattering angle in the 
center-of-mass system for 40, 90, and 280-Mev neutron 
energies in the laboratory system in Fig. 4. The mass of 
the meson, u, was taken to be the experimentally deter- 
mined mass of the x-meson,® 276+6_electron masses 
= 141 Mev. 


J Gardner, Barkas, Smith, and Bradner, Science 111, 191 (1950). 
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On the basis of this work it may be concluded that at 
these energies the main part of the neutron-proton scat- 
tering may be computed as Christian and Hart have 
done, viz., by calculating the scattering in a Yukawa 
potential. A rather accurate and moderately important 
correction could then be obtained by treating the 
matrix element for the field effect as a perturbing poten- 
tial to the simple Yukawa interaction problem. 

We would like to take this opportunity ‘to express 
our sincere thanks to Professor R. P. Feynman for many 
enlightening discussions during the course of this work. 


APPENDIX 
O pv oy’ =3+ (tos) (iA) +(—ios®)(—io A)+--- 
=3— 20,20 A—20,%0,4— 20,054 
=3—205-¢4, 
CpyPoyys = Dy Zy(25yy— Oyo ps4) =3+20" -04, 


since ZyZ,dy,=3. 


NUMBER 6 SEPTEMBER 15, 1951 


Some New Values of Atomic Masses, Principally in the Region of 82 Neutrons* 
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Some new mass comparisons are described which lead to atomic mass values for twenty-nine stable 
nuclides. There is shown to be a definite mass effect associated with the closing of the 82 neutron shell and 
probably also with the closing of the 58 proton shell. There is evidence that the minimum of the packing 
fraction curve occurs at 2sNi®. Recent microwave data are used to obtain the masses of Ge™ and Ge" from 
the mass spectrographically determined masses of Ge’ and Ge”. 


I. INTRODUCTION 


HE present paper describes some recent results in 
our general program of precise measurement of 
atomic masses. Most of these measurements have been 
made with a view to determining whether or not there 
is a mass effect associated with the closing of the 82 
neutron shell. Such an effect has been found and will be 
described subsequently, together with some additional 
measurements in other mass regions. 

The measurements have been made mass spectro- 
graphically using the doublet method. The mass spec- 
trograph which has been employed is a large Dempster- 
type double-focusing instrument.! 


II. O''—S**— Ni** COMPARISON 


A direct measurement of the mass of Ni® was under- 
taken in order to locate with more certainty the mini- 
mum in the packing fraction curve. The O,'°—S®— Ni* 
triplet was photographed at mass number 32, the 
desired ions being obtained by allowing a mixture of O, 


* This work has been done under contract with the AEC. 
1H. E. Duckworth, Rev. Sci. Instr. 21, 54 (1950). 


and CS, to leak into a high frequency spark between 
nickel electrodes. From nine photographs, the O'*— Ni® 
and S*®—Ni** packing fraction differences are Af=8.25 
+0.03 and Af=2.65+0.02, respectively. Assuming for 
S® a value’ of f= —5.547+0.01, the packing fraction 
of Ni* is computed from the S*®—Ni* doublet to be 
—8.20+0.03, a figure which is reasonably consistent 
with the result of the O'*—Ni® comparison. Assuming 
the packing fraction of Ni®* to be —8.23+0.03, it is 
possible, by use of excellent transmutation data,?-! to 
compute the /’s of Cu®*, Zn®, and Cu® to be —8.16 


2 This is the mean of recent precise measurements made by 
H. Ewald (private communication) and A. O. Nier, Phys. Rev. 
81, 624 (1950). 

3 McElhinney, Hanson, Becker, Duffield, and Diven, Phys. 
Rev. 75, 542 (1949). 

‘Johns, Katz, Douglas, and Haslam, Phys. Rev. 80, 1062 
(1950). 

’“Nuclear data,” NBS 
(unpublished). 

* Kinsey, Bartholomew, and Walker, Phys. Rev. 78, 481 (1950). 

7J. A. Harvey, Phys. Rev. 81, 353 (1951). 

* Hanson, Duffield, Knight, Diven, and Palevsky, Phys. Rev. 
76, 578 (1949). 

®G. C. Baldwin and H. W. Koch, Phys. Rev. 67, 1 (1945). 

” H. Kubitschek and S. N. Dancoff, Phys. Rev. 76, 351 (1949). 
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+0.03, --8.04+0.03, and —8,.08+0.03, respectively. 
This last value is to be compared with —7.87+0.05 
obtained through a Pt!**—Cu® comparison" which is 
at present somewhat under suspicion. 

If the decay scheme of Cu® were known it would be 
possible to compute the packing fraction of Ni® from 
that of Cu®*. However, a reported y-ray of 0.56-Mev 
energy” accompanying the 2.88-Mev positron'*-"* is of 
doubtful authenticity. If there were such a y-ray the 
packing fraction of Ni® would be —8.63+-0.03, whereas, 
if there were not, the packing fraction would be —8.53 
+0.03. 

A recent, precise measurement! of the mass of Si**, 
when combined with accurate Q-values'*” for the 
Si*8(d,p)Si?® and Si?*(d,p)Si*® reactions, has shown that 
our value'® for the mass of Si*® is about 0.35 mMU too 
small. This leads, through the Si*°— Ni® comparison,'® 
to corrected packing fraction for Ni® of —8.43+0.03 
and suggests that, unless either Zn® or Zn® should be 
found to be exceptionally stable, the minimum in the 
packing fraction curve is at Ni®. This agrees with the 
experiments of Shaw,”° although our packing fractions 
for nickel are all algebraically larger than his. 


Ill, Cu-Zn—Te—Pt COMPARISON 


The masses of Te!?*, Te’, and Te!*® were obtained 
in the following way. An electrode was prepared by 
packing a thin-walled steel tube with a mixture of brass 
and tellurium fillings (1:6 by volume) and the desired 
ions were produced by running a high frequency spark 
between this electrode and one made of platinum. 
After a good deal of difficulty, chiefly because of the 
uncooperative behavior of the tellurium in the spark, 
a few fair photographs were obtained of the Te”*—Cu® 
doublet at mass number 63, the Te!**—Zn* doublet at 
mass 64 and the Pt!**— Te!*°— Cu® triplet at mass 65. 
The following packing fraction differences were found: 
Te'*— Cu®, Af=3.61+0.07 (3 doublets) ; Te”*—Zn", 
Af=3.91+40.07 (5 doublets); Te!°—Cu®, Af=3.98 
+0.06 (6 doublets); and Pt!**—Te!®, Af=5.45+0.11 
(5 doublets). Using the f’s of Cu®, Zn, and Cu® 
previously listed, and the value" for Pt'® of 1.35-0.04, 
the packing fractions of Te'*, Te* and Te! are found 
to be —4.5540.08, —4.13-40.08, and —4,1040.07, 
respectively. 

PO aie Woodcock, and Preston, Phys. Rev. 78, 479 
ay T. Seaborg and I. Perlman, Revs. Modern Phys. 20, 585 
CT Becker, Kirn, and Buck, Phys. Rev. 76, 1406 (1949). 

4 Katz, Penfold, Moody, Haslam, and Johns, Phys. Rev. 77, 
289 (1950). 

18H. Ewald (private communication). 

‘6 Endt, Van Patter, and Buechner, Phys, Rev. 81, 317 (1950). 


17 Van Patter, Sperduto, and Enge, te Sg Rev. 83, 212 (1951). 
ms Duckworth, Preston, and Woodcock, Phys. Rev. 79, 188 
1950 


19 Duckworth, Johnson, Preston, and Woodcock, Phys. Rev. 
78, 386 (1950). 
” A. E. Shaw, Phys. Rev. 75, 1011 (1949). 


ATOMIC MASSES 1115 


IV. Zr—Ba COMPARISON 


Using a spark between a barium electrode and one of 
zirconium, five satisfactory photographs were obtained 
of the Ba'**—Zr™ doublet at mass number 46. These 
give a packing fraction difference of 3.58+0.05. As- 
suming for Zr® that®* f= —7.49+0.05, and making use 
of Harvey’s Q’s for the Zr®(d,p)Zr™ and Zr"(d,p)Zr™ 
reactions,’ the packing fraction of Ba'** is found to be 
—3.65+0.07. The masses of Ba!* and Ba'*? may be 
computed from that of Ba'** by means of the (v,#) 
thresholds measured” by Sher, Halpern, and Stephens. 


Vv. Ti—Pr COMPARISON 


The Pr'*'—Ti‘? doublet at mass number 47 was 
photographed using a spark between a titanium elec- 
trode and one of neodymium with a strong praseo- 
dymium impurity. Six doublets yield a packing fraction 
difference of 3.64+-0.03. The mass of Ti*’ can be com- 
puted from that of Ti** by means of the Q’ for the 
Ti*"(d,p)Ti* reaction and the threshold” for the 
Ti**(y,”) reaction. In this way the packing fraction of 
Pr'*! is found to be —3.45+0.06. The (y,”) threshold 
of Pr'#! has been measured by Ogle, ef al.,> and 
Hanson, et al.,° to be 9.8.0.3 and 9.4+0.1 Mev, respec- 
tively. Since Pr'#® is known to emit a B- of 2.5-Mev 
energy,® the upper limit for the packing fraction of Ce'*° 
is computed to be — 3.65. With better knowledge of the 
decay scheme of Pr", the packing fraction of Ce'*° 
could be calculated more accurately. Using the measured 
Ce!“(y,n) threshold” and the known decay scheme! of 
Ce!*!, the packing fraction of Ce! is computed from 
that of Pr’ to be —3.26+0.06. 


VI. Mo—Pr—Nd COMPARISON 


With a spark between one electrode of molybdenum 
and a second of neodymium containing a considerable 
praseodymium impurity, the following doublets were 
photographed: Pr'"—Mo* at mass number 47, 
Nd!#4*— Mo" at mass 48, and Nd!®°— Mo! at mass 50. 
The measured packing fraction differences are Af= 2.54 
+0.05 (4 doublets), Af=3.66+0.03 (5 doublets), and 
Af=4.09+0.04 (7 doublets), respectively. The Af’s, 
when combined with the value of Pr! and previously 
reported values'® for Mo* and Mo, give the following 
results: Mo”, f= —6.99+0.08 ; Nd, f= —3.06+0.06; 
and Nd, f= —2.08+0.06. 


Vil. St-Y—Hf COMPARISON 


A nickel tube was packed with equal parts of SrO 
and Y,O; and used as one electrode in a spark in which 
the other electrode was a rod of hafnium metal. 
Satisfactory photographs were obtained of the Hf!7*— 
Sr** doublet at mass number 88, and fair photographs 


” From reference 18 corrected for the change in the mass of Si*. 

® Sher, Halpern, and Stephens, Phys. Rev. 81, 154 (1951). 

23 Ogle, Brown, and Carson, — Rev. 78, 63 (1950). 

24 We are grateful to Mr. E. B. Meservey for obtaining the 
hafnium wire for us. 
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Fic. 1. Plot of the binding energy per nucleon versus the mass 
number in the 82 neutron region. 


of the Hf'**—Y*® doublet at mass number 89 were 
obtained on some exposures. From five photographs the 
Hf!7®—Sr®* packing fraction difference is Af=7.11 
-+0.04, whereas from three photographs the Hf'”*— Y*, 
Af=7.07+0.05. These differences, when combined with 
a previous value for Sr®* and transmutation data®.’ 
leading to Y*® from Sr®, result in packing fractions for 
Hf'* and Hf'* of —0.44+0.06 and —0.36+0.07, 
respectively. 


VIII. Ni-Zr—Hf COMPARISON 


Spark electrodes of hafnium and zirconium gave well- 
matched Hf!*°—Zr® doublets at mass number 90. Sub- 
sequently, Hf'*°—Ni® doublets at mass number 60 
were obtained with hafnium and stainless steel elec- 
trodes. The measured packing fraction differences are 
7.70+0.03 and 8.572-0.03, respectively, and lead, by 
use of the above value for Ni® and a previously reported 
value" for Zr®°, to two values for the packing fraction 
of Hf'**. These are 0.19-++0.06 from the first comparison 
and 0.14++0.05 from the second, giving a weighted 
mean of 0.16-+0.04. 


IX. Zr—-W COMPARISON 


Using a spark between one electrode of tungsten wire 
and a second consisting of a nickel tube packed with 
zirconium metal, satisfactory photographs were taken 
of the W'®—Zr®™ and W'**—Zr® doublets at mass 
numbers 91 and 92. The measured packing fraction 
differences are 7.45+-0.04 (7 doublets) and 7.53+-0.04 
(8 doublets), respectively. These doublet separations 
were studied previously by Dempster®* who obtained 
Af=7.85+0.2 for the first and Af=8.05+0.2 for the 
second. Masses for Zr® and Zr® may be computed from 


28H. E. Duckworth and R. S. Preston, Phys. Rev. 82, 468 
(1951). 
2% A. J. Dempster, Phys. Rev. 53, 64 (1938). 
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that of Zr® using the Q-values’ for the appropriate 
dp reactions, and these lead to a value for the packing 
fraction of W'™ of f=0.183-0.06 and for W'* of f=0.28 
+0.06. 

The recent measurement of the W'**(+,) threshold” 
permits the calculation of the mass of W'* from that of 
W'®. The resulting packing fraction is 0.320.07. 
Also, from a knowledge of the Q of the Ta'**(d,p)Ta!™ 
reaction’ and the decay scheme”’ of Ta'®, the packing 
fraction of Ta'*! may be computed to be 0.17+0.07. 


X. Ge—Ce—Nd COMPARISON AND THE MASSES OF 
THE GERMANIUM ISOTOPES 

Nd!#4— Ge” and Nd!#*— Ge" doublets of not very 
good quality were photographed at mass numbers 72 
and 73, the ions arising from a spark between a neo- 
dymium electrode and one consisting of germanium” 
in a nickel tube. Ce'#°—Ge?® doublets were photo- 
graphed using a cerium electrode and a nickel tube 
enclosing a rod of germanium. The nickel tube partially 
shielded the germanium from the spark and had the 
effect of diluting the germanium. The resultant packing 
fraction differences are: Nd'#*—Ge”, Af=4.85+0.07 
(5 doublets) ; Nd!#*— Ge7*, Af=4.64-++0.08 (4 doublets) ; 
and Ce!#°9—Ge?, Af=4.25+0.03 (6 doublets). Using 
the packing fractions for Nd'** and Ce" cited, those 
of Ge” and Ge” are computed to —7.91+0.09 and 
7.90+0.08, respectively. 

Geschwind and Gunther-Mohr, by a microwave 
study”® of the isotopic shift in the pure rotational spec- 
trum of GeH;Cl*, have determined that the Ge”— Ge”°, 
Ge74— Ge”, and Ge?*— Ge’! mass differences are in the 
ratio of 1:1.00059:1.0018. The Ce!#°—Ge?° and Nd!“4 
— Ge” mass comparisons already described were under- 
taken to determine the absolute values of the Ge’? and 
Ge” masses, with the intention of combining them with 
the microwave data to compute the masses of Ge"! 
and Ge’, Although the present mass spectrographic 
results are not very accurate, they can be thus used to 
compute packing fractions for Ge’* and Ge’® of —7.76 
+0.12 and —7.46+0.12, respectively. Also, a recent 
study® of the decay of As’ and knowledge of the 
threshold®* of the As’®(y,n) reaction enable one to 
compute for Se“, f=—7.59+0.12, and for As”, 
f=—757+0.12. 

The prospect of combining mass spectrographic and 
microwave results in this manner is very attractive 
to the mass spectroscopist, especially in the study of 
elements which possess many isotopes, such as Cd, Sn, 
Te, etc. It is hoped that the accuracy of the mass spec- 
trographic part of this dual project for germanium will 
be improved in the near future. 


7 Engelkemeir, Freedman, and May, ANL-4473 (1950) (un- 
published). 

%8 We are indebted to Dr. N. B. Hannay for the germanium 
electrodes. 

29S. Geschwind and R. Gunther-Mohr, Phys. Rev. 81, 882 
(1951). 

*® Johansson, Cauchois, and Siegbahn, Phys. Rev. 82, 275 
(1951). 
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XI. DISCUSSION OF MASSES IN THE 
82 NEUTRON REGION 


The new mass values from Te”® to Nd’ are 
plotted in Fig. 1 on a binding energy per nucleon curve. 
Also plotted on this curve are the binding energies of 
Xe!® and Xe!” recently measured* in this laboratory. 
The recent measurements™ by Goudsmit, Richards, and 
Hays of the masses of I'*’ and several of the isotopes of 
xenon are not plotted in Fig. 1 because they do not 
seem to be consistent with ours. Regardless of whether 
these measurements are more or less reliable than ours, 
it is important in searching for a change in nuclear 
stability to use a consistent set of mass values. 

The curve in Fig. 1 is drawn to pass through the 
points representing even-even nuclides. Three of the 
four points lying below the curve are either even-odd or 
odd-even nuclides and would be expected to be less 
stable than their even-even cousins. The fourth low- 
lying point is Te’, and it must be concluded that this 
mass has been poorly measured. Figure 1 shows a 
sudden change in the binding energy curve at 5s3Ce!. 
Sudden changes of this sort have been observed**?5 at 
«Zr and s2Pb*8, nuclides which are ‘‘doubly-magic,” 
or possess closed shells of both protons and neutrons. 
Since Ce'® possesses a closed shell of 82 neutrons it is 
tempting to ascribe to it a “doubly-magic” character, 
and in this way identify 58 protons as a closed shell 
configuration, representing the completion® of the 1g7/2 
subshell. Nuclear spins of 7/2 are common*® among 
nuclides in the Z=51 to Z=57 range and, in particular, 
s7La™® has a spin of 7/2. When one considers that the 
pairing-energy is thought to increase* with increasing 
values of spin, so that the addition of the 58th proton 
to s7La!®® should lower the energy of the 1g7/2 state still 
further with respect to the competing 2d5/2, 2d3/2, and 
3s1/2 states, it seems reasonable to conclude on the basis 
of spin evidence that Ce! does indeed represent a 
completed proton shell. If so, the data represented in 

31 C. L. Kegley and H. E. Duckworth, Nature 167, 1025 (1951). 

2S. A. Goudsmit (private communication). 

33 A. J. Dempster, Phys. Rev. 53, 869 (1938). 

34M. G. Mayer, Phys. Rev. 78, 16 (1950). 


%5 See, for example, the list of spins compiled by J. E. Mack, 
Revs. Modern Phys. 22, 64 (1950). 
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Tas e I. New mass values reported in this paper. 





136.9502+0.0010 
137.9498-+0.0009 
139.9489-+0.0009 
140.9514+0.0008 
141.9537 +0.0009 
143.9560+0.0008 
149.9687 +0.0008 
175.9923+0.0011 
177.9936+0.0013 
180.0029+-0.0007 
181.0031+0.0013 
182.0033+0.0011 
183.0059+0.0013 
184.0052+0.0011 


Ba!3? 
Bat® 
Cel@ 
Pritt 


62.94862+0.00020 
63.94852+0.00019 
63.94733+0.00019 
64.94749+0.00021 
69.9447 +0.0006 
71.9430 +0.0006 
73.9426 +0.0009 
73.9439 +0.0009 
74.9432 +0.0010 
75.9433 +0.0009 
93.9343 +0.0008 
125.9427 +0.0010 
127.9471 +0.0010 
129.9467 +0.0009 


Ba'* 135.9488 +0.0010 





Fig. 1 give further proof of the usefulness of inves- 
tigating nuclear shell structure by studying atomic 
masses. The rather obvious comment might be made in 
this connection that, although studies of spins have 
been made so very fruitful in the identification of 
nuclear energy levels, they have given and give no 
promise of yielding information about ground states in 
even-even suclei, since it appears that in these cases the 
spins are always zero. The approach to the nuclear 
energy level problem by a study of masses suffers from 
no such limitation. 


XII. SUMMARY OF RESULTS 


The new mass vaiues resulting from the work de- 
scribed in this paper are listed in Table I. 


XII. CONCLUDING REMARKS 


The new mass values listed in Table I supplement 
previous atomic mass measurements made in this 
laboratory. With these new masses there are now 
available sufficient mass spectrographic and trans- 
mutation data to compute the masses of approximately 
40 percent of the stable nuclides with A>45. A review 
of the mass information available in this region is now 
in preparation. 

The authors appreciate greatly the indispensable 
help given during the course of these experiments by 
Mr. Clifford Gieselbreth. 
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The reactions +++dsp+p have been investigated in weak-coupling approximation. Using detailed 
balancing arguments it is shown that comparison of the total cross sections for both processes at appropriate 
energies allows a unique determination of the spin of the charged x-meson independent of weak coupling 
theory. It is also shown that the angular distributions of the final state particles and the energy variation 
of the total cross sections also provide information as to the charged x-meson spin. 





1. INTRODUCTION 


OMPARISON of the theoretical predictions! re- 
garding the absorption of a #~ meson from the 
K shell of the mesic-deuterium atom with the observed 
ratio of 2 to 1 for nonradiative to radiative absorption? 
leads to the conclusion that the charged x-meson is 
either pseudoscalar (spin zero and odd parity) or 
pseudovector (spin one and even parity). This conclu- 
sion follows from quite general selection rules associated 
with the properties of a w~ meson in a K shell rather 
than from detailed quantitative predictions of weak- 
coupling theory. It is clear that at sufficiently low 
energies (say, below 5 Mev) the same selection rules 
operate for the absorption of + mesons by deuterons 
and nonradiative and radiative absorption complete 
on almost equal terms. However, if an experiment is 
carried out for r+ energies greater than 5 Mev (which 
is experimentally more feasible) the nonradiative 
process x+-+d—p+ p becomes dominant and of great 
interest for studying the properties of the ++ meson. 
In this paper we treat the reaction r++d—-p+p 
phenomenologically and compute both the total cross 
section as a function of energy and the angular distri- 
bution of the two final protons for the fields and 
couplings considered by Tamor' [S(S), PS(PS), 


PS(PV), V(V), and PV(PV)]. We restrict ourselves 
to meson energies greater than 5 Mev’ but low enough 
(say, less than 100 Mev) so that the nucleons can be 
treated nonrelativistically. We also calculate the cross 
section for the inverse reaction p+p—t+d at corre- 
sponding energies and determine the angular distribu- 
tion of the r+ mesons in the laboratory system.‘ It will 
be shown that the method of detailed balancing applied 
to the two reactions permits a unique determination of 
the spin of the + meson. 


2. THE REACTION x*++d—-p+p 


We perform a first-order phenomenological calcula- 
tion similar to that used by Tamor' in his investigation 
of the analogous process of the absorption of the 2 
meson from the K shell of the mesic-deuterium atom. 
The matrix element M for the absorption of a ++ meson 
by the deuteron may be written: 


a= fxr, T2} G1, 2; 71, t2)O(K1, 2; G1, G2; t1, F2) 
X Wolti, 2; 01, 62; t1, t2)dtidt, (1) 


where r,, o;, t; are the space, spin, and isotopic spin of 
the ith nucleon; # is the operator which takes the two 
nucleon system in the initial state (deuteron) into the 


TABLE I. Meson-nucleon interaction operators. 





Theory Interaction operator 


Nonrelativistic approximation 





S(S) (4) igh 


PS(PS)* i(4r) if’ By 


ti) 
AY ) ; iJ 5 
PS(PV) i(4r) PY V5? 


V(V) i(4m) 4g’ Byyudy 


PV(PV) i(4x) ff" BY yyby 


(4r)igo 
itt { 0-4-2 Og a En thg (+p) }o 


-itte) YL o-k—Fo- ae 


(4x) ef ( p/+p"—7k): ‘O+ia:(p/— v)x¢} 
(4x)if"o-¢ 





* The equivalence theorem between the PS(PS) and PS(PV) theories does not hold because the potential contains charge exchange operators [see 
F. J. Dyson, Phys. Rev. 73, 929 (1948)]. We have assumed that the two nucleon potential may be written: 


Vir, GO, ) =4(1+Pa)J(r), 


where Py is the Majorana operator. 


* This work was sponsored by the AEC. 
1S. Tamor, Phys. Rev. 82, 38 (1951). 
2 Aamodt, Hadley, and Panofsky (private communication). 


? This has the additional advantage that the coulomb barrier of the deuteron may be neglected. 
* The angular distribution in the c.m. system is the same for the inverse reaction (see below). 
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Taste II. Differential cross section for the reactions **+dp+-) in the c.m. system. 





Type of meson- 
nucleon coupling 


dN(®)/d(cos@) unnormalized 





{a_—a,}? 


{2|[EK+k]o,+[(K— 


S(S) 
PS(PS) 


tk}c,|? 


+2|[EK—k]o_+[K+4k]c_|? 


+4((EK+k]o,+[K— 


$k]c,)-((EK—k]o_+[K+$kc_) 


+ | (EK+k)|*a,2+ | (EK—k)|*a*+2[4—E*K*Ja,0_} 


PS(PV) 


V(V) 


PV(PV) {3a?+3a,2—2a,0_} 


pani is k\ a? 


(1/E*) | |EK+k|*a,?+ | EK—k|*a*— 


K*Ja,a_} 
2Ck*— E®KJa,a_} 





final state (two protons) and represents the absorption 
of a r+ meson; Wo; VW, are the wave functions of the 
initial and final states of the two nucleon system. For 
W, we chose appropriately antisymmetrized plane wave 
functions neglecting the interaction of the two nucleons 
in the final state, which is assumed small because of the 
high kinetic energy (>70 Mev) of the final protons.§ 
In considering Yo we note that the deuteron ground 
state is predominantly *S, with a few percent admixture 
of *D,. We shall first neglect the *D, contribution to Vo 
and estimate the error introduced later. For the space 
part of Yo(r), we chose therefore the S-state solution of 
Schrédinger’s equation corresponding to Hulthen’s 


me = sree SEE) 
PS(PV) 


—-- V¥(v) 
PV(PV) 











ae apie nae 
ANGLE IN CLM. 


Fic. 1. Angular distribution of protons in c.m. system for 
absorption of 22.7 Mev x* mesons by the deuteron. The *D, 
contribution to the deuteron ground state is neglected. 


5 The effect of the distortion of the final wave function caused 
by the interaction of the two protons was estimated and found to 
the total and differential cross sections by at most a few 


percent. 


potential : 


2 


ve) er: 
‘ ee 


N ev—e*r 
a Gai | triplet> 


where y=reciprocal radius of the deuteron; and 8 is 
defined in terms of ro, the effective range of nuclear 
forces, thus: 


Yo(r)= 


ro= 2/(y+8)—1/B. 


Since our calculation is phenomenological and treats 
the two nucleons nonrelativistically, it is necessary to 
find nonrelativistic expressions for the meson-nucleon 
interaction operators which are valid to first order in 
v/c of the nucleons. The nonrelativistic approximations 
to those interactions which contain only even operators, 
ie., S(S) and PV(PV) are immediate. For those inter- 
actions which contain odd operators, i.e., PS(PS),® 
PS(PV), and V(V) the method we use is due to Foldy 
and Wouthuysen.’ The nonrelativistic approximations 
for the various theories are given in Table I. The 

Taste III. Differential cross section for the reactions r++d 


+5p+>) in the c.m. system evaluated for four different incident 
«* kinetic energies (laboratory system). 


@(0°): 0(45°):0(90°).* 





\cr Kinetic 
22.7 
45° 90° 4s° 


047 0 y 0.38 
1.18 1.23 

1.52 1.97 ; ; 88 
1.71 2.33 i : 01 
0.84 0.70 . } 56 





0.49 0 


1.26 
1.19 
0.92 


1.13 
1.10 


PYV) 0.96 





* All values normalized to ¢(0°) =1. 
> Values in this table and Tables V and i for the —* theory were 
calculated using J(r) = —Voee~*"/ar. Le] a oases of Ve and a used are based 
on a value of ro =1.74 X10™" cm. [Hug 98) 4 and Ringo, Phys. Rev. 
77, 291 (1950); Hughes, Phys. Rev. 7. or ae 


*It should be noted that a phenomenological calculation 
employing the PS(PS) theory is likely to lead to misleading 
results if nuclear forces are due to an ge of virtual mesons. 
This follows because for the PS(PS) theory, the exchange terms 
(i.e., the terms involving the absorption of the real meson between 


the emission and and whe of the virtual mesons) dominate the 


nonexchange _— a wegen tes the feng force is replaced by a 

potential, these ¢ ignored. Nevertheless, we 

give some results a the S (Pst Aen 4 the sake of com gg 
™L. Foldy and S. Wouthuysen, Phys. Rev. 78, 29 (19 
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-—— PS(PV) with tensor force 
-——~PS (PV) without tensor force 
—PV(PV) with t. f 
-PV(PV) without tf. 








T T 


30 60 
ANGLE IN C.M. 


Fic. 2. Angular distribution of protons in c.m. system for 
absorption of 22.7-Mev #* mesons by the deuteron. Curves¥A 
and C include the *D, contribution for the PS(PV) and PY(PV) 
theories respectively, whereas curves B and D neglect the *D, 
contribution for the PS(PV) and PV(PV) theories. 


symbols in Table I are defined as: ¢=meson wave 
function (incoming plane wave) ; k= meson momentum; 
E=meson energy; ¢= Pauli spin matrix; p°, p’= initial 
and final nucleon momenta; A=c=M=1. A is defined 
by: <triplet| A= <triplet|; <singlet| A=0. For the 
process to occur, the interaction operators must be 
symmetrized with respect to the space, spin, and iso- 
topic spin coordinates of the two nucleons. Since the 
initial state is antisymmetric in isotopic spin and the 
final state symmetric in this coordinate, the interaction 
operators must be antisymmetrized in the space and 
spin coordinates of the two nucleons. The angular 
distribution of the final protons follows directly from 
the differential cross section and is expressable in terms 
of two integrals a* and c+ defined by: 


uo(R) 
at= f 5 expli(Ka: dk): RUUR, 
(2) 


uo(R) 
es f J(R) expli(K-t4h)-RUR, 


where K= momentum of a final proton in the center-of- 


Taste IV. Coefficients in expressions for total absorption 
cross section (see formula 4). 
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mass system; R=relative distance between the two 
nucleons; and u(R)=solution of the radial part of 
Schrédinger’s equation for the S-state of the deuteron. 

The angular distributions predicted by the four 
theories are listed in Table II. Curves for the angular 
distribution of the protons in the center-of-mass system 
at 22.7-Mev meson kinetic energy are given in Fig. 1. 
Table III lists «(0°):0(45°):¢(90°) in the center-of- 
mass system for incident mesons whose kinetic energy 
is 5, 22.7, 50, and 100 Mev in the laboratory. Figure 2 
shows the effect of the inclusion of the *D, contribution 
to the ground state of the deuteron on the angular 
distributions in the c.m. system for the PS(PV) and 
PV(PV) theories. The effect on the total cross section 
for the processes r*++d=p-+ p is negligible. It is to be 
noted that at the lowest energy, the angular distribu- 
tions for the PS, V, and PV theories are much more 
isotropic than the curve for the S theory. This can be 
understood in a qualitative way as follows: at the 
lowest energy, the w+ meson is predominantly in an 
angular momentum state described by /=0. The states 
which may be occupied by two identical nucleons are 
limited in number by the Pauli principle and are 
1$9; *P21,0; “De; etc. For S-state r+ mesons, the final 
states of the two proton system to which transitions 
occur, are determined by conservation of total angular 
momentum and parity. They are, for the four theories, 
S—none; PS—*P,; V—P2,1,9 and *F:; PV—'S» and 
Do. 

Since the meson is assumed to be in an S-state 
initially, we would expect an isotropic distribution of 
protons in the center-of-mass system for PS, V, and 
PV mesons in the limit of zero energy since there is no 
reference axis defined by the initial state. On the other 
hand, a scalar #*+ meson in an S-state cannot be 
absorbed by the deuteron. (This was pointed out by 
Tamor, reference 1.) Any absorption of the scalar meson 
must take place from the />0 states. This supplies for 
scalar mesons an initial state reference axis, and general 
arguments yield for the reaction, 


a*(1>0)+d—2p(*P», rot Fs 3, otetc.), 


an angular distribution of the resultant protons which 
vanishes at 90° with respect to the incident +*+ meson 
beam; the fact that a scalar meson with /=0 cannot 
be absorbed by the deuteron is also responsible for the 
smaller cross sections recorded in Table V for the scalar 
case (see subsequently). These remarks explain quali- 
tatively the curves at 5 Mev. At the higher energies, 
the deviations from isotropy in the case of PS, V, and 
PV mesons are due to the contributions from orbital 
angular momentum states with />0. Therefore, the 
anisotropy should increase as the kinetic energy of the 
absorbed meson increases. In addition, the relatively 
large anisotropy of the PS(PV) and V(V) angular 
distribution shows that even for low energy mesons, 
the absorption of mesons from the p-state competes 
strongly with absorption from the s-state: this is due 





r++dspt+p 


to the presence of gradient operators in the interaction 
for the PS(PV) and V(V) theories. 

The total absorption cross section is evaluated using 
the relationship: 


o= (2/2) f (| M|*\adp/dE,, (3) 


where v is the relative velocity of the r+ meson and the 
deuteron and dp/dE,;=density of states per unit final 
energy=4KdQ/(2x)* (the direction of the incoming 
meson is chosen as the polar axis in d2). The indicated 
integrations are straightforward and lead to 


2ngtN? K 1 1 
i = {4 + 
v E T,tT,- Y.tT2- 





o 





1 r,T.* 
+ n 
RK(T.—T) r,tT.- 
ri4Tr: r,tT;- 
a| n 
kK(T,—T-2) lr, -T,* 





r,t 1 


r,t 
—aveiereninniei Nihaen 
-~ 2kK T. T.- 


1 r,*T.t 
= In ||: (4) 
RK(Ui4+T.) xT: 


1 
+Ci-—— a- 
2kKT, TI 





TaBLE V. Total x* absorption cross section evaluated for four 
different incident +* kinetic energies (laboratory system). 


o/(g*/he) X 10-2? cm?. 
= Kinetic 
energy 
SSG 
Theory 


S(S) . A . 1.9 
PS(PS)* 

PS(PV) 20 
V(V) 8 
PV(PV) 58 








: : : 44 
‘ : ; 0.23 
\ ] ; 6.0 





* Absorption cross section for the PS(PS) theory was only evaluated at 
22.7 Mev for comparison with the reaction P+P-—-D+2* at 340 Mev. 


r; oe 
(ev 
Tr: e 


rt+=T,+Kk 


where 


and A, B, C, for the different theories are listed in 
Table IV. The numerical values for the absorption 
cross section for incident ++ mesons of 5, 22.7, 50 and 
100-Mev kinetic energy are listed in Table V. 

Since the transition probability for the absorption of 
m~ mesons from the K-shell of the mesic-deuteron atom 
is finite in all cases except for the scalar field, the cross 
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Taste VI. Observed angular distribution of +* mesons in the 
laboratory system produced in 340-Mev p— > collisions. 


oX 108 cm™ steradian. 





Angle in laboratory 
(in degrees) 





¢ 

0 2.0 
18 1.63 
30 0.5 
60 <0.1 





sections for the ++ absorption should go as 1/2 for 
small v, as indeed they do.® 


3. THE REACTION p+p—2++d 


Experiments at Berkeley’ indicate that in 340-Mev 
p—p collisions, the cross section for the reaction p+p 
—++d is comparable to the cross section for the 
reaction p+p—x++n+p. Table VI lists the total 
cross section of these two reactions at four different 
angles. The contribution to the production cross section 
of the first reaction can be predicted theoretically on 
the basis of Tables II and IV, using detailed balancing 
arguments. The total production cross section may be 
obtained from the absorption cross section using the 
relationship: 


Prot §(25-+1)(/K?) 0%, 


where S is the spin of the x*-meson, & is the momentum 
of the meson in the c.m. system, and K is the momen- 
tum of the proton in the c.m. system. Table VII lists 
the total cross sections for the reaction p+p—-xt+d 
for incident proton energies in the laboratory system 
corresponding to the four meson energies used in the 
computations of Sec. 2. The ratios o*>*/a?r°4 are also 
recorded in this table for S=0; for S=1, every ratio is 
reduced by a factor of 3. Thus the spin of the charged 
a meson will be uniquely determined” when the pro- 


Taste VII. Total x* production cross section evaluated for 
p—> collisions at four different energies. 


oProd /( 92 /hc) X 10-*8 cm. 





Proton kinetic energy (Mev) 302 340 
Meson kinetic energy (Mev) 5 22.7 
aebs /gprod 95.4 18.0 





Theory 
0.15 
2.2 


0.85 
PV(PV) 6.1 





SIt should be remembered that the correct cross sections at 
very low energy would behave quite differently because of the 
coulomb barrier of the deuteron. 

* Cartwright and Richman (private communication). 

Tt seems to us that this method provides a much more 
clearcut method for determining the meson spin than the Wentzel 
experiment (see G. Wentzel, Phys. Rev. 75, 1810 (1949)). Dr. 
M. H. Johnson has informed us that he independently suggested 
the measurement of the cross sections for the two reactions 
x*+dsp+>p as a means of determining the meson spin. 
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ANGLE IN LAB. 


Fic. 3. Angular distribution of ++ mesons in the laboratory at 
340 Mev for the reaction p+p—-2x*++d. Same remarks apply 
here as for Fig. 1. 


duction and absorption cross sections are known within 
a factor of three (unless, of course, the spin is greater 
than 1 in which case the accuracy will have to be 
better). Once the spin of the charged meson is known, 
the parity is automatically determined by the results 
of the x~ meson absorption in deuterium referred to 
previously. The angular distribution of the ++ mesons 
in the c.m. system is the same as the protons but the 
kinematics changes the laboratory distribution: the 
results for 340-Mev protons in the laboratory system 
are given in Figs. 3 and 4." When the data in Table VI 
are analyzed as to the relative contributions of the two 
competing reactions, it is hoped that it will be possible 

" The angular distributions for the reaction *++d—p+) were 
given only in the c.m. system since the transformation to the 


system in which the deuteron is at rest only changes the distribu- 
tions slightly for 22.7-Mev mesons. 








25 50 
ANGLE IN LAB. 
Fic. 4. Angular distribution of ++ mesons in the laboratory at 


340 Mev for the reaction p+p—2*++d. Same remarks apply 
here as for Fig. 2. 


to determine the nature of the charged x-meson. If we 
consider just the two meson theories which are com- 
patible with the w~(K shell)+-d reactions, reference to 
Fig. 4 shows that the PV(PV) theory predicts a slightly 
more isotropic distribution of r+ mesons in the labora- 
tory than does the PS(PV) theory in the reaction 
p+p—-2t+d. However, a more feasible method of 
deciding between the PS and PV theories is suggested 
by Tables V and VII. The absorption cross section for 
the PS theory is essentially constant in the meson 
energy range of 5 to 100 Mev, whereas the PV theory 
predicts a decrease of a factor ten. This has as a conse- 
quence that the production cross section increases by 
a factor of ten for the PS theory in the energy region 
300 to 500 Mev whereas the PV production cross 
section remains essentially constant. Either effect can 
be checked experimentally and the results could offer 
another—albeit less conclusive—method for determin- 
ing whether the charged z-meson is pseudoscalar or 
pseudovector. 
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The spectrometer has been improved, enlarged, and all the operational factors re-evaluated. The principal 
resonance in gold has been redetermined as Eyo=4.87+0.07 ev, and in silver as 5.13+-0.07 ev. Resonances 
are found in Br at 35.7, 54, 104, and 136 ev. Transmission dips are also observed at higher energies which 
are probably due to unresolved levels. The thermal cross section of iron is well matched by the relation 
o=(11.2+0.33E-). Crystal interference effects are observed in the thermal region with the Debye-Scherrer 
rings at 2.3A and 2.8A resolved. The cut-off wavelength predicted to be at 4.04A is in good agreement with 
experiment. No strong resonances are observed in iron at high energies. Resonances are observed in cobalt 
at 126 ev and 5000 ev. Ni shows crystal interference effects in the thermal region. No strong resonances were 
detected at high energies. The thermal cross section of Zn is well matched by the relation ¢=3.85+0.14£74 
with crystal interferences effects observed in the thermal region. Resonances in Zn occur at 520 ev, 1100 ev, 


and 3800 ev. 





A. INTRODUCTION 


HE results of previous investigations using the 

Columbia University slow neutron velocity spec- 
trometer have been presented in a number of earlier 
papers.'~* The previous three papers’ of this series 
present the results of survey studies of nuclear resonance 
levels using a spectrometer system, which employs a 
100-kc crystal oscillator as the timing standard and 
permits simultaneous measurement of 16 energy inter- 
vals for each of two counter systems. Some of the work 
which has been published'* was not included in this 


series, as part of it referred to different types of inves- 
tigations and part of it was done using the original 
spectrometer system which had considerably poorer 
reliability and resolving power. 


B. IMPROVEMENT OF THE SPECTROMETER 
CIRCUITS 

The spectrometer system described in the first paper 
of this series has been improved by replacing the 100-kc 
crystal oscillator with a 1-megacycle crystal oscillator. 
The block diagram for the spectrometer system is essen- 
tially the same as Fig. 1 of the first paper of this series,” 
except that the 100-kc oscillator and 5-ysec circuit are 
replaced by a 1-Mc oscillator and five additional timing 
scale-of-two circuits. This permits timing pulses of 1, 
2, 4, 8---, 32768 ysec. In practice detection intervals as 
short as 2 usec and arc “‘on times” as low as 4 usec were 
used for the highest resolution studies to give an ap- 
proximately triangular resolution function of about 1 
usec/meter width at the base. A 6-meter path length 
was used for almost all of the measurements. 

An arc “on time” of Taro=4 usec rather than 2 usec 
is used for intensity reasons. The effective arc “‘on time” 


'L. J. Rainwater and W. W. Havens, Jr., Phys. Rev. 70, 136 
(1946) ; W. W. Havens, Jr., and L. J. Rainwater, Phys. Rev. 70, 154 
(1946). 


? Rainwater, Havens, Wu, and Dunning, Phys. Rev. 71, 65 
(1947); Havens, Wu, Rainwater, and Meaker, Phys. Rev. 71, 165 
(1947); Wu, Rainwater, and Havens, Phys. Rev. 71, 174 (1947). 

* Rainwater, Havens, Dunning, and Wu, Phys. Rev. 73, 733 
(1948) PF eaas Rainwater, Wu, and Dunning, Phys. Rev. 73, 
963 (1948). 


is not a square pulse of 4 microseconds duration because 
the arc current takes between } and 1 usec to rise to 
its full value. For very sharp dips there is some advan- 
tage in having points more closely spaced than the 
resolution width of the apparatus to better define the 
transmission curve. Thus it is better to keep the detec- 
tion intervals (and spacing) shorter than the arc ‘‘on 
time” for highest resolution work. 

In the course of the circuit revision, the speed of 
operation of the entire system was greatly improved in 
all parts including the pulse amplifiers, pulse-height 
selectors, timing coincidence circuits, and other timing 
circuits. 


C. QUENCHING THE ARC PULSE 


In normal operation of the spectrometer it was 
customary to remeasure a sharp resonance dip as a 
general check on the over-all operation of the system 
from time to time. Such checks made shortly after the 
publication of the previous set of papers? showed a 
smearing of the resonance dips of Co, Ag, and Au to 
give much broader and shallower dips displaced to 
larger timings, and with slow recovery of the trans- 
mission on the low energy side of the dip. This was 
interpreted as failure of the ion production at the arc to 
stop at the end of the arc modulation pulse. The mag- 
nitude of this effect remained large for a périod of time 
and many attempts were made to locate the cause of 
the trouble and correct it. The cyclotron used a hooded 
capillary type arc source and the effect was probably 
caused by ions produced lower down in the arc source 
which were gradually blown out after the electron emis- 
sion from the filament was ended. However, the oper- 
ating conditions were, as far as was known, the same as 
for the earlier measurements which had shown no ob- 
servable smearing effect. Thus, under apparently 
identical operating conditions, the system developed a 
bad gradual trailing off of ion production after the arc 
pulse was over. By keeping the flow of deuterium to the 
arc to a minimum the effect could be removed. The 
intensity was greatly reduced but the resonance dips 
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Fic. 1. Calibration of over-all delay time of apparatus. The 
solid curve in (a) shows the calculated transmission of the thick 
paraffin sample. The dashed part of the curve indicates the change 
in neutron intensity. The dashed curve in (b) shows the rela.ive 
intensity near zero timing’; the solid line is the straight line appr oxi- 
mation used. The upper curve in (c) shows the theoretical’ new‘:ron 
production ; the lower curve the approximate neutron production 
used in the analysis of results. 


were restored to the correct timings. The magnitude of 
the shifts, at worst, was such that the gold and silver 
resonances were moved from timing values correspond- 
ing to ~5 ev to values near 4 ev energy. 

The solution which has finally been adopted is to 
separate the hood on the arc source from the grounded 
capillary tube and maintain it at a positive potential of 
about 2000 volts. This potential repels any positive ions 
in the capillary tube and prevents delayed emission 
from plasma blown out of the lower part of the arc 
source. A negative potential was found to make the 
effect worse and too small a positive voltage did not 
improve conditions since it could not overcome the 
effect of the gas flow sweeping the ions out of the 
capillary. In all measurements using moderately high 
resolution, the high quenching voltage is now used 
while the electrode is grounded for low resolution or 
unmodulated cyclotron operation. Thus, while the 
effect of delayed ion emission has been cured, the reason 
why there was no indication of such effects in the earlier 
work or why the effect suddenly became large is not 
understood. Such effects appear to be absent from the 
Cornell cyclotron velocity selector.‘ 


D. CALIBRATION OF THE OVER-ALL DELAY TIME 


The energy of a resonance dip is determined by the 
source-detector path length of 6 meters and by the 
time-of-flight of the neutrons of this energy. The timing 
of a detection interval after the arc modulation pulse is 


4B. D. McDaniel, Phys. Rev. 70, 832 (1946). 
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well known in terms of the basic timing circuits which 
are precise to ~0.1 usec. There is, however, a certain 
over-all delay time, /4, of the system representing the 
time required to accelerate the deuterons, etc., and this 
must be accurately evaluated. Measurements were 
previously made with the BF; counter in a B,C shield 
near the source and showed a 7 usec delay time using 
2 wsec arc and detection intervals. Thus, for most of a 
the subsequent work a 7 usec correction was used. 
However, this delay time varies slightly with operating 
conditions and therefore a technique has been devised 
to measure the delay time under the same operating 
conditions and during the same operating period in 
which the resonance dips are measured. The results of 
these checks now indicate that a value of between 8.5 
and 10.0 usec is usually obtained with the exact value 
varying over this range between successive operating 
periods. The shift from the original value to 9.0 usec 
is 2.0 usec in 6 meters or 0.32 usec/meter. The position 
of resonances obtained using this correction now checks 
very closely the results of Selove ef al., using the 
Argonne mechanical velocity spectrometer system.5 
When the arc and detection intervals are not equal, 
there is an additional correction of half the difference in 
the widths if the timings are referred to the start of the 
intervals rather than to the centers. For tan=4 usec 
and Tdet=2 usec, this increases the apparent value of tg 
by 1 usec. 

The method which is now used to check the delay 
time is quite simple and consists of using the first 
detection group* and inserting a 2.89 g/cm? paraffin 
filter in the neutron beam. This gives calculated trans- 
mission values of 0.47, 0.237, 0.050, 0.022, 0.011, and 
0.0043, at 4108, 10%, 2 108, 105, 5x 10%, and 10‘ ev 
respectively. Thus, only fast neutrons having time-of- 
flight values of less than 1 usec for 6 meters will con- 
tribute significantly to the counting rate, and the 
counting rate vs timing interval almost gives the experi- 
mental resolution function with the delay time shift. In 
Fig. 1(a) the calculated transmission® is given as a 
function of neutron time-of-flight. If the arc pulse is. 
turned on between ‘=0 and /=4 usec from the start of 
the timing cycle, the delay time, ¢4, will cause the 
effective neutron production ‘“‘on time” to be displaced 
to between /¢ and (/¢+4 usec) as shown in the upper 
curves of Fig. 1(c). 

If infinitely short detection intervals were used and 
there was zero source detector distance, then the piot 
of detected intensity vs timing for fast neutrons should 
also be zero outside of the region ¢a to (ta+4 usec) and 
constant within. Again for infinitely narrow detection 
intervals but with the detector at 6 meters and using 
the thick paraffin filter, the plot will be broadened as 
shown in the second curve of Fig. 1(c). This curve may 


5 W. Selove, Phys. Rev. 77, 557 (1950). Hibdon, Muehlhause, 
and Selove, Phys. Rev. 77, 730 (1950). 

®*R. K. Adair, Revs. Modern Phys. 22, 249 (1950). H. J. 
Groenewald and H. Groendijk, Physica XIII, No. 1-3 (1947). 
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be understood by noting that the neutrons of a given 
timing must have originated at the source slab at a 
time earlier by the amount of the time-of-flight. Since 
neutrons with times-of-flight between ~0.2 and 1 ysec 
for 6 meters make up most of the neutrons detected, the 
expected counting rate will increase roughly linearly for 
ta to (ta+1 psec) and then remain constant until 
(ta+4 usec) after which it falls off in another micro- 
second. Thus the expected intensity vs timing is not 
just the experimental resolution function displaced by 
ta but is broadened by about 1 usec extra and is shifted 
to larger timings by about 0.5 usec (at 6 meters). 

More precisely, to construct the lower curve of Fig. 
l(c) the transmission curve of Fig. 1(a) should be 
multiplied by the curve giving the relative number of 
neutrons from the source per unit time-of-flight interval 
times the relative detection efficiency of the BF; 
counter. If the area of this resulting curve is normalized 
to unity, the integral of the curve should give the form 
of the rise and fall-off of the lower curve of Fig. 1(c). 
This is shown in Fig. 1(b) roughly, and a comparison 
straight line rise between zero and 1 ywsec/6 meters is 
seen to give a good approximation. This approximation 
was used in Fig. 1(c) and in the analysis of the experi- 
mental intensity vs timing curve using the thick 
paraffin. 

In Fig. 2, two curves are shown illustrating extreme 
variations of the measured curves at different operating 
periods. The procedure which has now been adopted is 
to check the position of energy levels by frequent meas- 
urements using the thick paraffin to determine /g at the 
time of the measurements of the position of the reso- 
nance dip. The position of the dips for several elements 
which were previously investigated have been checked 
by this method, and the results are presented in this 
and later papers. 


E. CALIBRATION OF THE EFFECTIVE 
SOURCE-DETECTOR DISTANCE 


The energy of the neutron groups is determined by 
the time-of-flight over a measured path length. How- 
ever, tere is a small uncertainty in how this distance 
should be measured. At the detector end, the center of 
the 10 cm long active region of the BF; counter is used 
as the detector position while the finite length of the 
detector contributes an extra term to the resolution 
broadening, amounting to 1/60 of the time-of-flight. 
The position to be taken as the effective source location 
has the main uncertainty due to the small effect of the 
mean time required for neutrons to cascade from higher 
energies to the energy of the group being measured. 
This cascading time is inversely proportional to the 
velocity of the neutron group being studied, and thus it 
acts like an extra contribution to the source detector 
distance to be added to the distance from the front of 
the source to the detector. 

To measure this effective increase in path length, a 
method of differences has been employed. Using a 
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nominal source detector distance /,~1 meter, the 
timing positions of the main resonances at é,; and fy. 
for cobalt and indium (126 ev and 1.45 ev) were deter- 
mined. The same resonances were then studied at /,.+6 
meters giving timings fa: and (fs: The differences 
At; = (ti2—t11) and Ale = (te2—l21) then give the dif- 
ferences in timing for the two resonances at /; and /. 
Now /; and /, can be measured quite precisely aside 
from the correction effect mentioned above, so the 
difference /,—/,~5 meters is known with considerable 
accuracy. The difference (A/.—At,) accurately corre- 
sponds to the timing difference of the two levels for a 
path length (/,—/,). The effective path /, is then given 
by 
1, (effective) = (lg—11) Aty/(Ale— Aly). 


It should be noted that this method does not require a 
precise knowledge of the effective time delay or of the 
energies E; and E». Such measurements gave a 3 cm effec- 
tive increase in the path length which is in good agree- 
ment with theory. Groenewald and Groendijk* [Eq. (23) 
of their paper] show that the average time a neutron 
emitted with energy E< Einitisi has been in paraffin is 
= 3r(E). This corresponds to adding three times the 
mean fr2e path (0.7 cm) for collisions at this energy or 
2.1 cm. However, we measure to the part of the source 
slab which has a plywood front. The equivalent surface 
of paraffin is thus slightly less than one centimeter 
further away so that this adds up essentially to 3 cm. 

As a by-product of this calibration, when combined 
with the measurement of the energy of the Co resonance 
described later, a new value of (1.45+0.02) ev is ob- 
tained for the indium resonance. This result is con- 
sidered to be better established than the previous value” 
of (1.44+0.02) ev. The stated limits of error are now felt 
to represent extreme limits of uncertainty. 
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Fic. 2. These two curves show the extreme variations of the 
measured delay time at different operating periods. 
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F. ANALYSIS OF RESONANCE LEVEL PARAMETERS 


The observation of the time-of-flight corresponding 
to the minimum of a sharp transmission dip determines 
the time-of-flight, 4, and thus the energy, Eo, corre- 
sponding to exact resonance. If noo>>1 where n=sample 
thickness in atoms/cm? and o9=total cross section at 
exact resonance, calculated for the natural element, the 
“strength” of the level ooI"* can be determined from the 
area of the transmission dip as described in an earlier 
paper.! Here T is the full level width at half-maximum 
cross section. If '<E, so the “(1/v) factor” can be 
neglected, the expression for the total cross section of 
an element near resonance (neglecting doppler broad- 
ening) can be given as 


o=oo1+4(E— Eo)?/T?}-!+-Geonst; 
oo= 4eX*f(T,/T) =coct O00, 


Tos I's; 


’ 
Tc r,, 


f=$alis(2i+1)-"). 


ng 


Fic. 3. The deviation of the quantities (4Eo?A?/mnooI*) and 
(4E,A/xnool) from unity for intermediate values of noo are 
shown. Note that the area A is always smaller than should be 
obtained. 


In the foregoing expressions oconst represents that portion 
of the total cross section which can be considered as 
essentially constant in the region of resonance. X is the 
neutron wavelength divided by 27 and f is a statistical 
weighting factor for the formation of the particular 
compound nucleus responsible for the resonance. f is the 
product of the isotopic abundance, a, of the responsible 
isotope and the spin factor. If 7 is the nuclear spin of 
the responsible isotope, the compound nucleus can have 
spin (i+}) with relative statistical weights as given 
above. I’, and I’, are the “neutron width” and “photon 
width” of the level where [=T,+T,. Aside from the 
extra (1/v) factor for capture (which is here neglected) 
the capture and scattering cross sections, ¢, and o., 
show the same resonance shape. An extra interference 
effect’ is expected between the potential and resonance 
scattering. However, this contribution to the total 
cross section averages to zero and is usually unim- 
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portant in our measurements. The term ¢eonst includes 
the total cross section near the resonance due to all 
other isotopes, to the other spin state, and to the 
potential scattering for the responsible spin state. 
Unless there is definite reason for using a different 
value, Gconst is usually taken as the expected value for 
the potential scattering for the element. If a compound 
is used as a sample, oconst also includes the contribution 
from the other elements present. 

For most of the resonance levels Eo>1 ev and I is 
less than the resolution width so the experimental curve 
of o vs E is flattened and broadened relative to the true 
curve corresponding to infinitely sharp resolution. If the 
sample is so thin that mop<1, the area of the trans- 
mission dip is proportional to nooI", whereas for no>1 
it is proportional to (noo)'T’. Thus, by comparing the 
areas of a transmission dip for thick and thin samples, 
it is sometimes possible to evaluate oo and I’ separately. 

Let us define a quantity A which we shall call the 
“relative area” of a transmission dip which is obtained 
as follows. The experimental transmission values, 7, 
in the region of the dip are divided by Teonst, due to 
const, and plotted vs ¢. The area above the resultant dip 
in ywsec/meter is divided by f) to give A. The analysis 
then gives « 
nool'*=4Eo*A*/x for noo>I1, 


nool =4E,A/x for noo. 


The deviations of the quantities (4£o"A?/mnooI) and 
(4E,A/ano oI) from unity for intermediate values of 
noo are shown in Fig. 3 for 0.1<mno9<10. It is to be 
noted that the area A is smaller than expected in both 
cases when the limiting conditions are not satisfied. 
The method which has been adopted for the routine 
evaluation of nog when measurements have been made 
on both thick and thin samples is to compute oI? from 
A for the thick sample and again for the thin sample, 
using the thick sample approximation in each case. The 
ratio of the values (¢oI*)tnin/(@ol)thick will be <1 
because of the bad approximation in using the thick 
sample formula for the thin sample. However, by com- 
paring the value of this ratio with the curve of Fig. 3, 
the value of noo for the thin sample is obtained directly 
and thus oo and I are separately evaluated. 

If the isotope responsible for the resonance is known, 
then, a is known. If i~0 then the spin of the compound 
nucleus having the resonance is usually not known and 
only fT’, can be determined from o» and I’. For medium 
atomic weight elements having level spacings of ~10 
to 1000 ev, the value of I’, for levels of a few ev energy 
is usually much smaller than I’. Some theories predict 
that I',Z~! should be proportional to the level spacing 
(for the given compound nucleus spin state). For light 
elements such as Mn and Co where the level spacing 
is large and the resonance energy is usually greater than 
100 ev, it has been found, in agreement with theory, 
that [',>>I, so oo depends only on Ey and f. For such 
cases if it is assumed that ',~I and the value of f is 
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approximately known, the value of oo can be computed 
and I evaluated from the value of ooI?. This procedure 
has been used in a number of cases where it seemed 
justified. 

In cases where only oI? is known for a resonance in 
an element of medium atomic weight and E)<100 ev, 
the values of oo and I’, are sometimes estimated by 
assuming I',<I',~0.1 ev since values of I’, have been 
measured in many cases and seem to be roughly 
constant at ~0.1 ev. In some cases where this last 
method is used to estimate oo, the value of nop for the 
sample may not satisfy the thick sample condition and 
the computed value of oI"? may be increased slightly 
by use of Fig. 3. In cases where the resultant calculated 
go is not >omax from the experimental transmission 
curve, the values of oo and I for a given ooI are 
adjusted to give the best fit between the predicted and 
experimental values of ¢max, the predicted value being 
obtained by averaging the theoretical transmission 
curve over the experimental resolution function with 
the resolution function centered at fo. 

In presenting the results of an analysis of an experi- 
mental transmission curve, the appropriate method of 
those listed above is used. When a curve shows many 
resonance dips, only the first few can usually be ex- 
pected to be due to single resonances and the structure 
at higher energies is due to the fluctuations in the dis- 
tribution of many levels, the relative resolving power 
of the instrument decreases rapidly at higher energies 
while there is not expected to be any systematic change 
in the level spacing with energy. The maximum energy 
at which separate resonances can be distinguished is 
relative and may be a few ev when the level spacing is 
<10 ev. On the other hand single levels at a few hun- 
dreds or thousands of ev may be easily distinguished for 
the light elements which have very strong ([,~T>1 
ev) widely spaced (> 1000 ev) levels. Thus with less 
than 1 percent of Co or Mn impurities in other samples 
the Co and Mn dips are still observed. 


G. RESULTS 


Check of the Positions of the Main Resonances in 
Gold and Silver 


After the development of the technique for measuring 
tq using the thick paraffin filter, the positions of the main 
resonances in Au and Ag were checked. The results are 
shown in Figs. 4 and 5. The new values for the resonant 
energies are slightly higher than the previous results* 
and give Ey=(4.87+0.07) ev for gold and Ey=(5.13 
+0.07) ev for silver. This last result is in good agree- 
ment with the recent determination of Selove.' This 
and other measurements suggest that the earlier re- 
ported energy values tended to be slightly low and a 
uniform decrease of about 0.2 to 0.3 usec/m in the 
earlier timing values is indicated as a proper correction. 
This shift is usually quite small, but not negligible, 
when precise energy values are desired. 
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Fic. 4. The slow neutron transmission of 
0.02745 g/cm? of gold. 


Bromine and Sodium Bromide 


Two different samples were used to study Br. The 
first sample contained 15.0 g/cm? powdered NaBr. The 
sample was of analytical reagent grade. The results of 
measurements with this sample are given in Fig. 6 and 
show sufficient structure so that it was considered: of 
interest to prepare a sample of liquid Br. The sample 
was analytical reagent grade bromine dried with P.O; 
and distilled into a quartz sample holder. Analysis 
showed J <0.05 percent. The sample contained 16.41 
g/cm? of bromine. A quartz blank containing the same 
amount of fused quartz as the sample holder was used 
as dummy on the “sample out” runs. 

The measurements with liquid {Br used arc and 
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Fic. 5. The slow neutron transmission of 
0.252 g/cm? of silver. 
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Fic. 6. The slow neutron transmission of 
15 g/cm? of NaBr. 


detector “on times” Of Tare=4 usec and tTae¢= 2 usec for 
a resolution triangle base width of about 1 usec/m. The 
measurements of NaBr used Tar=Tdet=4 usec and 
extend as low as 13 ev. The two curves agree on the 
position of the resonance dips at 35.7 ev and 54 ev. A 
broad dip near 100 ev in NaBr is resolved into dips at 
104 ev and 136 ev using the higher resolution for Br. 
Except for the strong dip near 3000 ev for NaBr, the 
two samples seem to agree as well as possible for the 
general behavior of the whole curve, but more detail is 
seen at higher energies in Fig. 7. The strong dip near 
3000 ev clearly must be due to Na, and this has been 
confirmed by recent work of Selove.® 

In Fig. 7 Br shows a dip between 4 and 5 yusec/m 
which is probably due to two or more levels. If two 
levels are responsible, they are near 260 and 320 ev. The 
dip near 700 ev and the broad dip at higher energies are 
probably due to a large number of levels since an 
average level spacing of less than 100 ev is indicated. 
Although the energy region below 13 ev is not shown 
in these curves, it has been measured carefully by I. W. 
Ruderman (private communication) in connection with 
other studies and shows no levels at lower energies. The 
cross section in the thermal region is well matched by 
the relation = (5.95+-1.01E-#) barns. 

Natural Br contains 50.6 percent Br”? and 49.4 
percent Br*! both with spin 3. Neutron capture by Br” 
gives Br® which has two isomeric states with half-lives 
of 4.4 hours and 18 min decaying by electron and posi- 
tron emission to Kr® and Se®. Neutron capture ‘by Br*! 
gives 34-hour 6-active Br**. Both isotopes are known 
to be produced by thermal neutron capture® with 
roughly equal cross sections. Thus there are four ways 
in which a compound nucleus can be formed considering 
the two isotopes each with possible spin J=1 and J=2 
with relative spin statistical weights } and 3. Since the 
total statistical weight factor f is either 0.19 or 0.31 in 
all cases, the four possibilities, for the purposes of this 
analysis, can be considered to have almost equal sta- 


§ National Bureau of Standards Circular 499. 


AND L. 


J. RAINWATER 


tistical weights and a priori chance of being responsible 
for any given resonance level. However, the four states 
may not all have levels of the same strengths or 
spacings. In the analysis of the level strengths only the 
first few levels have been considered in detail since the 
other dips are probably due to more than one level. 
For the first two levels, the analysis was also made 
using the NaBr curve as a check. 

For the first level at 35.7 ev the Br curve gives 
ool'*=210 barns (ev)? while the NaBr curve gives 275 
barns (ev)*. Since the Br curve seems better for this 
analysis, a weighted average of 220 barns (ev)? is used. 
If we assume I'",<I',~0.1 ev, then op~2.2X 10‘ b. If 
we use f~0.25 for the responsible isotope, then o9~1.9 
X10‘T,/f! which gives [,~+I. Thus the original 
assumptions are not good. If we assume I',=TI, then 
oo~9X10* b from theory and f=2r,=2T,,=0.15 ev. 
This corresponds to I’,,Eo-!~0.026 (ev). (Note that oo 
always refers to the element.) 

The second level at 54 ev has ooI"*= 140 barns (ev)? 
from the Br curve and 100 barns (ev)? from the NaBr 
curve. In this case the Br curve is much more reliable 
and the value 140 is used. If we assume ',~I', and 
f+0.25, then oo=6.15X 10* b and P'~0.15 ev as for the 
other level. This corresponds T',Eo~'~0.021 (ev)!. 

For the third level at 104 ev, the Br curve gives 
ool'?= 250 b (ev)*. Assuming f~0.25 and l',~3T, gives 
oo 4700 b and ['~0.24 ev. The larger value of ’,/T, 
is assumed to keep I’, about the same as for the other 
levels whereas I’, should increase with energy. This 
gives ',+0.18 and I',£)~!~0.018 (ev)!. 

The fourth level at 136 ev has ooI*=1000 b (ev)? 
which is somewhat larger than the others. Assuming 
f~0.25 and [,=T, gives oo9~4800 b and T=~0.45 ev 
and I’, £)~?~0.02 (ev)!. If this dip were really due to 
two equal levels, each would have ['~0.23 ev which is 
closer to the values for the other levels. 

In the above analysis the value f~0.25 rather than 
{=0.19 or 0.31 was used. Thus all calculated values of 
I should be increased or decreased by about 15 percent 
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Fic. 7. The slow neutron transmission of 
16.41 g/cm? of Br. 
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depending on whether J=1 or 2 for the compound 
nucleus. Clearly the assumptions I’, +I’, are crude and 
this should be considered in using the resulting values 
of T,, and I’. However, the resultant values of I’, are 
reasonable; so the order of magnitude of the results is 
probably correct. 

On the basis of the theory of Feshbach, Peaslee, and 
Weisskopf,? the average level spacing D should be 
related to I',Eo~' by the approximate relation D= 5000 
E,'T,. Since the values of I',,Zo~* are all roughly the 
same and equal to 0.02 (ev), the predicted level spacing 
is about 100 ev. A further comparison with the experi- 
mental level spacing depends on whether the observed 
levels are all due to one of the four possible compound 
nucleus states or are divided among them. If the spacing 
of 100 ev applies separately to each state then D=25 ev 
is predicted for the element. The experimental level 
spacings of >35 ev (between the first level and the 
next at negative neutron incident energy), 18 ev, 51 ev, 
and 31 ev are consistent with an average spacing in this 
region of between 25 and 100 ev so that the agreement 
with theory is reasonably good. It is also of interest to 
note that Br is the lightest element to show such a close 
level spacing. 

The main results for Br may be summarized as follows: 


. In the thermal region Ruderman obtained «=5.95 
+1.01E-4, 

. The first level has Ep>= 35.7 ev with ooI"*= 220 b (ev)?. 
If [,+T, then oo0~9X 10 b, '+0.15 ev and r,Eo-! 
= (0.026 (ev)!. 

. The second level at 54 ev has ooI’?=140 b (ev)?. If 
r,=T, then oo~6X10* b, '~0.15 ev and I',Ey~! 
=0.02 (ev)!. 

. The third level has Ey= 104 ev and oI"?= 250 b (ev)?. 
If [,~3T,, then oo~4700 b, '~0.24 ev and r,£,~! 
0.018 (ev)!. 

. The fourth level has Zo>=136 ev and ooI'*=1000 
b (ev). If it is single and T,,~T,, then «+4800 b, 
T'~0.45 ev and ',£o~!~0.02 (ev)!. 

. There is evidence for many more unresolved levels 
at higher energies. 

. In addition, the NaBr shows a strong level_in Na 
near 3000 ev in agreement with Selove.® 


In conclusion we also point out that the resolving 
power of the instrument is well illustrated by the 
degree of resolution of the dips at 6.2 and 7.1 ysec/m 
and the sharp rise on the low energy sides of the 
resonance. 


Iron 


The slow neutron transmission of the sample of iron 
containing 9.93 g/cm? has been reinvestigated.* The 
results of the transmission measurements using broad 
resolution are shown in Fig. 8. Spectroscopic analysis 
of the sample showed between 0.5 and 1 percent Mn, 
0.01 to 0.05 percent Cr, about 0.001 percent Co, between 
0.01 percent and 0.1 percent Cu, and traces of Ag and 
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Fic. 8. The slow neutron transmission of 9.93 g/cm* of Fe. The 
sharp changes are caused by crystal interference effects. 


Pb. The results in the region between 2 ev and 0.03 ev 
are well matched by the relationship ¢= (11.2+-0.33E-) 
barns. This is in good agreement with earlier results.* 

Below 0.02 ev strong crystal interference effects are 
observed. At the suggestion of Professor O. Halpern, 
the wavelength interval between 2A and 3A was 
investigated with higher resolution than is usually used 
in order to resolve the discontinuities in the trans- 
mission corresponding to the Debye-Scherrer rings at 
2.3A and 2.8A predicted by theory. The theory also 
predicts that the coherent scattering for iron should 
disappear at the cut-off wavelength of 4.04A. The large 
change in transmission between 3.8A and 4.2A indicates 
the close agreement obtained between observed trans- 
mission and the theoretical prediction. The agreement 
between theory and experiment for the passage of 
neutrons through polycrystalline media is very grati- 
fying. 

At 0.003 ev the predicted o, from the thermal slope 
is 6.0 b compared to the measured total cross section 
of 7.8 b. Thus 1.8 b is due to residual incoherent scat- 
tering. 

The results of the transmission measurement above 
200 ev are shown in Fig. 9. The dips near 330 and 4000 
ev are caused by the manganese impurity. From the 
area of the dip at 330 ev the sample should contain 0.7 
percent manganese which is in good agreement with 
the spectroscopic analysis. The dip at 950 ev cannot be 
attributed to any specific impurity, as none of the ob- 
served impurities have known levels at this energy. 
However, because of the small magnitude of the dip 
and the statistical uncertainty of the points involved, 
no conclusions have been drawn about this level. It 
might be due to one of the rarer isotopes of iron or to 
some other impurity. 

The scattering cross section in this energy region is 
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Fic. 9. The slow neutron transmission of 9.93 g/cm* Fe in the 
higher energy region. The dips in transmission are probably due 
to impurities in the iron. 


much higher than 42R? (5.5 barns) which would indicate 
that there is interference between potential and reso- 
nance scattering. Because of the presence of these 
impurities it is difficult to determine how the scattering 
cross section decreases with energy in this region in 
order to observe the detailed behavior of the inter- 
ference. Barshall et al.? found many levels in Fe below 
1 Mev with the lowest at 15 kev. 


Cobalt 


The behavior of the Co cross section above 70 ev was 
reinvestigated with maximum resolution using the same 
1.06 g/cm’ sample which was previously studied.? 
Results of these measurements are shown in Fig. 10. 
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Fic. 10. The slow neutron transmission of 1.06 g/cm* of Co showing 
the resonances at 126 and 5000 ev. 
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A spectroscopic analysis of the sample showed about 
1 percent Ni, 0.05 percent Mn, less than 0.01 percent 
Zn and Cr, and traces of Al, Ca, Cu, Fe, Mg, Si, and 
Na. The results for the cross section at lower energies 
are given in the earlier paper.* 

The earlier measurements showed a strong dip at 
115 ev which is now placed at 126 ev in line with the 
above remarks. The curve shows the main resonance 
dip at 126 ev and a higher energy dip near 5000 ev. The 
higher energy dip may be due to several levels. It is 
unlikely that an impurity could give such a strong dip 
so it is probably due to Co. 

The level at 126 ev must be the result of the main 
(99.83 percent) Co® isotope of spin 7/2. It has also 
been studied in detail by Seidl using Co as a resonance 
scattering detector. Seidl has shown that this level has 
IT, >I, and obtains [=2.0+0.1 ev if 7=4 for the 
compound nucleus and ['=5.0+0.5 ev if J=3. His 
measured value of oo=12,500+1250 b is consistent 
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Fic. 11. The slow neutron transmission of 8.47 g/cm? of Ni. 
The abrupt changes in transmission are caused by crystal inter- 
ference effects. 


only with J=4. For 126 ev the predicted values of 
for T,>>T', are 9100 b for J=3 and 11,600 b for 7=4. 

Analysis of the area of the dip at 126 ev in Fig. 10 
gives ooI'?=2.3X 105 b (ev)? which gives 


=5.0 ev forJ=3, I'=4.4 ev for /=4. 


These results for !, when combined with those of Seidl, 
argue strongly for J=3 in disagreement with his con- 
clusion. 

In conclusion, the analysis of the dip at 126 ev, when 
combined with Seidl’s results, favors J=3, ooI?=2.3 
10° b (ev)?, oo=9100 b, T,<«T,~5.0 ev, and [',E£o7} 
=0.45 (ev). Analysis of the dip at 5000 ev, assuming 
that it is a single level, gives ooI’’~2X10* b (ev) or 
I'~ 900 ev, which seems unreasonably large. Therefore, 
probably more than one level is responsible for this dip. 


Nickel 


The slow neutron transmission of Ni was remeasured 
using the same samples as in the earlier studies.* Spec- 


 F. P. G. Seidl, Phys. Rev. 75, 1508 (1949). 





SLOW NEUTRON 


trographic analysis of the sample showed 0.9 percent 
Co, 0.3 percent Mn, 0.02 percent Cr, between 0.1 and 
0.9 percent Fe, Hg, and Si, between 0.01 percent and 
0.09 percent Al, B, Cu, Ti, and between 0.001 and 0.009 
percent Ca, Mg. The measurements in the thermal 
region were extended to 0.003 ev and the results are 
shown in Fig. 11. The curve shows strong interference 
effects over most of the wavelength region. 

The earlier measurements* had shown a resonance 
dip near 100 ev and so the region above 90 ev was rein- 
vestigated using highest resolution and the results are 
shown in Fig. 12. The dips near 130 ev and 330 ev are 
believed to be due to cobalt and manganese, respec- 
tively. From the area of the dip near 130 ev it is cal- 
culated that the sample contains 0.85 percent cobalt, 
which is in good agreement with the result of 0.9 percent 
obtained for this sample by spectroscopic analysis. 
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Fic. 12. The slow neutron transmission of 8.47 g/cm? of Ni in 
the higher energy region. The dip near 130 ev is due to a Co 
impurity and the other dips are probably due to other impurities. 


From the area of the dip at 330 ev the Mn impurity 
was calculated to be between 0.2 percent and 0.8 percent 
in agreement with the spectroscopic analysis of 0.3 
percent. The dip at 5000 ev probably represents a 
resonance in one of the nickel isotopes. However, this 
conclusion is somewhat uncertain as it could be caused 
by levels in impurities such as Cr, Mn, and Co. An 
attempt to explain this dip on the basis of any of these 
elements would require larger amounts of these ma- 
terials than found from the spectroscopic analysis. 
The results for Ni are similar to those for Fe in that 
the scattering cross section remains relatively constant 
at ~3 to 4 times the value expected for potential scat- 
tering over a wide energy region. The presence of the 
impurity resonances makes it difficult to observe the 
details of the decrease in cross section above 1000 ev to 
give a prediction of the expected level density according 
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Fic. 13. The slow neutron transmission of 20.93 g/cm? of Zn in 
the low energy region. The changes in transmission shown are 
caused by crystal interference effects. 


to the theory of Feshbach, Peaslee, and Weisskopf.’ 
The results of Barshall ef al.* show many“resonances 
below 1 Mev. 

Zinc 

The slow neutron transmission of two samples of zinc 
containing 20.93 g/cm? and 42.29 g/cm? were inves- 
tigated. The samples were made by casting the ana- 
lytical reagent grade zinc in a carbon crucible. Spectro- 
graphic analysis of the sample showed Mn and Cr to be 
present to less than 0.01 percent and traces of B, Si, Fe, 
Sr, Mg, Pb, Cu, Ag, and possibly Cd. 

The results of the transmission measurements using 
broad resolution on the 20.93 g/cm? sample are given 
in Fig. 13. The results in the region between 2 ev and 
0.06 ev are well matched by the relation, 


a= (3.86+0.17E-) barns. 


The irregularities in the transmission at large times-of- 
flight are caused by neutron interference effects due to 
the crystalline structure of the sample. 

The energy region above 0.5 ev was studied using 
high resolution with the results shown in Fig. 14. Below 
100 ev the curve agrees well with the straight line 
determined from the data in Fig. 13. Above 100 ev 
there are very definite dips in transmission which 
indicate one or more resonances at higher energies. 

The region above 200 ev then was investigated using 
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Fic. 14. The slow neutron transmission of 20.93 g/cm? of Zn in 
the intermediate energy region showing the 1/o line o=(3.86 
+0.17E~4) and the resonances at higher energy. 
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3. 15. The slow neutron transmission of 42.29 g/cm? of 
Zn in the higher energy region. 


maximum resolution on the 42.29 g/cm? sample. The 
results are shown in Fig. 15. The curve shows a strong 
resonance at 520 ev, a probable partially resolved level 
near 1100 ev, a dip at 3800 ev, and a dip probably due 
to many levels above 15,000 ev. Since zinc has about 
the same atomic weight as Mn, Cr, and Co, therefore 
the levels would be expected to be strong, widely 
spaced, and principally due to scattering. The first two 
or three dips are probably caused by single levels and 
have been analyzed as such. The dip in transmission 
above 10,000 ev is probably caused by more than one 
level; therefore no analysis has been made. 

Natural zinc has 5 isotopes: 50.9 percent Zn®, 27.3 
percent Zn®, 17.4 percent Zn®, 3.9 percent Zn™, and 
0.5 percent Zn”. Four of these isotopes are’of the even- 
even type and probably have spin zero and therefore 
the f is determined by the isotopic abundance. Zn” 
has a spin 5/2; therefore the total statistical weight 
factor would be 0.016 or 0.024, depending on the 
spin of the compound nucleus. 

There are two activities known to be produced by 
slow neutron reaction in zinc. These are the 57-min 
period’ produced by Zn®(n,y)Zn® and a 210-day 
period® produced by Zn**(n,y)Zn®. Two other activities* 
produced by neutrons are the 5-min Zn"*(n,p)Cu® and 
12.5-hr Zn**(n,p)Cu®™. 
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The dip in transmission with a minimum at 520 ev 
does not recover fast enough on the high energy side 
of the resonance and seems to be caused by two levels, 
one at 520 ev and the other at 1100 ev. Since the levels 
have not been completely resolved, the curve was 
divided into two separate dips by comparing this 
transmission curve with those of elements having single 
resonances in this energy region. The area of the dip at 
520 ev corresponds to ool’=6.9X10* barns (ev)?. 
Assuming I’,,>>T’, gives o90=5100 f barns and '=3.7 f-} 
ev where f is the total statistical factor. The results for 
this level for the different isotopes are given in Table I. 
The values of I',,E-? are so large for Zn® and Zn” that 
it seems unlikely that this level can be attributed to 
these rare isotopes. 

The second dip at about 1100 ev is much more uncer- 
tain both in the determination of the energy of the 
resonance and the area of the resonance. The area had 
to be determined from a relatively small fraction of the 
total dip caused by the two unresolved levels. The result 
obtained for this level is ooI*=2.3X10* barns (ev)*. 
Again assuming ', >I, gives o9=2300 f barns and 
I'=3.2 f-! ev. The results for the different isotopes for 
this level are given in Table II. 

The third level at 3800 ev has been separated from 
the levels at higher energy in a manner similar to that 
which was used to separate the levels at 520 ev and 
1100 ev. The results obtained for this level (see Table 
III), assuming [', >>I, and ooI"*=2.5X 10® barns (ev)?, 
oo=700 f and '=60 f-}. The large values of I and 
T,,E-! compared to those obtained for the other two 
levels strongly suggest that this dip is caused by more 
than one level. 

The results for zinc give good indication of the re- 
soving power of the system as the resolution triangle 
was about 1 ysec/meter at the base, but the average 
spacing of the detectable dips is less than 1 usec/meter. 

The level spacing of Zn on the basis of the theory of 
Feshbach, Peaslee, and Weisskopf would be between 
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1000 and 10,000 ev for ',£-! between 0.2 and 2. This 
is in rough agreement with the experimental results for 
the level spacing since this is the level spacing per 
isotope, for a given spin state. 
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The Reaction C'4(p~,n)N*: Excited States in N** 


W. D. Rosesorovucn, J. J. G. McCue, W. M. Preston, anp C. GoopMAN 
Laboratory for Nuclear Science and Engineering, Massachusetts Institute of Technology, Cambridge, Massachusetts* 


(Received June 7, 1951) 


The relative neutron yield from C“(p~,)N™ has been measured for proton energies of 1100 to 2600 kev. 
Resonances occur at nine proton energies: 1165, 1310, 1664, 1789, 1883, 2024, 2079, 2272, and 2451 kev. 
The form of the yield curve and the calculated energies of the resonance levels in N“ are in good agreement 
with the results of others on the inverse reaction, N“(,p)C™. 


I. INTRODUCTION 


HE excited states of N' have been studied ex- 
tensively.' As indicated schematically in Fig. 1, 
the virtual levels in the region of excitation somewhat 
above the neutron binding energy can be excited by 
three bombardments: B"+-a, N'*+-n, and C+. We 
are concerned here with two reactions which are inverse 
to each other: N'4(n,p)C and C'4(p,n)N"™. Both (n,p) 
and (p,m) reactions on stable, light nuclei lead to 
residual nuclei which are unstable. The recent availa- 
bility of radioactive C' in reasonable concentration has 
made this the first case in which both reactions, leading 
to the same compound nucleus, can be investigated. 

It is expected that the yield curve, number of protons 
vs neutron energy E, from N'(n,p)C", should be very 
similar to the yield of neutrons vs proton energy E, 
from C'*(p,n)N™. The same resonances should be 
observed, with identical half-widths, but at higher 
bombarding energies, in the (p,m) reaction, by an 
amount equal to the (p,m) threshold energy (see Fig. 1). 
The cross sections are related by the principle of 
detailed balance.* 

The absolute cross section op, , for N'*(#,p)C'™ has 
been measured by Johnson and Barschall* with fairly 
good resolution. They found three strong resonances 
and indications of several weaker ones in the neutron 
energy range 0.2 to 2.0 Mev. The neutron yield from 
C'*(p,n)N"™ was investigated by Shoupp, Jennings, and 
Sun.‘ Three large peaks in the neutron yield were found 
at energies which correlate with the later results of 
Johnson and Barschall. Although they used a thin 
target (estimated thickness 3 kev at E,=1.14 Mev), 

* This work was assisted by the BuShips and ONR. 

1For a summary, see Hornyak, Lauritsen, Morrison, and 
Fowler, Revs. Modern Phys. 22, 291 (1950). 

*H. A. Bethe, Elementary Nuclear Theory (John Wiley and 
Sons, Inc., New York, 1947). 


+ C. H. Johnson and H. H. Barschall, Phys. Rev. 80, 818 (1950). 
*Shoupp, Jennings, and Sun, Phys. Rev. 75, 1 (1949). 


their beam energy control did not suffice to resolve 
weaker resonances, and a detailed comparison is not 
possible. Because of the general interest of the reaction 
and its connection with parallel work in this laboratory 
on the total neutron cross section of N', we decided to 
remeasure the C'*(p,n) yield with the good energy 
resolution available with the Rockefeller electrostatic 
generator.® 


II. EXPERIMENTAL METHOD 


Barium carbonate was obtained from Oak Ridge 
National Laboratory with carbon enriched to about 1.6 
percent of C'*, This was converted to HCN and then to 
NaCN in a solution of NaOH.*® The final material 
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Fic. 1. Energy level diagram for N"* in the region somewhat 
above the neutron binding energy. The energies shown are com- 
puted from the results of this paper. Note added in proof: The 
energy of C+ should read 10.207. 


5 W. M. Preston and C. Goodman, Phys. Rev. 82, 316 (1951). 
* The chemical conversion was performed by Tracerlab, Inc., 
Cambridge, Massachusetts. 
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Fic. 2. Neutron yield vs proton energy, target No. 1, (A) the 
C'*(p,n) resonance at 1.165 Mev; (B) narrow, closely spaced peaks 
due to a contaminant, Cl*’, superimposed on C'* resonances at 
2.024 and 2.079 Mev. 


consisted of about equal parts NaCN and NaOH, with 
0.25 atom-percent C'*. It was evaporated’ onto 10-mil 
tantalum disks, 6.2 cm in diameter, which fit with 
rubber gaskets on a rotating target assembly, eccentric 
to the axis of the proton beam. With a 3-ya beam in a 
spot about 2X2 mm, the targets lasted many hours 
with little evaporation, provided a strong air jet was 
directed on the back face of the target. The (p,m) 
thresholds of C”, C'%, N'4, N15, Ol8, Ol7, Ol8, and Na* 
are all higher than the proton energies used in this 
experiment. 

The neutrons were detected by a 1-inch diameter 
counter with an active volume 12 inches long, filled to 
a pressure of 55 cm with enriched BF; (95 percent B’*). 
The counter was embedded in a cadmium-covered 
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Fic. 3. Neutron yield from C'(p,m) vs proton energy, target No. 3 


(about 8 kev thick at 1.165 Mev). 


1.900 


7 The evaporation was carried out by Mr. Edward Barr of 
Baird Associates, Cambridge, Massachusetts. 
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cylinder of paraffin, 12 inches long and 8 inches in 
diameter. The latter was mounted with its axis per- 
pendicular to the beam and its side almost touching 
the target in order to get maximum counting rates. We 
cannot assume that its efficiency in this position is as 
independent of neutron energy as that of the “long 
counter” of Hanson and McKibben.*® 

The ion beam of the Rockefeller generator is bent 
through 90 degrees, on a 38-cm radius, by a magnetic 
analyzer whose field is stabilized by a proton magnetic 
moment resonance control. The field B at the point of 
measurement is proportional to the resonant frequency 
f, which can be measured to about one part in 10° by 
comparison with a standard oscillator. The proton 
energy is then given by E=E’(1—E’/M,c’) to a suf- 
ficient approximation, where E’=kf? is the energy 
computed without the relativity correction. The 
constant & is determined by the Li’(p,m) threshold 
energy, which is taken as 1882.2 kev.® The constancy 
of k has been checked, for fields well below saturation, 
by measurements of a sharp resonance with the Ht 
and the H;* beams. Drifts in the calibration constant, 
amounting to 0.1 percent over periods of a few weeks, 
appear to be the largest source of instrumental error 
in energy measurements. 

The energy resolution of the proton beam is set by 
the defining slits at the object and image planes of the 
magnetic analyzer. In the present work, the slit widths 
were 1 mm, corresponding to a possible energy spread 
of 0.15 percent. ‘The voltage stabilizer keeps the beam 
fairly well centered on the slits, and tests on narrow 
resonances indicate that the effective half-width of the 
energy distribution is not over 0.075 percent with 1-mm 
slits. 


Ill. EXPERIMENTAL RESULTS 


Figure 2 shows two sections of the neutron yield curve 
obtained with our first C'‘ target. Two strong resonances 
appeared, at 1165 and 1309 kev; the first of these is 
shown on an enlarged scale in Fig. 2A. The background 
in this region was small, since the proton energy is 
below the (p,m) threshold of all likely contaminants. 
Above 1680 kev, however, a spectrum appeared con- 
sisting of narrow and closely spaced resonances charac- 
teristic of an element heavier than C'*. Some of these 
are shown in Fig. 2B, superimposed on two broader C'* 
peaks. Investigation with targets of NaCl showed that 
the impurity was C*’, which has its threshold at 1640 
kev.!° 

Since the Cl*’ spectrum obscured any weak resonances 
of C'4, the enriched material was processed chemically 
to remove chlorine." A run with a second target then 
showed that nearly all of the chlorine had been removed 
successfully, but that the neutron background from 


§ A. O. Hanson and J. L. McKibben, Phys. Rev. 72, = (1947). 
® Herb, Snowden, and Sala, Phys. Rev. 75, 246 (194 

10 Richards, Smith, and Browne, Phys. Rev. 80, 524 eso), 
u The purification was performed by Tracerlab, Inc. 
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Tasie I. The C'*(p,n) resonance at 1165 kev. I’ observed 
half-width of resonance, kev. T'=target thickness, kev. I'=cal- 
culated natural half-width, kev. Vax maximum yield at reso- 
nance. E,= proton — at resonance, kev. Rak-i ous. 
nance energy corrected for target thickness. 





Date of Target 
run No. E 


2/8/51 


4/17/51 
5/3/51 





1165.5 
1165.5 
1169.4 





parts of the machine other than the target was unusually 
high. This background was reduced by cleaning the 
slits and shielding with paraffin. Data taken with a 
third target are shown in Fig. 3, over the energy range 
1100 to 2600 kev. 

Nine resonances were found in this range. The dashed 
portions of the yield curve in Fig. 3, up to 1700 kev, 
were covered with targets No. 1 or 2 and no resonances 
found above background. A major portion of the yield 
between resonances is still due to a background from 
the generator which increases smoothly with energy, as 
shown by runs with a blank target. This background 
was somewhat variable, and we did not feel justified in 
subtracting it from the total yield. The scatter in points 
in the region of resonance No. 10, which is larger than 
the expected statistical variations, may be due to 
background fluctuations. At still higher energies, indi- 
cations of additional resonances were so masked by the 
same effect that we have not included the data. 

Table I summarizes data taken with all three targets 
on resonance No. 2 at 1165 kev, from which we can 
calculate the natural width and the thickness of the 
targets. The natural width of the chlorine resonances in 
Fig. 2B is small compared with the target thickness, 
and from several of the more isolated peaks we can 
estimate the thickness of target No. 1 as 4 kev at 1165 
kev. This gives [=7.8 kev for the natural half-width 
of resonance No. 2. The neutron counter was in the 


TABLE II. Resonances in C'*(p,n)N™. E,= proton ene 
nance energy corrected for target thickness. '=natural 
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same position during the runs with targets 2 and 3, so 
we can use the observed half-widths of the resonance 
and the ratio of the peak yields to calculate the natural 
half-widths and the target thicknesses. The value ob- 
tained is [=7.6 kev, in good agreement with the first 
estimate. The spread in values of Z,,, the resonance 
energy corrected for target thickness, may be caused by: 
(a) target contamination, (b) errors in estimating the 
position of the maxima, (c) long term shifts in the 
energy calibration of the generator (the same calibration 
constant has been used for all three runs). 

Table II summarizes the data for all resonances 
observed, taken from Fig. 3. The column headed £, 
gives the proton energy at the observed resonance 
peaks. The target thickness, 7, is taken as 8.4 kev for 
resonance No. 2 (from Table I) and adjusted for higher 
energy values. Under £,, are given the proton resonance 
energies corrected for target thickness, based on the 
Li(p,m) threshold 1882.2 kev. The errors given are 
estimates ; except for the sharp resonance No. 2, instru- 
mental errors should be smaller than the uncertainty 
in locating graphically the position of a peak. I is the 
width of a resonanc?2 at half maximum; its measurement 
is uncertain in cases of small peaks with large back- 


ground. 
IV. DISCUSSION 
Resonance Energies 


In order to compare our resonance energies with the 
results of Johnson and Barschall, we must subtract 
from the former the threshold energy EZ, for the C'(p,n) 
reaction. For this quantity, we have taken the value 
E,=671 kev, from Tollestrup, Fowler, and Lauritsen.” 
It is based on a weighted mean value of 782+1 kev for 
the n—H’ difference and 156-1 kev for the end point 
of the C'* beta-spectrum, giving a Q-value for N'(n,p) 
of 626 kev. This value agrees, within stated errors, with 
the direct determination of Johnson and Barschall* 


at peak of resonance, measured. 7=calculated target thickness. Z,;= reso- 
-width of resonance. E,=E,:—671, neutron resonance energy, this paper. 


E,(JB)=neutron resonance energy, Johnson and Barschall.* £,(SJS)=neutron resonance energy, computed from data of Shoupp, 


Jennings, and Sun.> 
in millibarns, observed by Johnson and Ba 
timates, from Fig. 3 of the paper of Johnson and Ba: 


Vmax = observed relative yield at maximum. Y,=normalized yield (see text). on, » 
rschall. E,(N") = excitation energy of level in N'*. Quantities in brackets are our own es- 


) of N'4(n,p)C™ reaction, 





This paper 


No. E-(kev) T (kev) En(kev) I'(kev) En(kev) 


JB sJS B E.(N® 
En 2 Fa ¢ ms 





(1105) 
1165242 
131043 
1664+4 


(434) 
49442 
63943 
93+4 

111844 

121244 

135344 

1408+4 

1601+4 

1780+ 10 


8+1 
4345 
38+ 10 
1845 
15+5 
18+5 
55+ 10 
2245 
45+20 


1169.4 
1313.5 
1667.0 
1791.9 
1885.9 
2026.8 
2081.9 
2274.7 


2453.6 2451410 


CSCOeSNAUE WHE 
Pom nn 1 90 
Aon PACH > & 


= 


. (11.238) 

469+ 20 ‘ 11.294 
629+ 20 11.429 
(8002: 50) 11.759 
ee 11.876 
11.964 
12,095 
12.146 
12.326 
12.493 


49945 
640+7 
993+ 12 


fii20 
1220 
1415415 
[1610] 
1800415 


1379+20 
1539+ 50 





* See reference 3. 
» See reference 4. 


® Tollestrup, Fowler, and Lauritsen, Phys. Rev. 78, 372 (1950). 
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(6302-50 kev); with that of Franzen, Halpern, and 
Stephens!* (630+6 kev); and with the Q-value for the 
C'*(p,n) reaction obtained by Shoupp, Jennings, and 
Sun‘ (—620+9 kev). In Table II we list our values for 
E,= E,.—671. The agreement with the results of 
Johnson and Barschall, in the next column, is quite 
satisfactory.'* (The values enclosed in brackets are our 
own estimates of the positions of weak peaks in Fig. 3 
of their article, not mentioned in their text.) The 
results in the column headed E,(SJS) are computed 
from data of Shoupp, Jennings, and Sun.‘ The agree- 
ment is almost within their stated error, except for 
their resonance at 800 kev, which they list as doubtful. 


Comparison of Cross Sections 


For the purpose of comparing the cross sections for 
the inverse reactions, C'4(p,n)N' and N'4(n,p)C™, we 
can use the single-level Breit-Wigner resonance for- 
nula: 


os'(E,) = (C/E,)(2I+1) 
XGy'{ r,'T."/((E,—E-»)*+} T?}}, (1) 


os" (E,) = (C/E,)(2l’+1) 
XGz" (TT a" /(En— Ern)?-+417), (2) 


where o,'(E,) is the cross section for the reaction: 
C™ (spin 7=0)+proton (spin 3, angular momentum 
1)>N" (in a state of spin J, appropriate parity, resonant 
at E,=E,,)—-N" (spin J’=1)+neutron (spin }3, 
angular momentum 1’); o;""(E,) is the cross section 
for the inverse reaction; C=h*®/8xm, where m is the 
mass of the proton or neutron; EZ, and E, are the 
proton and neutron energies; I’,' and I’,” are the half- 
widths for proton and neutron emission; I is the total 
half-width of the level. The lowest reported excited 
states of N'* and C" are at 2.3 and 5.6 Mev, respec- 
tively, so in the energy range covered in this paper the 
compound nucleus must decay to the ground states. 
The statistical weight factors are, respectively, 


(21+-1)Gy'= (2J-+1)/2(2I+-1) = (2J+1)/2 
and 


(2I’+-1)Gy" = (2J+1)/2(2I’+1) = (2J+1)/6. 


Substituting in Eqs. (1) and (2), we obtain, for the ratio 


18 Franzen, Halpern, and Stephens, Phys. Rev. 77, 641 (1950). 

1 Our values average slightly higher. We believe these authors 
somewhat underestimated the energy spread of their neutron 
source, as evidenced by their failure to resolve resonances No. 7 
and 8; this may make their resonance energies too high. 
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of the cross sections at the peak of the same resonance, 
o(E,»)/o(Ern) = 3E,n/ Erp. (3) 


In Table II, we list under the heading Vmax the 
observed relative maximum yields, taken from Fig. 3. 
The target thickness 7 is considerably less than the 
natural width I for all resonances except No. 2; in this 
case, a correction has been applied to give the correct 
relative yield for a thin target. 

Resonance No. 1 appears strongly in measurements 
of the total cross section of N'‘ for fast neutrons.'® The 
background in this region is very low, and it is possible 
to set an upper limit of 1 percent for the ratio of the 
peak yield at this resonance to that at No. 2, in the 
C'“(p,2) reaction. 

In order to compare roughly our relative yields with 
the (”,p) cross sections of Johnson and Barschall, in the 
column under on, in Table II, we have divided our 
peak yields Vmax by the value of o(E,,)/o(En,) from 
Eq. (3), and normalized to 200 millibarns at resonance 
No. 3. The results are in the column headed Y,. (It 
must be emphasized that (a) the efficiency of our neu- 
tron detector was probably not independent of energy 
and that (b) we measured yields in a large forward angle, 
whereas Barschall and Johnson measured the integrated 
yield over all angles.) Resonances 3 and 4 are broad 
and known to be formed on N"™ by s neutrons," so their 
yields should be almost isotropic; the agreement for 
No. 4 is seen to be good. It seems probable that Johnson 
and Barschall somewhat underestimated the cross 
section for the narrow resonance No. 2. Our higher 
values for No. 5, 6, and 9 may be due partly to better 
resolution, to an increase in our counter’s efficiency at 
higher energies, and to preferred yield in the forward 
direction. 


Levels in N*® 


In the last column of Table II we list the computed 
energies of the levels in N"®, where the excitation energy 
E,=[10.833+ (14.0076/15.0166)E,, ] Mev. We have used 
the adjusted value'® 10.833-0.007 Mev for the neutron 
binding energy in N™. The levels are also plotted in 
Fig. 1. 

In conclusion, we wish to express our sincere apprec- 
iation to the maintenance staff of the Rockefeller 
generator: Mr.. Donald Thompson, Mr. Gene Slawson, 
Mr. Richard Spencer, and Mr. John Adams. 


1® Measurements made in this laboratory, to be published. 
6 Li, Whaling, Fowler, and Lauritsen, Phys. Rev. 83, 512 
(1951), see Table I; private communication to W. Buechner. 
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The neutron yield from thick targets of Be, B, C, Al, Ni, Cu, Mo, Ta, W, Pt, and Au, bombarded with 
10-Mev deuterons, has been determined by comparing the manganese activity (MnSO, in solution, in a 
large tank) after bombardment, with the activity produced by a standard Ra-Be source placed at the 
same position as the target. Some less reliable data on P, Mn, and Sb, obtained by a different method, 


are included. 





INTRODUCTION 


HE production of neutrons by deuteron bombard- 
ment was discovered by Crane and Lauritsen,} 
who used Li and Be targets. This type of source gives, 
at medium bombarding energies, large neutron intensi- 
ties and is quite applicable to many types of experi- 
ments. Although absolute yields from various targets 
are of considerable value in planning experiments and 
add to nuclear knowledge in general, until recently, 
the only available data were at low energy or were thin 
target data for some particular reaction in which 
emitted charged particles could be counted. The present 
experiments describe a determination of the thick target 
yields for a number of targets bombarded with 10-Mev 
deuterons. 


EXPERIMENTAL ARRANGEMENT 


In order to avoid the troublesome corrections neces- 
sary with most available neutron detectors, because of 
their selective response to neutrons of different energy, 
this experiment was done by immersing the source in a 
large tank of water in which all of the neutrons are 
assumed ultimately to be reduced to thermal energies. 
A suitable detector is dissolved in the water and the 
activity induced in this detector, which accurately 
averages over energy and angle, is a measure of the 
total number of neutrons produced. The detector in 
this case was a quantity of manganese (in the form of 
manganese sulfate), which has a convenient absorption 
cross section and half-life. 

The source of deuterons in this experiment was the 
magnetically analyzed beam from the University of 
Illinois cyclotron,’ the energy of which was determined 
to be 10.00+0.07 Mev by a range-energy measurement. 
The physical arrangement of the apparatus is shown in 
Fig. 1. The deuteron beam emerging from the cyclotron 
is stopped down to one inch diameter at the main 
target box 7, is magnetically analyzed and stopped 
down to a one-half inch diameter at the analyzer 
magnet A. The analyzed beam then passes into a hole 
E, in the shielding water tanks (which contain a 


* This work has been supported in part by the ONR. 

t Now at Brookhaven National Laboratory, Upton, New York. 

1 Crane, Lauritsen, and Solton, Phys. Rev. 44, 514 (1933); 
44, 692 (1933). 

* Kruger ef al., Rev. Sci. Instr. 15, 333 (1944). 


saturated solution of boric acid) around the cyclotron. 
After the beam traverses the shielding water tanks, it 
passes into an adjustable brass tube which is insulated 
by hard rubber bushings from the cyclotron exit tube 
and the water tank, B. This tube passes through Wilson 
seals and connects the exit tube of the cyclotron with 
the experimental tank, B, containing water and manga- 
nese sulfate. At the end of this tube, which serves also 
as a faraday cage, the target is held by means of a 
threaded Lucite bushing. At the front end of this tube, 
another aperture is provided which is insulated from 
the faraday tube’and serves to keep deuterons which 
are scattered by the collimating holes from entering 
the faraday tube. Figure 2 shows a detail of the target 
assembly and the connection between the cyclotron 
exit tube and the tank B. The tank B was a cube 
approximately one meter on a side and contained 1000 
liters of water in which approximately 450 pounds of 
manganese sulfate was dissolved. The adjustable tube 
connecting the cyclotron exit tube with the tank B was 























roe 


scae *+£5* 
Fic. 1, Physical arrangement of apparatus. T is the main 
— target, A the analyzer magnet, E the exit tube, and B 
e experimental tank containing MnSQ, in 1000 liters of water. 
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electrostatically shielded. Through this shield, electrical 
contact was made to the tube and to an electronic beam 
current integrator or Q-meter, which measured the 
total charge striking the target. The Q-meter was an 
adaption of a circuit designed by Meagher for another 
experiment.’ The Q-meter was calibrated with a stand- 
ard voltage, measured on a precision meter which was 
impressed across standard resistors. These resistors 
were vacuum-sealed Hi-Meg resistors manufactured by 
the Victoreen Instrument Company, and were cali- 
brated by the National Bureau of Standards at various 
temperatures with an accuracy of one-half percent. 
The integrator circuit was found to be linear within 
experimental accuracy from 10—" to 10-7 ampere and 
the actual beam currents used in the experiment were 
all between 2X 10~* and 3X 10—” ampere. 

The detection of the induced activity in the MnSO, 
solution was done in the following manner: A thin- 
walled Geiger counter was suspended vertically in the 
liquid on a level with the center line of the beam and 
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Fic. 2. Details of the target assembly. 


equidistant from this center line, one end, and one side 
of the tank. During each bombardment and all during 
the detection of the manganese activity, the liquid in 
the tank was completely mixed by a large motor-driven 
stirrer. The activity was measured in the large tank 
rather than in a small sample removed to another part 
of the laboratory for several reasons: (1) it was found 
that the observed activity was quite insensitive to the 
exact position of the counter in the tank, so there were 
no geometrical factors which had to be kept fixed, (2) 
no accurately measured quantity of the liquid need be 
taken, and (3) the large amount of liquid around the 
counter caused the counting rate to be higher than 
would be the case with a smaller sample and also served 
as a very good shield to background radiation from 
outside the tank. The background count of the arrange- 
ment remained at 20+1 counts/minute throughout the 
experiment. Moreover, when all the shielding water 
tanks were in place and the analyzer magnet set so that 


2 R. E. Meagher, Phys. Rev. 78, 667 (1950). 
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no beam appeared outside the shielding tanks, a ten- 
microampere beam of deuterons on the main cyclotron 
target for thirty minutes did not affect the background 
rate inside the tank of MnSQ, solution. 

The method of alignment of apparatus and taking 
data was as follows: The tank was leveled and lined up 
visually with the exit tube of the cyclotron; then a thin 
aluminum foil was coated with willemite and placed at 
the target position. The whole assembly was pumped 
down and a deuteron beam obtained. The fluorescent 
spot on the willemite was observed through a glass 
plate sealed on the rear of the tank and the final tank 
adjustment made so that the beam spot was centered 
on the target and did not move as the position of the 
target was changed back and forth within the tank. 
The beam spot did not move as the analyzer magnet 
field was swung through resonance but simply appeared 
and disappeared. These visual observations were made 
frequently during the course of the experiment, and at 
no time was the beam ever observed to strike any 
object but the target. In addition, the target was 
occasionally removed and the beam allowed to pass 
completely through the tank. During these runs the 
Q-meter on its most sensitive scale failed to indicate 
any charge striking the adjustable tube. 

Before each bombardment the Q-meter was cali- 
brated and a deuteron beam obtained at the main 
cyclotron target. When the beam became steady, the 
cyclotron deflector voltage was turned down and the 
analyzer magnet turned on. The deflector voltage was 
then raised to give a beam at the experimental stations. 
By this method, it was possible to get a beam to the 
target inside the tank B which rose rapidly to a given 
value. The beam into the tank was held to approxi- 
mately 0.01 microampere, which was of the order of 
10-* of the beam current to the main cyclotron target. 
Bombardments lasted usually from ten to thirty 
minutes, and the external beam and main cyclotron 
beam were monitored visually and kept constant by 
small adjustments of the cyclotron magnetic field. 

After a bombardment was completed, the activity in 
the tank was observed with the Geiger counter, and its 
decay was followed for at least one half-life of the 
manganese activity. No activity was ever observed 
other than the 2.59-hour manganese except in the 
case of the carbon and boron carbide targets, where the 
activities due to the 9.93-minute N® and the 20.5- 
minute‘ C" formed in the target were observed. 

As a neutron standard, a source consisting of 500 
milligrams of radium element (about 900 milligrams of 
radium salt) intimately mixed with 3 grams of 325 mesh 
beryllium powder was used. The density of this source 
was 1.8 g/cc. Since the experiments were performed, 
this source has been calibrated at Argonne National 
Laboratory ; and, allowing for Po growth between the 
time of the experiments and the time of calibration, 


4 These periods are taken from the Segré chart. 
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the strength of this source at the time of the experiment 
was 6.08+0.37X 10° neutrons/second. Bombardments 
were made frequently during the experiments with this 
source held in the target assembly at the same position 
in the tank as the targets during deuteron bombard- 
ment. 

The counting rates observed as a function of time 
after the end of bombardment were corrected for 
counter resolving time in the usual manner. Another 
correction must be made at low counting rates, for, if 
in order to get a statistically significant number of 
counts it is necessary to count for a period of time 
during which the source decays appreciably, the ob- 
served rate is not the true rate at one-half of the time 
interval, but is equal to the time rate at some earlier 
time. Thus, let R(é) be the real counting rate at any 
time /; then the number of counts recorded between ¢; 
and /; is 


f "R(t = f Rh) exp(— Aé)dt 
. "= ER(,)/d]Lexp(—M,)—exp(— Ms) ], 


so that the average observed rate is 


[R(t1)/A(t2—t1) JLexp(— Ax) — exp(Atz) J. 


This must equal the true rate at some time /; and so is 
equal to 

R(t) exp(—A‘s), 
so that 


exp(— Als) = [exp(— At) — exp(— Ala) /A(to— ta) 


and 
-—h= (1/X) In{ (t2—t1)/1—expA(42—1)} 


may be used to find the time at which the observed 
rate is equal to the true rate. 

After the above corrections are made and background 
and activities due to previous bombardments are sub- 
tracted, the activity induced in the manganese can be 
extrapolated back to the time at which the bombard- 
ment ended. If the bombardment was constant, this 
will give a number which is proportional to 


(K/d)[1—exp(aT7) J, 


where K is the rate of production of neutrons, A is the 
decay constant of the manganese, and T is the bom- 
bardment time. Since in these experiments only the 
activity induced in the manganese is used and the 
physical arrangement remained the same, if the ob- 
served activities at the end of bombardment are 
divided by [1—exp(—AT7)], the number obtained is 
proportional to the rate of production of neutrons. If 
the bombardment was not constant, the activity pro- 
duced at the end of bombardment will be proportional 
to 


T 
(K/N)[1—exp(—T)}+-exp(—A7) f J) exp(rd)dt, 
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where /(#) is the fluctuation from the average rate, K, 
of production of neutrons and (f(!))4=0. This addi- 
tional term is estimated to be less than 2 percent of the 
total activity in the present experiments, and agreement 
between different bombardments of the same target 
confirm this. If the fraction of neutrons absorbed in the 
manganese is the same for the Ra-Be source as for the 
(d,m) source, the ratio of the two yields for a bombard- 
ment time long compared with 1/A is equal to the 
equivalent number of Kg of Ra-Be per microampere 
and, knowing the number of neutrons per second 
emitted by the Ra-Be source, one can determine the 
number of neutrons per second per microampere 
emitted from the (d,n) reaction. 

In order to check the assumption that the fraction of 
neutrons absorbed in the manganese is the same for the 
Ra-Be source as for the (d,m) sources, a number of 
checks were made: 

(1) When the level of manganese solution in the tank 
was lowered and the yield redetermined from a Be 
target, no change in the yield was noted. 

(2) In order to check whether differential absorption 
was occurring because of the difference in angular 
distribution of neutrons from the Ra-Be and (d,n) 
sources, the position of the sources in the tank of 
manganese solution was changed in the direction of the 
incident deuteron beam so that the hole in the tank in 
the straight through position subtended a larger angle 
at the target. Although, when the sources were placed 
sufficiently near the exit hole, a decrease in manganese 
activity was noted, for each the ratio remained constant 
within experimental error, indicating that no errors 
were arising from this source. This point was checked 
further by using a Lucite plug which completely filled 
the last one-half of the tube through the tank and 
redetermining the yield from a Be target; again no 
change in yield was noted. 

All targets were thick compared with the range of 
the deuterons and, except in the case of boron, were 
composed of reagent grade material. To get the yield 
from boron, a quantity of granular boron carbide was 
packed into a cavity in a brass block and bonded 
together with a very dilute solution of collodion in 
acetone. The yield from boron is determined when the 
yield from carbon and the atomic stopping power of 
boron and carbon are known. 


EXPERIMENTAL RESULTS 


A preliminary report’ of some of these data was 
given previously. Table I shows a summary of the 
results expressed in kg Ra-Be equivalent per micro- 
ampere and neutrons per second per microampere. 

The asterisks indicate values which were determined 
by using a target in the main cyclotron target box and 
detecting the neutrons by means of a gold foil imbedded 
in paraffin. These values were normalized to the values 


5 L. W. Smith and P. G. Kruger, Phys. Rev. 74, 1258(A) (1948). 
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TasLe I. Summary of data of neutron yields from the (d,n) 
reaction in thick targets. 








n/wa sec (107) 
3.23 +0.24 


Target Zz kg Ra-Be equivalent 
Be 4 2.66 
B 5 1.58 

0.98 

0.72 

0.86 

0.63 

0.26 

0.45 

0.35 

0.28 

0.062 

0.058 

0.050 

0.039 





0.35 +0.10 

0.074+0.014 
0.070+-0.005 
0.060+0.008 
0.047 +0.006 








for Be and W targets obtained from the manganese 
tank detection method after subtracting the continuous 
neutron background which exists inside the shielding 
tanks around the cyclotron. This continuous back- 
ground is approximately 0.410" neutrons/second/ 
microampere near the main cyclotron target. 


DISCUSSION 


There is not much data available for comparison with 
the above results. In the case of Be, one can extrapolate 
the low energy data of Amaldi, Hafstad, and Tuve,*® 
assuming a Gamow potential and taking into account 
the increase of range with energy. The result is 3 10" 
neutrons/sec/ya, and the agreement is probably fortui- 
tous. Lawrence and Cooksey’ report a yield, with 
5-Mev deuterons, of approximately 30X 10" neutrons/ 
sec/ya. This value is considerably higher than would be 
expected from the present data. More recent measure- 
ments by Aebersold® with an ionization chamber indi- 
cate a neutron yield at 8 Mev of 2.38X10* curies of 
Rn-Be equivalent per microampere. This is in reason- 
able agreement with the present results although, since 
the results of Aebersold are for neutrons in the forward 
direction, his value should be somewhat high. Fermi? 


* Amaldi, Hafstad, and Tuve, Phys. Rev. 51, 896 (1937). 

7 E. O. Lawrence and D. Cooksey, Phys. Rev. 50, 1131 (1936). 

8 P. C. Aebersold and G. A. Anslow, Phys. Rev. 69, 1 (1946). 

a Fermi, “Neutron physics,” MDDC-320 (1946), unpub- 
lished. 
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Fic. 3. Neutron yield, showing the number of neutrons per 
microampere sec(X10~'°), vs Z. 


estimates the yield at 8 Mev to be 10" neutrons/second/ 
microampere. 

In the case of carbon, the extrapolation of Amaldi, 
Hafstad, and Tuve’s data gives 0.310" neutrons/ 
sec/ya. The agreement is not too bad considering the 
errors which are introduced in such an extrapolation. 

Allen ef al."° have reported the fast neutron yield and 
angular distribution of various thick targets bom- 
barded with 15-Mev deuterons. They find the yield per 
second per microampere, V, to decrease with nuclear 
charge, Z, of the target according to the approximate 
empirical equation, 


logN = 10.18—0.0234Z. 
As shown in Fig. 3, the present data also may be 


approximated by a curve of the same general nature, 
although there are deviations as large as a factor of two. 


10 Allen, Nechaj, Sun, and Jennings, NP-1507 (1950), unpub- 
lished. 
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The magnitude of the neutral photomeson cross section, which is comparable with the cross section for 
charged mesons, is not given correctly by weak coupling perturbation theory. In fact, the phenomenon 
appears to depend on a nonlinear behavior of the meson fields corresponding to intermediate or strong 
coupling. Accordingly, the effect of the existence of nucleon isobars, which is one of the most characteristic 
features of strong coupling theory, has been investigated ‘through the use of a classical model and is found 
to give the generel features and magnitude of the neutral cross section correctly. The isobars are predicted 
to be unstable with an excitation energy of three or four hundred Mev. 





I. INTRODUCTION 


HE experimental measurements on the production 

of mesons by photons! show (1) that the total 
cross sections for charged and neutral meson production 
are about the same and are approximately equal to 
10-** cm? for a bremsstrahlung spectrum with maximum 
energy of 32( Mev; (2) that the neutral cross section 
rises much more steeply with energy than does the 
charged; and (3) that the angular distribution for 
charged mesons is roughly isotropic for angles between 
45 and 135 degrees in the laboratory system. The 
angular distribution for the neutral mesons is only very 
approximately known but appears to be somewhat 
peaked forward in the laboratory system for mesons of 
60 to 70 Mev. 

The production of charged mesons might be reason- 
ably expected to depend only on the extent of the 
charge cloud about the nucleon, the probability of a 
meson being present, and the strength of the interaction 
of the photon with the meson charge, i.e., 


o(charged)—~m(h/uc)*(g*/he) (e2/he) 
~2(g*/hc)10-*8 cm*. (1) 


For g’?/hc=}, this is indeed the approximate magnitude 
of the cross section observed. One can similarly argue 
that if neutral mesons are only weakly affected by the 
interaction of the photon with the charged mesons, 
the neutral meson can be produced only through the 
interaction of the photon with the nucleon magnetic 
moment. Since this is characterized by a length h/Mc, 
where M is the nucleon mass, the cross section would be 


a(neutral)~a(h/Mc)?(g?/hc)(e/he) 
~(u/M)*o(charged). (2) 


Since 4/M~1/7, one would expect on the basis of this 
elementary argument to find o(neutral) one or two 


*Now at the Department of Physics, Indiana University, 
Bloomington, Indiana. 

1 J. Steinberger and A. S. Bishop, Phys. Rev. 78, 494(L) (1950). 
Steinberger, Panofsky, and Steller, Phys. Rev. 78, 802 (1950). 
We wish to thank Drs. Steinberger and Panofsky for information 
on additional recent experimental results. 


orders of magnitude smaller than o(charged), in contra- 
diction with the observed approximate equality. 

A detailed calculation of this effect has been made by 
Kaplon? using weak coupling theory and including the 
effects of the nucleon anomalous moments by the 
introduction of a Pauli term* of the form, 


o,F,,=0-H—ia: E (3) 


in the equation of motion of the nucleon field. He finds 
for symmetrical pseudoscalar theory that the ratio 
o(neutral)/o(charged) is 0.138 for production from 
protons and 0.062 for production from neutrons at 250 
Mev, where the experimental value is approximately 
0.6. The theoretical values of Kaplon are therefore 
considerably lower than those observed, particularly for 
neutrons. It is possible to obtain agreement with 
experiment by increasing the neutral coupling constant ; 
we shall, however, restrict ourselves to the symmetrical 
form of the theory. 

The anomalous magnetic moments which make the 
values computed by Kaplon appreciably larger than 
the estimate in Eq. (2) are of course themselves thought 
to be due to charged meson currents; and thus Kaplon’s 
calculations represent one mechanism by which the 
electromagnetic effects of charged mesons can serve to 
increase the photoeffect of neutral mesons. We have 
thought it of interest to investigate other such effects, 
which will not appear when the photoeffect is treated 
by perturbation theory in its lowest order, because they 
correspond to essentially nonlinear terms in the equa- 
tion. Indeed it appears that the neutral meson distri- 
bution can be strongly excited by the interaction of the 
photon with the charged mesons and with the nucleon 
magnetic moment. A possible source of such nonlinear 
behavior of the charged and neutral meson fields might 
be the existence of unstable nucleon isobars which 
could be easily excited by a resonant interaction at the 
frequencies of the electromagnetic radiation. The 
excited states of the nucleon would then decay with 

* We are indebted to Dr. Kaplon for communicating his results 


to us in advance of publication. 
3 W. Pauli, Handbuch der Physik 24, 1 (233). 
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very short lifetime (of the order of the dimensions of 
the system divided by the velocity of light) into charged 
or neutral mesons together with a stable nucleon. The 
relative probability of production of the charged and 
neutral mesons would then depend only on the relative 
strength of coupling of the two fields to the nucleon. 

After the completion of this work, it was brought, to 
the attention of the authors that Fujimoto and Miya- 
zawa of the University of Tokyo‘ had independently 
suggested that the large neutral cross section could be 
attributed to the existence of nucleon isobars. Their 
calculations were made with a strong coupling quantum- 
mechanical treatment of symmetrical pseudoscalar 
theory. We wish to develop these arguments in greater 
detail than has been done by Fujimoto and Miyazawa 
in their letter. We shall also show that a simple classical 
model gives predictions for this process which, although 
somewhat different from the strong coupling treatment, 
lead to essentially the same results that they have 
obtained. A more detailed comparison of the results of 
these methods will be given in Sec. IT. 

To investigate strongly nonlinear effects of this 
nature, a weak coupling approximation cannot be used. 
A strong coupling theory of the meson-nucleon inter- 
actions is necessary. Unfortunately, however, no rigor- 
ous methods have been devised for treating this prob- 
lem. We therefore shall introduce an approximate 
model for the calculation which will allow a strong 
coupling treatment of the meson-nucleon interaction 
and of the effects of isobars on the phenomena in which 
we are interested. The method to be used is the classical 
treatment of the meson field and of the spin variables 
which was originally suggested by Heisenberg’ and 
others.® We shall consider only the symmetrical pseudo- 
scalar theory because of other evidence that the charged 
meson is described by a pseudoscalar field.’ The appli- 
cation of this method is given in detail in Sec. II. In 
Sec. III some remarks will be made on the classical 
theory of meson scattering by nucleons and on the 
scattering of nucleons by nucleons. 


Il. CLASSICAL CALCULATION OF MESON 
PRODUCTION BY PHOTONS 


The approximations of the classical method allow a 
simple solution of this problem without a weak coupling 
treatment of the meson nucleon interaction.* It is 
necessary to assume that the meson field is unquantized, 
i.e., that quantum fluctuations of the field are unim- 
portant. This will apparently be so if the coupling is 
strong leading to many mesons about the nucleon. A 
* Y. Fujimoto and H. Miyazawa, Prog. Theor. Phys. 5, 1052(L) 
(1950). 

5 W. Heisenberg, Z. Physik 113, 61 (1939). 

6 J. R. Oppenheimer and J. Schwinger, Phys. Rev. 60, 150 
(1941). H. J. Bhabha and H. C. Corben, Proc. Roy. Soc. (London) 
A178, 273 (1941). 

7S. Tamor and R. E. Marshak, Phys. Rev. 80, 766(L) (1950). 
Brueckner, Serber, and Watson, Phys. Rev. 81, 575 (1951). 

. *See W. Pauli, Meson Theory (Interscience Publishers, Inc., 

New York, 1946), for a detailed discussion of the method. 
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severer restriction is the assumption that the nucleon 
spin and isotopic spin vectors can be treated as classical 
unit vectors which can take on continuously variable 
orientations, i.e., that they are also unquantized. It is 
also necessary to assume that the effects of nucleon 
recoil can be approximated by the introduction of a 
cut-off radius corresponding to the distance at which 
the nucleon recoil will appreciably modify the behavior 
of the system. Such a distance may reasonably be 
chosen to be approximately the nucleon Compton 
wavelength. 

The hamiltonian for mesons interacting with one 
nucleon (at rest) and the electromagnetic field is 


H= f ds{(eatv9-Ve+u6-$) 


+ (4) '(f/u)[o-V6-2+ (4m) 'e(o- A)(e- ¢Xk)U 
+(u-H)U—A-V(¢xk)-¢}. (4) 


In this expression, the neutral fields ¢; and ¢g» are the 
components of the charged field 


g= (gi-—ige)/V2 (5) 


and 3 is the neutral meson field. The vector ¢ in 
charge space then has components ¢), ¢2, ¢3. Similarly 
2 is the isotopic spin vector in charge space. We also 
define k as a unit vector in the direction of the 3-axis 
in charge space. A is the vector potential. U is the 
nucleon source density ; for a point source, U would be 
a delta-function. The term wu-H gives the electromag- 
netic interaction of the nucleon and is taken to be 


(4m)'e(a+be-k)(o-H) (6) 


where a and 6 are determined by the values of the 
static moments, i.e., 


a+b=yn/2M, a—b=yp/2M, (7) 


where 
YrP= 2.79. (8) 


This assumption, that the static moments represent 
the interaction of nucleons with photons of energies 
near the meson rest energy of 140 Mev, is of course 
valid only if the moments show a negligible energy 
variation over this energy range. This is true only if 
the currents about the nucleon which contribute to the 
moment are confined to regions small compared with 
the wavelength of the radiation, which (at threshold 
for meson production) is the meson Compton wave- 
length. This condition is in fact satisfied for the pseudo- 
scalar theory,’ which predicts a distribution of the 
dimensions of the nucleon Compton wavelength for 
both the meson and the nucleon currents which con- 
tribute to the magnetic moment. The ratio of wave- 
length to the dimensions of the contributing currents is 
therefore M/u-~7 and the condition for energy inde- 


a=-— 1.91, 


9K. M. Case, Phys. Rev. 76, 1 (1949). 
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pendence is approximately satisfied. Aside from these 
considerations, however, a change in the magnitude of 
the moments which is not strongly energy dependent 
will not change the principal features of this calculation, 
which has to do with the resonance interaction of 
nucleon isobars. We shall therefore use the static values 
for the moments but realize that the quantitative 
values of our results are somewhat in doubt. 

From this hamiltonian we obtain the equation of 
motion for the meson field by the relations, 


i= —0H/d¢i, Gi= 0H/dn;. (9) 


We shall treat the spin and isotopic spin as classical 
unit vectors with the properties 


(and cyclic) (10) 


where { } is the classical poisson bracket. The equa- 
tions of motion for the spins are then given by 


de/dt={H,e}. 


fox, ¢y}=—2o,, {tz Ty}=—2t2, 


(11) 
Thus we obtain 
(_)—v2)¢= (49)*(f/uw)e- VU 2—4(fe/u)o- A(eXk)U 
—2(4e)eA-0(¢Xk), (12) 
de/di=aXF, de/dt=2XG, 


where 
F= —2¢42)' f eeu (f/u)V¢-* 
— (4m) *(fe/u)A(¢X *)-k+ e(a+ be-k)H} 


G=—2(4n)! f dxU{(f/u)o-V¢ 


+ (4x)!(fe/u)o- A(gXk)+ebko- H}. 


We shall now introduce the perturbation aspect of the 
problem. We assume that we can separate the variables 
into an unperturbed part and a perturbed part, i.e., 


$(r, t)=$o(r)+ (20) f dws exp(—int)y(w) (14) 


and similarly for #, ¢, F, G. We then argue that, since 
the perturbation in the system is introduced by the 
electromagnetic field, ¢; will be of order a(=1/137) 
compared with the unperturbed ¢o. The perturbation 
approximation will then consist of neglecting terms of 
order ¢1-%1, etc., which are of order a? and retaining 
only terms of order a. We note that this approximation 
does not apply to the strong meson-nucleon coupling. 
We also introduce fourier representations for ¢ and U. 


$(0)=(2n)4 fat exp(il-r)¢, 
(15) 
U(r)= Qn) far exp(4-r)U, 
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(we note that if U(r) is a delta-function, corresponding 
to a point nucleon source, U;=1). We also write 


A(r, 2)=[e/(2)*] exp[—i(v-r—vt) ] (16) 


and set 


faoveer=H0) (17) 


Inserting these definitions for ¢ and U and eliminating 
¢go and ¢; from the equations for F and G, we have 


Ui)Ao-l 
ices a '(oo-l) 
we P+? 


0° 1 ol 0 1 ol 
few = ae ; nee 





té°(@,°l) 
w—P— 
B72 ¢ U;)*(e9:1)? 
Qeectee f Pe dst 
pw? P+ py? 
, 12(U 18 
POP p+ eet e) =" 


wr 2 


w— P— py? 
i , 
x fewu(—— +) 
w—P—pP P+? 


— 2(4r)te(a+ bo: k)H,(0)5(o— v) 





X@o- 16(w— v) 


-~ 2(49r) ax k) 
Te 





(@o° Neo: (l- v)(e- Dd(o— v) 
x f PU U1» 
(w?—P—p*)[(1—v)*+ u*] 
— 2b(42r)teke- Hy(0)5(w— v). 


In evaluating the integrals over I, we shall assume the 
convention that in convergent integrals, we can replace 
U, by 1, its value for a point source. If an integral 
diverges, we shall set U;=1 but change the limits of 
integration by replacing 


wz Imax 
f dl by f dl. 
0 0 


This is equivalent to inserting a cut-off radius. In 
addition, in the terms of order a, we shall retain only 
the leading (and largest) term in the integrals. These 
methods for obtaining approximate values for the 
integrals are valid only in the region where /max is much 
greater than the frequencies involved in the process. 
Since Imax will be assumed to be approximately the 
nucleon momentum, we will be restricted to photon 
energies which are small compared to the nucleon rest 


(19) 
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energy. We then have 


=w off dl(—P— w+ yu?) 


see 
t+e=-sF i}. OD 
0 w— w—P 


In evaluating the last integral, we deform the contour 
about the poles at 


I= (wise 
to give a result corresponding to outgoing waves, i.e., 


lr? dl mi 
lim =| sierra 
«0 2) _,, (w’—pw?—P—ie) 2¢ 


(21) 


The total integral then is the sum of three contributions 


(42/3)oo{ — bnex*— (w* =e ymax t}ig’}. (22) 


The integral 


1 1 
f UW -o( ———+ Joo (23) 
w—P— pe P+ pe? 


in this approximation is 


Bal ———— dQ(eo-l)=0. (24 
i) (55 shal ~ ue 


The failure of this term to contribute can be explained 
on elementary grounds; the direct coupling term in the 
hamiltonian feo-Ag leads to emission of mesons in 
states. Then, since the meson is coupled with the 
nucleon only when in P-states (through the o-V¢ 
interaction), such s-state mesons cannot react on the 
spins. 
To evaluate the integral 





(00°1)(e-oo- d—+)U Ui, 
f d'l (25) 


(P= LAW 42] 
we note that it must be proportional to the scalar 
(@o- #)(@o-v) since other scalar products vanish, due to 


the orthogonality of e and v. We can, therefore, approxi- 
mate the integral by 


4 
(-») f aH(o0-D(e-D/=—x(00-¥)(00:8)max (26) 


In collecting these results, we observe that since the 
equations of motion for the spins can be written 


—iwo,= 0X Fi+o1X Fo, —iwti= 0X G,+41X Go, (27) 
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we can drop terms in F, and G, proportional to @ and 
% respectively. We introduce the new constant, 


a=$almax, (28) 
where a is the cut-off radius and define 

y= §(f?/u*a) (w?— ay*+iag’). 
The equations for the spin motion then are 


100} = NooXo;+ 2e(4) '(a+ beo . k)ooX Hyp d(w— v) 


(29) 


iwe1= N29 X 41+ 2e(42) !b 29 X kay - Hyd (w— v) 
4 fa nr)! 
Wins 


3 wa 


(30) 
20 X (toXk)ao- voy: 25(w— v). 


At this point we can introduce some simplification of 
these expressions. An examination of the derivation of 
these equations shows that the term in the equation for 
*, proportional to toX(toXk) is the result of the 
virtual emission and reabsorption of mesons which, 
while virtual, interact with the electromagnetic field. 
Since we have taken into account of such processes by 
the introduction of a mcment interaction proportional 
to u:H (the anomalous moment part of which is due 
to such virtual meson interactions with the electro- 
magnetic field), we can consistently neglect the contri- 
bution of this term, assuming that it has been properly 
represented by the anomalous moment term. An 
explicit calculation with this term included shows that 
the contribution in the weak coupling limit although of 
the same form as that due to the anomalous moments 
is actually considerably smaller. This is the result of 
the classical average over the unit vector to which 
appears to a high power in this term. Rigorously some 
sort of expectation value should replace the averaging 
process. Hence, one might conclude that dropping this 
term and using the anomalous moments may indeed 
give a better approximation to the correct cross sections. 

We further simplify the equations if we neglect 
a/b=(yp+vyn)/(yp—yn)=+0.19. We can solve for 
a, by making the obvious substitution, 

o@,= AooX H+ BooX (oo X Hp), (31) 


ie., expressing @; which is orthogonal to op by a linear 
combination of two mutually orthogonal vectors which 
are also orthogonal to oo. We find 


wo * k N 
g,= shel 0X H,+ —ooX (ooX H,) | (32) 
hie 24 


Similarly 
H, 
natn ext Mx (ox | (33) 
tv 


To find the outgoing amplitude of the meson wave, 
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we have at large distances 


1 
éi(r) = aod a exp(il-r) 


etar f 
= —(4e)e| ie ° quite . qt) —_ (47) lea . em Xk 
4rr Be 


£-qoo-(q—v) 


+2e(41)! - woxk| (34) 


(q—v)+u 

where g= (v’— 2)! is the meson momentum. 

The differential cross section then is given by 

do/dQ=({|A,|*)q/vée (35) 
where A, is the coefficient of e'*’/r in Eq. (34) and 
{ ) denotes an average over spin directions and over 
the polarization of the gamma-ray. In carrying out 

this average, we note that in general 

((e-A)?) = (42—(A-v)*/v*) 2/2 
(eo: Ago: B)= +A- B 
(eo° Aap: Bap: Cap: D) 

=(A-BC-D+A-CB-D+A-DB.C)/15 
and that the average of expressions containing an odd 


number of factors of o or to is zero. Carrying out the 
indicated averages, we find 


(da/dQ)[(1/9)(q/») (fre/u*) >" 


(36) 


2bvg |? 
= |———— {[2a-+sin sin? y 
| N?—y?| 


+ (1+2 cos*y)(1-+cos*6) ]v?/10 
+[2(1+sin?@)(1+-7 cos? y) 
+2(2—3 sin’6)(1—3 cos*y) 
+(1+2 costy)(2+7 sin’) ]| N'|2/50 
2¢ sin*0 
oa sinte| 1- ———>| (37) 
((q—v)?+ u*)? 


where @ is the angle between the photon and meson 
directions and ¢ is the angle in charge space between 
the meson charge vector and the 3-axis (¢ is equal to 0 
degrees for neutral mesons and to 90 degrees for 
charged). 

Reinserting the expression for V, and setting’ 


$f?/wa=1/v% 
we have approximately 
| N2—s#|2= (1—w?/v*)?+-4(ag?/ve2)? 
where we have dropped some small terms depending on 


10 The energy » is the usual expression for the isobar spacing. 
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the cut-off radius. We also insert the definition of bd. 
The result for neutrals is 


do =) (=) 
dalgfel wr 2 


3/10(1-+-cos?0)+ v?/92(14+49 sin@)/50 
(1— »9?/v*)?-+-4(ag*/»?)? 


and for charged (adding two identical contributions 
corresponding to the meson charge vector lying in the 
x- or y-direction) 


do [- i va (—) 
anlage} wr 2 


(5—cos?0)/10+ (v?/»?)(8+3 sin*@)/50 
(1— v¢?/v*)?+-4(aq*/ v9")? 
2¢° sin*é 
1-- —, 
C(qa—v)*-+u* P 
If, in the expression for charged mesons, we neglect the 
first term, we have 


do 2f% 
dQ Op 








(39) 


2¢? sin?@ 
[: ¢ sin f (40) 


8 C(q—v)*+ uP 


This is equivalent to the perturbation result" except for 
a factor 2/9 which results from the classical averaging 
over the spin variables. 

We shall in addition at this point compare this result 
with that of Fujimoto and Miyazawa.‘ They find for 
the largest contribution to the charged production 
(from the meson charge interaction) a result identical 
with ours. For neutral mesons, they give 


v 


g 2+3 sin’ 


re honishesatian mae” 
dQ 144 we 4vv," (1— v/v )?-+0.114(age*/ m7)? 


We can put this in the form of our result if we make the 
approximation 
(1—v/v9)?=4(1—v/v0)?(1-+ v0/ v9)? 
~}[1—(v/v)* P 


for v/vo not far from one. Since most of the contribution 
to the cross section comes from this region, the approxi- 
mation is a fairly good one. Then we have 


2+3 sin?0 


(42) 


(43) 





which is to be compared with our result 
do 0459 ef? g  2+4-(7/6) sin?@(v/r)* 


= . a (44) 
dQ 144 yp? wy? [1—(v/v)* P+ 4(ago*/ v0")? 





" Leslie L. Foldy, Phys. Rev. 76, 1 (1949). 
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Fic. 1. Variation with Fay ser energy of the total cross section 
for meson production. The isobar energy is 250 Mev and the 
cut-off radius is taken to be (4/3)(4/Mc), corresponding to the 
comping constant 3. The energies have been related to those 
in the center-of-momentum system by the proper Lorentz trans 
formation. 


where we have inserted the numerical values of yw and 
yp. These two results, Eq. (43) and Eq. (44), are then 
clearly of the same form and of the same magnitude. 
The difference in the coefficients of the damping term 
(ago*/vo2)? appears to be due to a different approximation 
in the two calculations in the introduction of the cut-off 
radius, and not to an essential difference in the methods. 

To examine the physical consequences of our results, 
we first simplify them by averaging them over angles 
and inserting the numerical values of the various con- 
stants, taking the cut-off radius as the nucleon compton 
wavelength. The cross sections then are 


o[ 2.49% 10 cm? gf?/r}! 
(0.400-+-0.933y2/ v9?)q?/u? 
7 , neutral 
(1— v/v92)?-+0.0816(9*/ uo)? 
(0.933+-0.4000*/ v0?) q?/ uw? 
a (1— v°/v9)*+-0.0816(9?/u»0?)? 








+ 16.1, charged. (45) 


T TT Ee ee Se TF 
}20 1107 cm? 
| | { | 


Fic. 2. Differential cross section in the laboratory system at 
300-Mev photon energy. The peaking forward is due to the 
transformation from the center-of-momentum system to the 
laboratory system. 
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We can easily obtain the cross sections in the weak 
coupling (»*/»o’<1) and the strong coupling (v*/»?>>1) 
limit. We find 


o(2.49X 10-*°9f?/» cm?) 
0.400g?/u?, neutral , 
| weak coupling 
0.9339*/u?+- 16.1, charged 
0.933g°v?/u**, neutral 


16.1, charged 


strong coupling. (46) 


To investigate the validity of these limits, we can 
determine the numerical consequences of the two 
approximations at an energy at which the cross sections 
have been determined experimentally (for example, at 
250 Mev in the c.m. system). The predicted results are 


o(charged)<0.451X 10-28 cm? 
weak coupling 
o(neutral) «0.212 10-*° cm? (47) 
7 
o(charged)>>0.402 X 10-*8 cm? 
strong coupling. 
o(neutral) «<1.47 10-*° cm? 


These are to be compared with the observed cross 
sections of approximately 10-** cm* for both charged 
and neutral mesons.' The charged cross section indicates 
that the coupling certainly cannot be considered as 
weak and that actually we are somewhat into the 
strong coupling domain. The smallness of the predicted 
neutral cross section in the two limits, in contradiction 
with experiment, is, in addition, a strong indication 
that the coupling is neither strong nor weak. 

We can see, however, from the expressions for the 
cross sections that the neutral cross section can become 
large in the vicinity of 


1— P/ye= 0 
or, in terms of the original definition of vo, 
if?/wa=1/v (48) 


where v is the frequency of the radiation. If this 
condition is satisfied, the spin of the nucleon resonates 
to the imposed frequency and we have a “nucleon 
isobar” which is unstable against the decay into neutral 
or charged mesons. For example, if we assume that this 
condition is exactly satisfied at the energy of 250 Mev, 
then the cross sections are 


o=0.869X 10-78 cm? (neutral) 
=1.271X10-*8 cm* (charged). 


(49) 


These cross sections are, therefore, roughly equal at 
this energy and approximately equal to the observed 
cross sections at 10~** cm*. Characteristic energy and 
angular spectra are given in Figs. 1 and 2 on the basis 
of these results. The rapid drop of the neutral cross 
section on both sides of the resonance should be easily 
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detected experimentally. The rapid rise of the neutral 
cross section with energy at energies below the “isobar 
frequency” has indeed been observed by Panofsky and 
Steinberger.! 


Ill. CONSEQUENCES FOR OTHER PROCESSES 


The existence of an unstable nucleon isobar will lead 
to anomalies in the scattering of mesons by nucleons. 
Pauli® gives for the scattering of neutral pseudoscalar 
mesons by nucleons the expression for the total cross 
section 


_8ft¢ 1+- (v/v)? 
9 ut » [1—(v/v0)* P+ 4(ag2/ von)? 


where vp has been defined as above. With the values of 
the cut-off radius and vp used in Sec. II, the variation 
of this cross section with energy is given in Fig. 3. 
The scattering of charged mesons will also have the 
same general behavior. 

Nucleon-nucleon scattering will also show an anomaly 
at energies in the laboratory system of twice the 
resonance frequency, i.e., about 560 Mev. Since the 
resonance is very. broad, nonstatic effects of some 
importance might also be expected to occur at consider- 
ably lower energies, although a quantitative estimate 
of the effect is difficult to make. 





IV. CONCLUSIONS 


We have made an application of classical theory of 
the problem of pseudoscalar meson production by 
photons. A comparison of the results with the experi- 
ments of Steinberger and Panofsky‘ suggests an expla- 
nation of the large cross section for neutral mesons in 
terms of the existence of unstable nucleon isobars with 
an excitation of approximately 200 to 300 Mev. We 
find, however, that this condition for the isobar energy 
implies that the strong coupling condition® 


4(f2/ua)>1 


is not satisfied. It also follows therefore, that the 
classical approximations are only of very approximate 
validity since the classical treatment of the spin vari- 
ables is valid only for large quantum numbers, i.e., in 
the region of high isobar excitation. In addition, certain 
other ambiguities due to the classical treatment of the 


(51) 








Fic. 3. Total cross section for the scattering of neutral mesons 
by nucleons. The meson energy in the laboratory system is 
indicated. The parameters are the same as in Figs. 1 and 2. The 
weak coupling approximation to the cross section has been 
multiplied by four. 


isotopic spin are present, resulting from the average 
over initial isotopic spin directions. The charged cross 
section is thus some kind of an average for the produc- 
tion of x+ and x~ mesons from protons and neutrons, 
respectively. 

In addition we wish to emphasize that for pseudo- 
scalar theory a fairly unambiguous nonrelativistic 
approximation exists only for pseudovector coupling, 
ie., 


M*(e-Vo—ysdx/dt)y—fU (ne-Ve (52) 


where U(r) is the nucleon source density. It is difficult 
to obtain a nonrelativistic approximation to the 
pseudoscalar coupling 


(53) 


f V*vs7 BW 


when the coupling is strong. Our conclusions therefore 
relate only to the pseudovector coupling form of the 
theory. 

Finally we wish to re-emphasize the crudity of the 
classical model for the treatment of this problem; the 
exact results are not to be taken too seriously. We feel 
that the importance of these results is only in the 
qualitative ideas introduced and the possibility of using 
them to get a qualitative agreement with experiment. 

We are indebted to Professor J. R. Oppenheimer and 
to Dr. Abraham Pais for several interesting discussions 
and helpful comments on this subject. 
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Disintegration of Boron by Fast Neutrons* 
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The cross section for the B!°(n,«) reaction was measured as a function of neutron energy from 0.35 to 2.6 
Mev. The cross section was found to lie below the 1/v extrapolation of the thermal cross section except at a 
peak observed at 1.9 Mev. This peak has a width of about 400 kev and a maximum value of 0.53 barn. The 
total variation of the cross section at the peak is 0.35 barn. The ratio of the number of disintegrations leading 
to the ground state of Li’? to the number leading to the excited state increases smoothly from 0.2 at 0.35 
Mev to a maximum of 2.3 at 1.9 Mev, and decreases again to 0.8 at 2.6 Mev. 





I. INTRODUCTION 


‘TUDIES of the disintegration of boron by neutrons 
are of interest because of the common use of boron 

in neutron detectors and shields. An unexpected feature 
of the B!°(n,a)Li’ reaction is that for thermal neutrons 
there is a strong preference for the Li’ nucleus to be 
formed in the 478-kev excited state rather than in the 
ground state. Hanna! found that for thermal neutrons 
the ratio of the number of disintegrations leading to the 
ground state of Li’ to the number leading to the 478-kev 
excited state is 0.062. An examination of this branching 
ratio as a function of neutron energy appeared to be 
useful for the interpretation of the disintegration 
process. In addition, the flux of neutrons used in the 
measurement of the branching ratio was determined, 
so that the B!°(n,a) cross section could be obtained at 
the same time. This cross section was investigated by 
Bailey et al.2 at Los Alamos in 1943, but only incomplete 
results of that work have been published. After the 
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Fic. 1. Experimental arrangement for observing boron 
disintegrations and measuring neutron flux. 
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1G. C. Hanna, Phys. Rev. 80, 530 (1950). 

2C. L. Bailey, e al., (unpublished); quoted by R. K. Adair, 
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present experiment was begun, measurements of the 
branching ratio were published by Bichsel e¢ al. 


Il. EXPERIMENTAL PROCEDURE 


The B'°(n,a) disintegration cross section was ob- 
tained by determination of the number of disintegration 
pulses in a proportional counter, the number of B® 
nuclei in the counter, and the number of neutrons per 
cm* causing the disintegrations. Figure 1 shows the 
geometrical arrangement of the neutron source and the 
neutron counters used in this experiment. Fast neutrons 
were produced by bembarding targets at T with a 
proton beam B accelerated by the electrostatic gen- 
erator. The energy of the protons was measured by 
passing them through a one-meter radius electrostatic 
analyzer.‘ A lithium target, evaporated in place on a 
tantalum backing, was used to provide monoenergetic 
neutrons in the energy range from 0.35 to 1.30 Mev. 
Neutrons with energies from 0.95 to 2.65 Mev were 
obtained using a target which consisted of tritium 
absorbed in zirconium film on a tungsten backing. The 
proportional counter, C, with which the B!(n,a)Li? 
and B!%(n,qa)Li™* disintegrations were observed, and 
the neutron flux monitor M were mounted along lines 
making equal angles with respect to the axis of the 
proton beam. 

The flux monitor M was a “long counter” of the type 
developed by Hanson and McKibben.® From 10 kev to 
5 Mev, the efficiency of this monitor is nearly inde- 
pendent of neutron energy. By observing the counting 
rate when a calibrated radium-beryllium neutron source 
was placed at the position normally occupied by the 
lithium or tritium target, it was possible to determine 
the monitor efficiency. A correction was applied to the 
monitor counting rate for the background of scattered 
neutrons. 

Because of the necessity of distinguishing between 
disintegrations leading to the ground state of Li’ and 
those leading to the excited state, special care was 
required in the construction of the BF; proportional 
counter. In the most common design of simple propor- 
tional counters the small center wire is supported at 


3 Bichsel, Halg, Huber, and Stebler, Phys. Rev. 81, 456 (1951). 
4 Warren, Powell, and Herb, Rev. Sci. Instr. 18, 559 (1947). 
5 A. O. Hanson and J. L. McKibben, Phys. Rev. 72, 673 (1947). 
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each end by larger wires. The supporting wires are 
usually enough larger than the center wire that the 
field at their surfaces is too small to produce gas multi- 
plication. Only the ions which are collected on the small 
wire undergo gas multiplication and produce full-size 
pulses. For such an arrangement the active volume 
is about as long as the small wire. This simple construc- 
tion has two faults which made it undesirable for use 
in the measurements reported here. The active volume 
is not easy to determine accurately because of the 
distortion of the field lines near the ends of the small 
wire. In addition, a spread in pulse size occurs because 
the gas multiplication gradually diminishes to unity 
near the ends of the wire. 

These undesirable end effects associated with the 
termination of the center wire were eliminated by a 
design similar to that described by Cockroft and 
Curran.® Figure 2 shows a cross-sectional view of the 
counter used in the present experiment. A thin-walled 
guard sleeve was installed concentric to the center wire 
at each end and maintained at an intermediate voltage 
appropriate to its radius. If the guard sleeves were 
sufficiently long, the electric field at the surface of the 
wire would be uniform and radial along its entire ex- 
posed length. For shorter lengths of guard sleeve, how- 
ever, the field at the end of the sleeve is rather sensitive 
to the radius of the annular gap which separates the 
guard sleeve from the grounded shell of the counter. 

The optimum radius of this gap was determined from 
electrolytic tank studies of an enlarged model of the 
counter. It was found that with the gap placed as in 
Fig. 2 the equipotential lines between counter wall 
and guard sleeves are straight and parallel at a distance 
of one-half inch from the gap. One-half inch is, there- 
fore, a sufficient length of guard sleeve to make the 
field at the wire uniform and radial, provided the wire 
is smooth, round, and properly centered. Under these 
conditions the active volume is simply determined by 
the exposed length of the wire. There is still a spread in 
the pulse height for a given initial ionization in this 
counter because of wall effects and the properties of the 
filling gas, but the serious spread caused by non- 
uniformity of the field was largely eliminated. 

A typical pulse-height distribution curve obtained for 
slow neutrons is shown in Fig. 3. The groups of pulses 
at 2.30 and 2.78 Mev, representing B!°(,a)Li’™* and 
B'°(n,a)Li’ disintegrations in the gas,’ are sufficiently 
well resolved that their respective numbers can be 
determined with little ambiguity. Disintegrations of 
boron atoms deposited on the wall of the counter are 
responsible for the groups of pulses at 1.46 and 0.84 
Mev. Since the alpha-particle and the Li’ nucleus are 
emitted in opposite directions, only one of them can 
enter the active volume of the counter when a disinte- 
gration occurs on the wall. The alpha-particle and the 


* A. L. Cockroft and S. C. Curran, Rev. Sci. Instr. 22, 37 (1951). 
7 Hornyak, Lauritsen, Morrison, and Fowler, Revs. Modern 
Phys. 22, 291 (1950). 











Fic. 2. Proportional counter for observing boron disintegrations. 


Li’ nucleus receive 7/11 and 4/11 of the disintegration 
energy, respectively. For disintegrations producing Li’ 
in the excited state (Q=2.30 Mev), the alpha-particle 
and Li’ energies are 1.46 and 0.84 Mev. For the less 
frequent disintegrations producing Li’ in the ground 
state (0= 2.78 Mev), the alpha-particle and Li’ energies 
are 1.77 and 1.01 Mev. The 1.77- and 1.01-Mev pulses 
are not sufficiently numerous to appear distinctly in 
Fig. 3. 

While a large pressure of BF; is desirable for the 
sake of a large counting rate, it was found that good 
pulse-height resolution could not be obtained with 
BF; at a pressure greater than two inches of mercury. 
A deterioration of the resolution with time was also 
noticed. Fowler and Tunnicliffe* have attributed the 
deterioration to the formation of a gas with strong 
electron attachment properties by the chemical action 
of BF; on traces of impurities. Because of this effect, it 
was necessary to refill the counter several times during 
the course of the experiment. A useful life of two or 
three days was obtained by limiting the BF; pressure 
to one inch of mercury. 
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Fic. 3. Pulse-height distribution for slow neutron 
disintegration of boron. 
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Fic. 4. Typical pulse-height distributions for B!°(m,a) reaction. 
Slow neutron disintegration pulses are at 2.30 and 2.78 Mev. 
Fast neutron disintegration pulses are at 2.30 and 2.78 Mev plus 
the neutron energy. 
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BF; enriched in the B!° isotope was used to increase 
the counting rate. The isotopic composition of the 
enriched BF; was not known accurately. To determine 
the number of B!° atoms in the active volume of the 
counter, the counting rate was measured both with 
ordinary BF; (18.8 percent B!°) and enriched BF*. For 
these measurements the counter and a Ra-Be neutron 
source were placed in reproducible positions in a large 
paraffin cylinder. The counting rate in this standard 
geometry was determined immediately after each filling 
with enriched BF;, and was measured occasionally 
thereafter until a fresh filling was needed to restore the 
resolution. The counting rate decreased slowly with 
time; in the worst instance the final rate was 85 percent 
of the initial rate measured three days earlier. This 
decrease in counting rate was probably caused largely 
by the gradual deposition of boron on the walls of the 
counter. Although the boron in the enriched BF; was 
supposed to be 96 percent B"°, the standard geometry 
measurements indicated only 50 to 60 percent. 

The best pulse-height resolution was obtained with 
argon at 35 psi as the stopping gas. At this relatively 
low pressure the wall effect is appreciable. A correction 
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for this effect was estimated by the method described by 
Rossi and Staub.® For thermal neutrons it was calcu- 
lated that 12 percent of the (,a) pulses would be re- 
duced in size because of wall effect, in agreement with 
the experimental results. The wall effect correction at 
higher neutron energies was found by the same method, 
taking into account the increased range of the alpha- 
particles. 

In order to make certain that neutron reactions with 
argon were not producing an appreciable number of 
pulses, the counter was filled with pure argon at 35 psi 
and exposed to fast neutrons at several energies covering 
the range of the experiment. The number of pulses 
observed in this way was less than 5 percent of the 
number observed with argon and BF;. 

A closely fitting cadmium shield was installed on the 
counter to reduce the number of disintegration pulses 
caused by the background of thermal neutrons. The 
background of epithermal neutrons scattered from the 
floor still gave an appreciable number of disintegration 
pulses at 2.30 and 2.78 Mev. These pulses were useful 
for calibrating pulse size in terms of disintegration 
energy. 

Disintegration pulses from the proportional counter 
were amplified with a Model 190 amplifier and recorded 
photographically. 


III. RESULTS 


Figure 4 gives the pulse-height distributions obtained 
at several neutron energies. The bottom curve, obtained 
with thermal neutrons, shows the two groups of pulses 
at 2.30 and 2.78 Mev which correspond to the processes 
B!°(n,a)Li™ and B!°(n,a)Li’. The strong preference for 
B!°(n,a)Li™ is evident. Approximately equal fluxes of 
fast neutrons were used to obtain the other three curves 
in Fig. 4. Groups of pulses at 2.30 and 2.78 Mev on these 
curves were caused by the background of epithermal 
neutrons. The disintegrations caused by fast neutrons 
appear at 2.30 and 2.78 Mev plus the neutron energy. 
At 1,.25-Mev neutron energy the reactions B!°(n,a)Li’* 
and B!°(n,a)Li’ have about equal probability; at 1.77 
Mev B!°(n,a)Li’ predominates, in contrast to the result 
at thermal energy; at 2.63 Mev the two processes are 
again about equally probable. Large variations in the 
(n,a) disintegration cross section can be seen on these 
curves; the relatively large number of fast neutron 
disintegrations at 1.77 Mev means a relatively large 
cross section at that neutron energy. 

It will be noted in Fig. 4 that an appreciable number 
of intermediate size pulses was observed, smaller than 
the fast neutron pulses and larger than those produced 
by the slow neutron background. These intermediate 
size pulses are about twice as numerous as would be 
expected from wall effect. The pulses are too large to 
have been caused by neutron reactions with B" or F"’, 
all of which are endothermic, or by the reactions 


*B. B. Rossi and H. H. Staub, Jonization Chambers and Coun- 
ters (McGraw-Hill Book Company, Inc., New York, 1949), p. 236. 
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B}°(n,p)Be!® (Q=+0.2 Mev) or B!(n,2a)H® (Q=+0.3 
Mev). An appreciable number of these pulses was 
probably caused by neutrons scattered inelastically 
from the floor and from the walls of the counter. 

Twenty pulse-height distributions were taken at 
various neutron energies from 0.35 to 2.63 Mev. The 
pulses produced by fast neutrons were found to increase 
in size linearly with neutron energy. Below 0.35-Mev 
neutron energy the cross section could not be measured 
because the fast and slow neutron disintegration pulses 
overlapped. 

Figure 5 shows the cross sections and branching ratios 
determined in this experiment. Neutrons from the 
Li’(p,m) reaction were used to obtain the data repre- 
sented by solid circles. Open circles denote data ob- 
tained with T(p,m) neutrons. The statistical uncertainty 
is indicated by the vertical bars. It should be empha- 
sized that the cross section plotted in the upper part 
of Fig. 5 is for normal boron, which contains only 18.8 
percent B!°, 

Aside from the statistical uncertainty, the accuracy 
of the cross section is limited by the precision with which 
the neutron fluxes and the quantity of B® in the 
counter were determined. The quantity of B'° depends 
on the BF; pressure and the standard geometry meas- 
urements, both of which were accurate to about 5 
percent. A determination of the strength of the Ra-Be 
source was made by comparison at the Argonne 
National Laboratory with a standard source whose 
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Fic. 5. Upper curve, (m,a) disintegration cross section of 
ordinary boron. Lower curve, ratio of the number of disintegra- 
tions leading to the ground state of Li’ to the number leading to 
the 478-kev excited state. 
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Fic. 6. The (#,«) cross section of ordinary boron. (a) Present 
experiment; (b) Bailey e al. (reference 2): tc) 1/v extrapolation 
of the slow neutron cross section determined by Sutton ¢ ai. 
(reference 10). 


strength is believed to be known to 7 percent. The 
efficiency of the monitor was probably equal, within 
5 percent, for both Ra-Be neutrons and the fast neu- 
trons with which the cross sections were observed. 
Background corrections may be in error by as much as 
10 percent. The combined effect of these uncertainties 
is estimated to be about +25 percent of the cross 
sections. 

It is difficult to estimate the accuracy of the branching 

ratio measurements. The total uncertainty is somewhat 
greater than the statistical uncertainty indicated in the 
lower part of Fig. 5 because of the imperfect resolution 
of the B!(n,a)Li? and B'°(n,a)Li™ pulses. The pulse 
height distribution curves of Fig. 4 indicate rather 
clearly, however, that the ratio is about two at 1.77- 
Mev neutron energy, and that it is about one at 
neutron energies of 2.63 and 1.25 Mev. 
{[.In this experiment, the uncertainty in neutron energy 
is caused almost entirely by the uncertainty in the 
angle of observation, which was less than 3 degrees. 
The energy uncertainty is nearly proportional to the 
square root of the neutron energy, and at 1.9 Mev is 
about 60 kev. 

Figure 6 shows the (#,«) cross sections determined in 
the present experiment, the cross sections determined 
by Bailey et al.2 at Los Alamos, and the 1/» extrapola- 
tion of the cross sections determined by Sutton e al.!° 
for slow neutrons. 

No information is available regarding the epithermal 
neutron background for the work of Bailey ef al., nor 
how or if a correction for such a background was 
applied. If no background correction was applied, it 
seems likely that their cross sections are too large. In 
the present experiment only pulses of a size consistent 
with the energy of the direct neutron flux were counted 


10 Sutton, McDaniel, Anderson, and Lavatelli, Phys. Rev. 71, 
272 (1947). 
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Taste I. Reduced widths assuming a single level 
at 1.9 Mev having J=11/2. 
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in calculating the cross section, whereas in the measure- 
ments of Bailey et al., no pulse-height analysis was made. 

Bichsel ef al.* have measured the branching ratio at 
five neutron energies from 0.5 to 3.9 Mev, and obtained 
results similar to the lower part of Fig. 5. They found a 
maximum value of two for the branching ratio at a 
neutron energy of 2.9 Mev, whereas the present experi- 
ment indicates that the maximum occurs at 1.9 Mev. 
The reason for the discrepancy is not clear. 

It will be noted in Fig. 5 that the maxima in the 
branching ratio and the B(m,a) cross section appear to 
coincide at 1.9 Mev. A satisfactory interpretation of 
this effect has not been found. 


IV. DISCUSSION 


The peak in the disintegration cross section at 1.9- 
Mev neutron energy indicates the presence of one or 
more levels in the B" compound nucleus. This peak has 
a width of 400 kev, which is more than four times the 
experimental neutron energy spread. The rise in the 
cross section at the peak is caused almost entirely by 
the increased number of disintegrations leading to the 
ground state of Li.’ 

For an isolated resonance, the maximum value of 
the disintegration cross section given by the Breit- 
Wigner formula is 


oa® =[(2J+1)/2(27+1) ](4e/k*)T,0./T*%. (1) 


I and J are the angular momenta of the target and 
compound nuclei in units of h, k is the wave number 
for neutrons of resonance energy, and IT, and I’, are 
the partial widths for alpha-particle and neutron 
emission. I’ is the total width, which is observed experi- 
mentally, and is the sum of the partial widths for all 
possible modes of decay of the compound nucleus. In 
expression (1), o.* denotes the maximum value of the 
(n,«) cross section for the isotope B'°. Figure 5 shows 
clearly that the peak in the disintegration cross section 
is not isolated as required by Eq. (1). Broad resonances 
above and below 1.9 Mev may contribute appreciably 
at 1.9 Mev and prevent the disintegration cross section 
from approaching zero on either side. Under the 
assumption that neighboring levels do not interfere, 
then, a,” is taken to be the change in the B"° disintegra- 
tion cross section at the peak rather than its maximum 
value. When defined in this way, o.* is obtained by 
dividing the change in the cross section at the peak in 
Fig. 5 by 0.188, the isotopic abundance of B'° in normal 
boron. 

A lower bound for J can be obtained from Eq. (1) 
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if it is assumed that T,=I,=I'/2. However, recent 
measurements by Bockelman ¢f al." at this laboratory 
have shown that the rise in total cross section at 1.9 Mev 
is no larger than the rise in the disintegration cross 
section. From this it is concluded that I, is con- 
siderably smaller than I',. This result requires that 
J must be at least 11/2 in order to satisfy Eq. (1). To 
produce a compound nucleus with that angular momen- 
tum, incoming neutrons with at least two units of 
orbital angular momentum would be necessary. If one 
assumes a spin of 1/2 for the excited state of Li’, and 
that the ground state and the excited state have the 
same parity, the alpha-particles emitted in the disinte- 
gration processes must be emitted with five units of 
angular momentum. 

An estimate of the upper limit for the angular 
momentum of the compound nucleus can be obtained 
from an examination of the reduced widths for the 
various modes of decay. The width for the emission of 
a particle, s, can be written” 


Es = 2kT ry’, 


where & is the wave number of the emitted particle, T, 
is the barrier penetration factor for a particle with 
orbital angular momentum JL, and y,* is called the 
reduced width. If the emitted particle is charged, T, is 
the coulomb barrier penetration factor for particles of 
orbital angular momentum L. For neutrons, T;, the 
centrifugal barrier penetration factor, can be calcu- 
lated explicitly.“ The reduced widths for the emission 
of various particles from a given level of a compound 
nucleus are not expected to differ greatly.“ A reduced 
width cannot exceed 3h?/2Ma, where M is the reduced 
mass of the emitted particle, and a is the radius of 
interaction of the emitted particle and the residual 
nucleus." Since the barrier penetration factors decrease 
with increasing L, the calculated value of the reduced 
width increases as larger values of L are assumed. The 
limit on the reduced width thus imposes an upper 
limit on Z and hence on J. 

Table I gives the reduced widths, in units of 10-* 
Mev-cm, calculated for neutron and alpha-particle 
emission, assuming that J = 11/2. For these calculations, 
the ratio I',/I was taken to be }. A larger neutron 
width would not be compatible with the measurements 
of total cross section and absorption cross section. 
The radius of interaction for neutron emission was 
taken as 4.5 10~-* cm, and for alpha-particle emission, 
5.2X10-" cm. These numbers are the sums of the 
radii of the emitted particle and the residual nucleus 
in the two cases. The radii were assumed to be 1.43A* 
X10-" cm, where A is the mass number. 

Thus, a value of 11/2 for J, which is required to 
account for the total cross section and disintegration 


™ Bockelman, Miller, Adair, and Barschall, Phys. Rev. 84, 69 
(1951). 

1 R. K. Adair, Revs. Modern Phys. 22, 249 (1950). 

18 Feshbach, Peaslee, and Weisskopf, Phys. Rev. 71, 145 (1947). 

4 E. P. Wigner, Am. J. Phys. 17, 99 (1949). 
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cross-section data, leads to a reduced width for alpha- 
particle emission which is 20 percent larger than the 
theoretical maximum. Although the assumption of other 
processes besides neutron and alpha-emission may 
decrease T',, the reduced width for alpha-particle 
emission will not become smaller. For if I’, is reduced 
while [,, and I remain fixed, J must be increased to 
satisfy Eq. (1). The net effect then is to increase rather 
than to reduce the calculated reduced width. Hence, a 
state of the compound nucleus with J=11/2 does not 
seem possible. 

The single-level scheme is not definitely excluded, 
however, because under certain rather special condi- 
tions the total cross section can show only a small 
variation in the neighborhood of a resonance with a 
large neutron width. Although a J value of 7/2 is some- 
what beyond the limit of the experimental uncertainty 
of the disintegration cross-section data, such a state of 
the compound nucleus can provide an explanation for 
the absence of a prominent resonance in total cross 
section at 1.9 Mev. A state with J=7/2 can be pro- 
duced by both S- and D-neutrons. It is possible for a 
dip rather than a rise in the scattering cross section for 
S-neutrons to occur at the resonance energy because of 
destructive interference between resonance and poten- 
tial scattering. Since the S-wave potential phase shift 
for 1.9-Mev neutrons is in the neighborhood of 90 
degrees, such a dip would be expected.” For D-neutrons, 
however, the potential phase shift is too small to 
produce any appreciable interference, and a peak would 
occur at resonance. If one assumes S- and D-neutron 
widths of 0.1 and 0.4 of the total width, partial cancel- 
lation would reduce the variation in scattering cross 
section at the 1.9-Mev resonance to about 0.05 barn. 
In that case total cross-section measurements would be 
expected to show only the effect of processes other than 
elastic scattering. 

With this scheme, therefore, it is possible to reconcile 
a large neutron width with the experimental fact that 
the total cross-section peak is no larger than the (,a) 
peak. A J value of 7/2 permits the alpha-particles to 
be emitted with only three units of orbital angular 
momentum. The reduced neutron and alpha-particle 
widths are tabulated in Table II in units of 10-" 
Mev-cm, together with the assumed angular momenta 
of the emitted particles, the assumed widths for the 
processes, and the ratios of the reduced widths to the 
theoretical maxima. The two alpha-particle widths 


% M. R. MacPhail, Phys. Rev. 57, 669 (1940). 
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TaBLe II. Reduced widths assuming a J =7/2 level 
at 1.9 Mev formed by both S- and D-neutrons. 
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were taken in the ratio of two to one, as is indicated by 
the branching ratio at 1.9 Mev. 

The reduced widths in this scheme are not unreason- 
able, and there is fair agreement with the disintegration 
cross-section data. With J=7/2, and T,=I',=I/2, as 
has been assumed in Table II, the height of the (#,a) 
peak calculated from Eq. (1) is 30 percent less than the 
measured height. The percentage difference between 
calculated and observed heights will increase, however, 
if ', and I’, are reduced to allow for other processes. 
The somewhat artificial scheme summarized in Table IT 
is the most nearly satisfactory single-level interpreta- 
tion of the peak at 1.9 Mev. 

It is more plausible to assume that the peak is 
caused by two or more closely spaced levels. With two 
levels to contribute to the disintegration cross section, 
small J-values are adequate to account for the height 
of the absorption peak. For small J-values, the reduced 
widths are found to be reasonably small. Provided one 
level is produced by S-neutrons, the small height of the 
total cross-section peak can be explained as before. 
Because of the many parameters available in the two- 
level scheme, the levels cannot be uniquely specified. 

A surprising result of this experiment is the apparent 
scarcity of levels from 0.35- to 2.63-Mev neutron energy. 
The corresponding interval in the excitation energy of 
the B" nucleus is 11.74 to 13.81 Mev.’ In this interval of 
2.07 Mev, only the one peak at 1.9 Mev was observed. 
From an investigation of the B'(d,p) reaction, Van 
Patter ef al.'* list ten excited states in B“ below 10 Mev, 
with a marked trend toward closer spacing at higher 
excitation energies. In the 2.52-Mev region between 6.76 
and 9.28 Mev, seven levels were observed. The interval 
between 10.2 and 11.46 Mev has not been explored. A 
level density higher than that found previously around 
9 Mev might be expected in the range of energies 
covered in the present measurement, adding to the 
plausibility of the two-level interpretation of the (n,a) 
disintegration peak at 1.9 Mev. 


( 16 Van Patter, Buechner, and Sperduto, Phys. Rev. 82, 248 
1951). 
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An improved mathematical formulation and solution of transition rate problems for scattering and 
reaction problems is given. Difficulties in connecting the time dependent and stationary methods of defining 


the S-matrix are noted, but not resolved. 





L INTRODUCTION 


EARLY all recent studies' in field theory and 
reaction processes* have been based, tacitly or 
explicitly, on the adiabatic hypothesis. Although the 
adiabatic hypothesis has been verified by Born’ for 
hamiltonians which admit discrete eigenvalues only, a 
corresponding verification for hamiltonians which have 
continuous degenerate spectra has not been given. The 
purpose of the work being reported here is to examine 
to some extent conditions on the validity of the adia- 
batic hypothesis and to show that certain important 
consequences of S-matrix theory do not depend on the 
adiabatic hypothesis. 


II. TIME DEPENDENT PERTURBATION THEORY 


In this section we will be concerned with a system 
described by a hamiltonian 


A(t) = Hot Ver", (1) 


in which Ho is the hamiltonian of the non-interacting 
parts of the system and V is the time independent inter- 
action energy. The factor‘ e*“/* was included to simulate 
the adiabatic turning off of the interaction as >— ©. 
For simplicity we suppose that the two operators H(t) 
and Hp have exactly the same continuous spectrum of 
eigenvalues, although not, of course, the same eigen- 
functions. The eigenfunctions of H» are denoted by ¢. 
and satisfy 

Hoba= Eada, (2) 


and 


favton, >) =1 or 0, (3) 


where dV , is a suitably chosen weighting function of the 
states ¢,, so that the right side of Eq. (3) is 1 if the 
state » is contained in the domain of integration over 
states $4, otherwise it is zero. 


* Research carried out at Brookhaven National Laboratory, 
under the auspices of the AEC. 

1C. Mgller, KGL. Danske Videnskab. Selskab, Mat.-fys. 22, 
¢g 1 (1946). R. P. Feynman, Phys. Rev. 76, 744 and 769 re 

F. J. Dyson, Phys. Rev. 75, ine 184). B.A. Lippman and J. S 
Schwinger, Phys. Rev. 79, 469 ( 

2 The work of Wigner and Pisenbed i is the most notable exce: 
tion to this. E. P. Wigner and L. Eisenbud, Phys. Rev. 72, 
(1947). 

$M. Born, Z. Physik 40, 167 (1927). 

‘In the work of Born much more general types of time varia- 
tions were considered than the simple time variation given by 
e#"/h which we use. 


For the time dependent Schroedinger equation 
ih) = H(t) (4) 


we write a solution in the form 
v= [ aNC.()6. exp(—iEa/®), (5) 


from which we obtain, using Eqs. (2), (3), and (4), and 
taking ¢, to be time independent, 


ihC,() = f dN (ba, Vbs)Co(8) 
xexp({i(E,— Ex)+a]t/h). (6) 


Integrating Eq. (6), we obtain 


C,()=C.°— (i a f at { anu Ou Vos) 


Xexp((i(E.—Es)+a}'/h), (7) 


in which C,° is the initial value of Cq(t) at i=—o. 
Iteration of Eq. (7) gives the Liouville-Neumann series 
solution to Eq. (7) 


C.()=C+E | dN.C. 


n=1 
Vas (a) exp(Ci(Ea— Es)-+na}/h) 
E,—E.t+ina 


Vee V “eo'” (a) 
ab” (a) = fan. 
E,x—E.+i(n—1)a (9) 


Va = (ha, Vo). 


Now, the relative probability that the system will be 
in the group of states about the state ¢, at the time ¢ is 
W.(t)dNq in which 


Wa(t)=|Ca(d)|*. (10) 


The quantity of major interest is the rate of transition 
to state ¢. if the system were initially in state ¢», that is 


Was(t)=dW ar(t)/dt, (11) 


for C.°= 14», where 1,4, is a generalized Dirac 6-function 





’ 


in which 
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such that {-14,dN .=1 if the state ¢, is contained in the 
region of integration over states ¢4. Using Eqs. (8), (10), 
and (11) we obtain 


2 x 
War(a, 6 Im © Vas (a) exp(nat/h) 


z= Pasa) Vao™ (ax) 


n,m=1 


1 
ma 
h 





L 1 
arom os ie 
Xexp((n-+-m)at/h). 
In the limit as a—0, Eq. (12) becomes 
Wav= (22/h)5(Ea— Es) | Tav|?-+(2/h) 10s ImT as; 


in which 


(12) 
(13) 


T.s=lim 5 Ves™(a). 


a0 n=l 


(14) 


The important result given by Eq. (13) shows that in 
the adiabatic limit the transition rate from a state ¢, at 
i= — © toa state ¢, at any finite time ¢, is independent 
of the time ¢, and that transitions take place only 
between states which conserve energy. The usefulness 
of the results given above depends on the convergence 
of the power series in Eq. (14) which defines T,». 

We now note that we may write 


Tas= (a, Vest) (15) 


in which 


¥ot=lim po(e); €>0, (16) 
«0 


and 


1 
¥0(€)=¢s+———_Vp(6), (17) 


Mb te— Hy 


with e>0. To see that Eqs. (15) and (16) give the same 
result for T,, as Eqs. (9) and (14) do, we solve Eq. (17) 
for Yo(e) by iteration and substitute into Eq. (15), 
obtaining a power series of exactly the same form as 
Eq. (14) except that the imaginary part of the energy 
denominator, (n—1)a, in Eq. (9) is replaced by e. This 
makes no difference in the limit as a and ¢ approach zero 
since, in an integral such as Eq. (9), the limit as a—0 
implies that the integral over the energy is to be calcu- 
lated as a principal value, minus wi multiplied by the 
residue at the point where energy is conserved. It is, of 
course, necessary that the limit as a—0 of the series 
Eq. (14) converge to the same value as the limit as e-0 
of the series obtained by iteration of Eq. (17) in Eq. (15) 
in order that Eqs. (14) and (15) give the same result. 

The important Eq. (17) is the basis of the stationary 
method of solving scattering (Lippman and Schwinger’) 
and reaction problems. 
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IIL THE BEHAVIOR OF WAVE FUNCTIONS ON THE 
ADIABATIC TURNING ON OF THE INTERACTION 

In this section we will show that if one starts a system 
in the state ¢, at ‘= — © under the action of the hamil- 
tonian given by Eq. (1) and in the limit as a—0 it will 
be in the state ¥,*+ at any finite time. To prove® this we 
write the solution to the Schroedinger equation of mo- 
tion, Eq. (4), in the form 


v= f dNebs(t)¥et(at) exp(—iEt/h), (18) 


in which 
vat (at) = lim Wa(at, €), (19) 


and 
eatlh 


Yelat, €)= ¢-+——— 
E H 


atTté— io 


Vya(at, €). (20) 
In writing Eq. (18) as a solution of Eq. (4) it is assumed 
that the functions ¥,*+(at) form a complete set. If we 
differentiate Eq. (20) with respect to time and take ¢. 
to be time independent we obtain 


aentlh 
E.tie— H(t) 


a relation which will use later. Applying Eqs. (1) and 
(4) to Eq. (18) gives 


ihba(t)= f dN sbo(t)(Vet(at), vst (at) 
Xexpli(E.—E»)t/h]. (22) 


In the derivation of Eq. (22) the assumption is made 
that (¥.t(at), ¥s+(at))= 14s, an assertion which will be 
proved later provided certain conditions are satisfied. 
Integrating Eq. (22) with respect to time gives 


Polat, €) = Vy¥.(al, €) , (2 1 ) 


ba(t)=b.— (é/h) f at f AN dult’)(Va*(at’), ¥s*(at’)) 


Xexp(i(E.—Es)t’/h), (23) 
in which 6,’ is the initial value of b(t) at t= — ©. Using 
Eq. (21) in Eq. (23) and integrating by parts with 
respect to time 





: ad N ybo(t)(Wat (at), Vpot(at)) 
b,(t)=5,°+lim 
0S [E,—E,+ia][E,—E.+ie] 
Xexp{[i(E.—Es)+a}s/h} 
adN ‘ 
= lim f . f dt’ 
«0 (E.— E,t+ia][E,— E,+ie] 4. 
Xexp{[i(E.— Es)+a}'/h} 
x {Lat (at), Vut(at’)) 
+(or(at’), Vpst(at’)) a(t’) 
+(at(at’), Vist (at’))bo(t’)}. (24) 
5 If the series solution Eq. (8) of Eq. (7) converges to a solution 


pi Eq. (7) one can then prove the adiabatic hypothesis as stated 
above. 
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We now note that the integration over the state ¢» 
in Eq. (24) of both the second and third terms involves 
an integration over the energy EZ, of the form 


lim f ad Ef(E, «, €)/C(E-+ia)(E+ie]. (25) 


In the limit as a—0 integrals of the form Eq. (25) 
vanish provided the integral exists for finite a and e 
and provided f(E£, 0, 0) is regular at E=0. For expres- 
sions of the form Eq. (25) to vanish in the limit a—0 and 
«—0 it is necessary that both a and ¢ have the same sign. 
We thus see that if the time integral in the third term 
is bounded as a function of @ then in the limit as a—0, 
b,(t)—>b.°. This shows that, subject to the boundedness 
condition above, as an interaction is turned on adia- 
batically an initial state ¢. at /=— © changes in the 
course of time into the state ¥,* which is a linear com- 
bination of the initial state plus outgoing waves. 


IV. THE IRRELEVANCE OF THE ADIABATIC 
HYPOTHESIS 


The important and well-known result which is re- 
stated in this paper is the transition rate from the state 
$, at i= — © to the state ¢, at a finite time as given by 
Eq. (13) in terms of the matrix element T,, as it is 
determined by Eqs. (15), (16), and (17). The function 
of the adiabatic hypothesis was to insure that the system 
would be in the state y,* at a finite time if it started in 
the state @, at ‘= — ©. The use of the adiabatic process 
may, however, be completely circumvented by imposing 
the appropriate boundary condition at a finite time. 

We will suppose that the system is in the state 
¥»(e) at =0 with Po(e) given by Eq. (17) and calculate 
the transition rate to the state ¢, at any finite time in 
the limit as «0. We now drop the time dependent 
factor exp(at/h) from the hamiltonian Eq. (1). If the 
system is in the state ys(e) at =0, then at other time ¢, 
it will be in the state 


Vole, ) =e hy,(e). 


The rate of transition from the state y,(e, ¢) to the 
state a is 


(26) 


Warl€, t) ” 


d 
- | (Pa, eM (e)) |? 


=— (i/h) (oa, pole, t))* 


X (ba, Hoole, #))+c.c., (27) 


in which 
H,=H-E,. (28) 
We will now show that 


lim Ware, t) =Wad, (29) 
«0 


HARTLAND S. 


SNYDER 


with wa» given by Eq. (13). According to Eq. (17) 


Hyn(€) =ie(Wo(€) — dr). (30) 
Define 
Sole, ) =exp(iEst/h)po(e, t)=exp(—iHot/h)yr(e). (31) 


Differentiating Eq. (31) with respect to time and using 
Eq. (30) one obtains 


Sole, ) = —(i/h) exp(—iH t/h) Hole) 
= (¢/h) fole, t)—(€/h) exp(—iHot/h)dv. (32) 
The solution of differential Eq. (32) subject to the 
boundary condition f,(e, 0) =y2(e) gives 
fole, =e!*) Pole) 


ft [1—exp(—i(H,— ie)t/h)) 
o> 


H,—te 





(33) 


Substituting the relation given in Eq. (33) into Eq. 
(27) and using Eqs. (30) and (17) one obtains 


War(€, t) =u (6. got V v2(e) 


E,—E, +ie 





[1—exp(—iLH,—ie]t/h)] \* 
Hi : 6s) 
Hy 1€ 
to Ea ni es i’ J Yr(©) 

Eqtte 
[1—exp(—iLH,—ie}t/h)] 
H,- ie 





Hos) +e 


=cut ‘Lael (da, Vibo(e))*(ba, Vyo() ] 


2 


——— Pe a(e 2 
+i, E)*b< 5| or Voo(e))| 


($a, Vyo(e))* 
Pe 
E,—E.—te 





: 1—exp(—i(H,—ie)t/h) 
Ri ie 6. 
H,—ie 


6s) ) 
X (Ga, [1—exp(—i(H»—ie)t/h) LH s/(Ho—ie) ]bs) 


: ( [1—exp(—i(H,—ie)t/h)] \* 
—te! da, . 6s) 
H,—te 





1 
* (+. BoE (0 )+ee.]} ara (34) 
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In the limit as e—0, Eq. (34) gives 


Was= (24/h)5(Ea— Es) | (ba, Vor) |? 
+(2/h)1a» Im(¢a, Vet), (35) 


provided the matrix elements (¢., V~s+) = Tas are con- 
tinuous functions of the states ¢, and ¢», and provided 
the matrix elements 

(a, ((1—exp(—iLH.— ie }t/h) )/[Ho— ie) 0) 
and (36) 
($a, [1 —exp(— iLHo— ie }t/h) ]o»), 
are bounded as e—0. The matrix elements in Eq. (36) 
will, in fact, be bounded unless the operator H is 
pathological since the first of these is the time integral 
of unitary operator and second is the difference of two 
unitary operators. Thus, the validity of Eq. (29) is 
proven. The valuable relations 


d 
ff erraoase t) ” we t), vole, t)) =0 


farsa =( 


are here the immediate consequence of the fact that 
¢x(e, t) satisfies the Schroedinger equation of motion 
(Eq. (4)]. 

We now give an independent derivation of the second 
of the relations given in Eq. (37). Defining the operator 
T(e) by the equation 


T(€)da= Vale), 


we may write Eq. (17) in the form, 


(37) 


(38) 


Wale) = dat T(€)oa. (39) 


E,tie— Ho 
From Eq. (30) we see that y,* is a solution of the her- 
mitian eigenvalue problem 

Hyat=EaWa*, (40) 
from which we may infer that 


lim (Ya(e), ¥o(e))=0; Lax Eo. (41) 
«0 


Calculating (Wa(e), Yo(€)) by Eq. (39) we obtain 


1 
(Wale), o(e)) = last eae —Tsa*(e)] 
1 


+ [ aNT.*(0T alo 
E.—E.+ 2ie 





} @ 


1 
x| - 
E,—E,—te E.—E,tie 


f-MATRIX 
In the limit as e+, Eq. (42) yields 


Wel Wolter] : - ri(E.—E,)| 


“p a 


x {Ts To.*+ p fav elec” Bea 


1 1 
x ( — )+ wi dN.T..*T. ) 
E.—E, E.— Ea 


X[K. Bo) + HE. E,)]}. (43) 


Equations (41) and (43) give 


1 1 
= * T bat + pf avet.T. b PR a =) 
E.—-E, E.—E, 


+ri f dN .T.a*T ol 5(E.— Ex) +5(E.—E.)]=0 (44) 


for E,~E,. If, however, T,» is a continuous function of 
the states ¢, and ¢», then Eq. (44) must also hold for 
E,= E,. Thus, Eq. (44) gives, for a:=5, 


(20/h) f dN .8(E~—E,)|Teal?-+(2/h) ImT.a=0, (45) 


which is the explicit expression for the second of 
Eq. (47). 
Substitution of Eq. (44) in Eq. (43) gives the rela- 
tionship 
(Wat, Wot) = Las, (46) 


which was assumed in the derivation of Eq. (22). 
V. CONNECTION WITH THE S-MATRIX 


The results given in this paper are related to the more 
conventional forms! of the Heisenberg S-matrix theory 


in accordance with the following definitions: 
Tao= — 2rid(E.— Ey) Tas (47) 

and 
S=1+T. (48) 


The S-matrix defined by the relations given in Eqs. 
(47) and (48) can be shown to be left unitary by using 
Eq. (44) as follows: 


(S'S) a6= 1ast+Tast+Tas'+(T'T) as 
= 1,,—27i15(E,— E,)(T.s—T.*) 
+4at f aN Teg Ted(E.— EES E.) 
(49) 
= last 2r5(E.— E>) [Tas— Too* )/i 


+28 [aN T'Tosi(E.—E,) 
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The proof that SSt=1 required additional relations 
which will be developed now. If we calculate 


& o(e) as T ba" (€) 


1 1 
--|(t+ ]ross)} 
E,—ie—Ho E,tte— Ho 


or (SO) 
Tav(e) 7 Toa*(€) + fan cl ca*(€)T co(€) 








1 1 
xX _ =(. 
E.—E,—te E.—Eqtie 
We first note that in the limit as e-0, Eq. (SO) re- 
duces to Eq. (44) and thus gives an independent proof 


of Eq. (44). We further note that Eq. (50) is also valid 
for negative ¢, from which we get, for e>0, 


T.s(—)—Ta(—0+ f dN Tee*(—6)Tes(— 6) 


(51) 





1 1 
| [no 
E.—Evtie E,—Ea—ie 
Another needed relation follows from 
(Wa(—e), Vole) 
1 

——_T()¢s) (52) 
E 


otie— Ho 


ng Toat(— 6)+ (1- €)pa, 


T(06s), 


E.tie—Ho 


=T.s(+(T-06s 


from which one sees that 
T.s(e)=Tra*(—e), (53) 


if E,=E». We now calculate (SSt)a» using Eqs. (47), 
(48), (51), and (53); 


(SSt)as= las— 2rid(Eg— E>) (Tar— To0*) 
tat f aN ToT a*6(Ea— E)O(Es— E. 
= les +275(E,— Ep) lim {(t.t(—-9)—Ta(-9Vi 


(54) 
— xf an-t.m(- €)T.o(—€) 





1 1 
*| aI 
E.—Eytie E.—Eq—ie 


= 1,5. 


In deriving the above relationship we use the fact that, 
for all relevant matrix elements of T45(€) and Ty.*(—€), 
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E.= Ep, hence Eq. (53) holds, and the principal parts in 
the integral contained in Eq. (54) vanish. 


VI. REMARKS 


Although these results appear generally valid, severe 
restrictions must be placed on the interaction energy, V, 
for some of the conclusions to hold. One of the most 
limiting of these assumptions, that the functions ¥.* 
constitute a complete set, was utilized in proving the 
adiabatic theorem. For example, the functions y4* will 
not form a complete set when the operator Hp has only a 
continuous spectrum, and H(f) has the same continuous 
spectrum as H, plus additional discrete eigenvalues. 

We will show that completeness here is a necessary 
condition for the adiabatic hypothesis to hold. If the 
system starts in the state ¢, at = — ©, then under the 
action of the hamiltonian, Eq. (1), at time ¢, it will be 
in the state 

v(t, a)= U(t, a)do, (55) 


in which U(t,a) is a unitary operator (i.e., UtU 
UUt=1). Since U(t, a) is a unitary operator, the set of 
states y(t, a) is complete. Thus we see that in the limit 
as a—0 the set of states ¢,(t, a) (if they approach a limit) 
will approach a complete set and, therefore, cannot 
approach the set of states Wz", if the set of states ¥,* is 
not complete. The same argument leads us to conclude 
that in the limit as a—0 the states y(t, a) will not 
approach stationary states® unless the set of states y,* 
is complete. 

The fact that the limit as a—0 of y(t, a) differs from 
¥z* does not prove that a transition rate calculated by 


d 
Wap=lim — (a; V(t, a)) | ef (56) 
a—0 dt 


will differ from the transition rate as given by 


d 
Warp—lim —| (da, e~#“apo(e))|?. (57) 
«0 dt 


We have, however, not succeeded in obtaining a proof 
of the equivalence of Eqs. (56) and (57) except when ex- 
pression (12) approaches Eq. (13) in the limit a—0 and 
the series of Eq. (14) has the limiting value (¢., Vs), 
nor have we proven that Eqs. (56) and (57) will not 
give the same result if the functions ¥,* do not consti- 
tute a complete set. We have merely noted that if one 
could show that 


lim oll, a) =exp(—i£et/h)yst 
+> Cadn exp(—7£,t/h), (58) 


in which ¢, are the discrete eigenfunctions of H and the 


*In the paper of en and Schwinger, an essential step 
in the development of the transition rate formula [Eq. (1.72) ] was 
an assumption equivalent to the requirement that the states 
¥o(t, a) approach stationary states in the limit as a—0, and con- 
sequently that the states ¥* form a complete set. 
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C, are appropriate constants, then one could demon- 
strate the equivalence of Eqs. (56) and (57). 

Another difficulty is demonstrating rigorously the 
equivalence between the S-matrix as it is defined by 
Eqs. (47) and (48) of the stationary method, and its 
definition as a unitary matrix describing the state of the 
system at ‘= in terms of the state at ‘=— ©; i.e., 
¥(©)=Sy(—«). Actually, the important conclusions 
of this paper do not depend on a demonstration of the 
equivalence of these two definitions of the S-matrices. 
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However, many recent works in field theory have, in 
effect, depended on the assumption of the equivalence 
of these two definitions and it would be worthwhile to 
find a mathematically satisfactory demonstration of the 
equivalence. 

The author wishes to express his hearty appreciation 
to David A. Kleinman, George A. Snow, Edward J. 
Kelly, and Maurice Neuman for many helpful discus- 
sions and criticisms which occurred during the course of 
this work. 
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Imprisonment of Resonance Radiation in Gases. II 


T. Hoste 
Westinghouse Research Laboratcries, East Pittsburgh, Pennsylvania 
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This paper is a continuation of an earlier paper which treated the decay of resonance radiation in optically 
excited gases for the case of doppler-broadened radiation in plane-parallel enclosures. The treatment is 
here extended to a second type of enclosure geometry—-infinite cylinders—and to a variety of spectral 


line shapes. 


1. INTRODUCTION 


HE phenomenon of imprisonment of resonance 

radiation in gases owes its existence to the 
selective absorbability of resonance lines by normal 
atoms of the emitting gas. Over a wide range of gas 
density this absorbability is so high that a resonance 
quantum emitted in the interior of a gas-filled enclosure 
has but a small chance of reaching the walls; hence, the 
eventual escape of a unit of atomic excitation energy 
from the enclosure generally takes place only after a 
large number of repeated emissions and absorptions. 
Under these conditions the radiation is said to be 
“imprisoned.” 

Perhaps the most direct way in which imprisonment 
manifests itself is in decay experiments with optically 
excited gases. In this type of experiment an enclosure 
of gas is irradiated with a beam of resonance radiation, 
which serves to excite some of the gas atoms to a given 
resonance state. The incident beam is then abruptly 
cut off, and the intensity of diffuse radiation, which is 
proportional to the concentration of atoms in the 
resonance state, is measured as a function of time. One 
observes essentially an exponential decay of the form 
e-79t, where 1/y is the radiative lifetime of an isolated 
atom and g, the “escape factor,” is a dimensionless 
quantity characteristic of the imprisonment process. 
The quantity g may be regarded as the reciprocal of 
the number of emission and absorptions of an individual 
unit of atomic excitation prior to its escape from the 
enclosure. 

In an experiment on the decay of the 6*P; mercury 
resonance state, which combines optically with the 


ground state to emit the 2537A resonance line, Zeman- 
sky! observed values of g as low as 10-*. The quantity 
g was also found to depend both on vapor density and 
enclosure geometry. 

A theoretical study? of the decay problem was 
recently carried out by the author of the present paper. 
It was shown that g depends not only upon vapor 
density and enclosure geometry but also upon the shape 
of the resonance line. In particular, for an enclosure of 
the form of an infinite slab of thickness Z and for a 
doppler-broadened resonance line, the following expres- 
sion for g was obtained: 


g=1.875/[koL(x loghkoL)#), 


where kp is the absorption coefficient at the center of 
the resonance line. ho, itself, is specified* in terms of the 
parameters of the system: gas density, gas temperature, 
wavelength of the line, and lifetime of the resonance 
state. 

More recently,‘ measurements of the imprisonment 
of resonance radiation in mercury vapor over a wide 
range of vapor density were carried out at the Westing- 
house Research Laboratories. In the region of density 
for which g had been evaluated—the doppler-broaden- 
ing region—the agreement between theory and experi- 
ment was quite satisfactory. 

1M. W. Zemansky, Phys. Rev. 29, 513 (1927). 

*T. mpg Phys. Rev. 72, 1212 (1947), to be referred to 

ter as “ ” 

+A. C. G. Mitchell and M. W. Zemansky, Resonance Radiation 
and Excited Atoms (The Macmillan y, New York, 1934) 
(to be referred to hereafter as “MZ”’) ter III, pp. 99-100 
and Eq. (35). 

* Alpert, McCoubrey, and Holstein, Phys. Rev. 76, 1257 (1949). 


(1.1) 
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In the course of preparation for these and other 
experiments to follow, calculations of g were performed 
for a second type of enclosure geometry—the infinite 
cylinder—and for a variety of spectral line shapes. 
These extensions of the theory constitute the subject 
matter of the present paper. 


2. GENERAL METHOD 


We present here a brief outline of the approach 
developed in I for the treatment of imprisonment 
phenomena with special emphasis on the decay problem. 

The radiative transport of resonance excitation is 
formulated in terms of a Boltzmann-type integro- 
differential equation for the density of excited atoms, 


n(r): 
an(r)/dt=—yn(e)+7 f n(v’)G(r’, r)dr’. (2.1) 


In (2.1) the integration goes over all volume elements, 
dr’, of the enclosure. G(r’,r), which represents the 
probability of radiation emitted at a point r’ being 
absorbed in a unit volume element around the point r, 
is given by the expression, 


G(r’, r)= —(1/4p*)(8T/dp), (2.2) 


where p=|r’—r|, and J(p) is the probability of a 
resonance quantum traversing a distance p without 
being absorbed. 

In evaluation of T(p) it is necessary to take account 
of the rapid frequency variation of the absorption 
coefficient, k(v), in the neighborhood of resonance. 
Denoting by P(v) the frequency spectrum of the radia- 
tion emitted from a given volume element, we have for 
T(p) the general expression, 


T(p)= f Po)eHrdr, (2.3) 


In the Appendix of Part I it is shown that the propor- 
tionality relation, 


P(v)« k(v), (2.4) 


may be used when the shape of the resonance line is 
determined by either doppler- or pressure-broadening ; 
in the latter case, it was assumed that k(v) is given by 
the dispersion formula, 


k(v) < 1/(1+[44(v—v0)/vpP), 


where y, is proportional to the vapor density. In the 
present paper Eq. (2.4) will be assumed to hold for 
other types of pressure broadening; this extension is 
discussed in Appendix A. 

The constant of proportionality in (2.4) is readily 
determined from the “integral absorption” relation, 


(2.5) 


(2.6) 


f k(v)dv= (AgtN /Sx)(g0/g1)7, 


[see MZ pp. 95-96, Eq. (28); I, Eq. (2.5)] and from 
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the normalization requirement on P(v): /-P(v)dy=1. 
Thus, 
k(v)=«P(v)=(Ac®N/8x)(g2/gi)yP(»), (2.7) 


where Ao is the wavelength at the center of the resonance 
line, N is the vapor density, and go, g, are the statistical 
weights of excited and ground states. Inserting Eq. 
(2.7) into Eq. (2.3), we readily evaluate T(p) and, 
hence, G(r’, r) for various line shapes. 

The general solution of Eq. (2.1) may be written as 
a sum of product solutions of the form, 


n,(re19%, 


each of which satisfies an equation of the type, 


(1—gdmdn)= f G(r, v)nde)dr’. (28) 


As is discussed in I, the g’s form a discrete positive- 
definite set of numbers; hence, after a sufficiently long 
time, only the “fundamental mode,” with the lowest 
eigenvalue, is observed experimentally. 

The evaluation of g and n(r) for the fundamental 
mode may be achieved approximately by the Ritz 
variational method; the general procedure and its use 
in the derivation of Eq. (1.1) are presented in I. 


3. LINE SHAPES FOR DOPPLER- AND 
PRESSURE-BROADENING 


In this section we present a brief survey of the 
frequency variation of k(v) for the cases of doppler- 
and pressure-broadening. 


A. Doppler-Broadening 
k(v) is given by the relation, 
k(v) = ko exp[—((v—v0)/v0)*(c/v0)*]. (3.1) 


In Eq. (3.1), vo is the resonance frequency of an atom 
at rest, t9o= (2k7/M atom)! and hp is given by the relation 
CI, Eq. (2.10)], 

eV Ss. 7 


»=—- —- — 


= ; (3.2) 
8x g1 1 v9 


B. Pressure-Broadening 


We include in our discussion two kinds of broadening: 
self-broadening (due to the interaction of an absorbing 
atom with others of the same kind) and foreign gas 
broadening. In the latter case, we assume that the 
foreign gas does not quench the resonance excitation of 
the absorbing atoms by collisions of the second kind. 

As was stated in I, pressure broadening can often be 
represented by the dispersion distribution, which in its 
most general form reads :° 


k(v)=kp/{1+[42(v— vo—By)/Yp}}. 


5H. M. Foley, Phys. Rev. 69, 616 (1946); E. Lindholm, Arkiv. 
Mat. Astron. Fysik. 32A, No. 17 (1945). 


(3.3) 
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Here 8, and +, are directly proportional to the density, 
N’, of the broadening agent. (For self-broadening 
N'=N.) k, is obtained from Eq. (2.6); thus, 


oN go ¥ 
k,=—— — —. (3.4) 
2m £1 Yp 


In discussing Eq. (3.3) we first point out that this 
line shape is generally unobservable in the immediate 
core of the line because of doppler-broadening. How- 
ever, as shown in MZ, Appendix I, for frequencies 
whose distance Av from the center of the line is large 
compared to vovo/c, effects of doppler-broadening may 
be ignored ; for such frequencies, since y, (as well as 8») 
is generally small compared to vovo/co, Eq. (3.3) takes 
the simple form, 


k(v) =k, y2/{42(v—vo—Bp)} P. (3.3’) 


In the case of self-broadening 8, is zero,' i.e., there 
is no frequency shift. Foreign gas broadening, on the 
other hand, usually produces a negative shift. 

Deviations from the dispersion distribution occur at 
high pressures and for large Av. According to Spitzer® 
these deviations first become appreciable when 


Av>~ (1/22) (0"/C,)"/"-. (3.5) 


Here, v is the average velocity of perturbing atoms 
relative to absorbing atoms; C, and m are defined in 
terms of an assumed interaction law according to which 
the presence of a perturbing atom at a distance R from 
an absorbing atom, produces a change in the absorption 
frequency, 

Av,=C,/R*. (3.6) 


(The C, of Eq. (3.6) is essentially equal to Spitzer’s 
interaction constant, g, divided by A; it is not to be 
confused with the C, of his equation, which is a dimen- 
sionless quantity of the order of magnitude unity.) 

Another condition for the validity of the dispersion 
formula is that the mean free time between collisions 
be large compared to the time of a collision. This means 
that for the major fraction of time the absorption 
frequency of a given absorbing atom is negligibly 
perturbed. At high pressures such that the mean free 
time between collisions is so short that the absorption 
frequency is continually perturbed, the dispersion 
formula breaks down. 

At high pressures or for Av larger than (3.5), pressure 
broadening is customarily treated from the standpoint 
of the statistical theory. The basic premise of this theory 
may be stated as follows. The system of absorbing 
atom plus perturbers possesses at any time / an instan- 
taneous absorption frequency v(t) equal to » plus 
frequency perturbations of the type (3.6). For a speci- 
fied sequence of collisions of a given type, »(é) is a 
known function of time. The statistical theory assumes 
that the absorption coefficient &(v) is proportional to 


* Lyman Spitzer, Jr., Phys. Rev. 58, 348 (1940). 
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that fraction of an arbitrarily large time interval, 7, 
for which »(¢) is contained between v and »+dr. Since 
an arbitrarily large number of collisions take place in 
time 7, the general principles of statistical mechanics 
permit us to equate the defined time fraction to the 
probability of occurrence, H(v)dv, of those configura- 
tions of absorbing and perturbing atoms for which the 
absorption frequency lies between v and v+-dy. Further- 
more, since H(v) is by definition a normalized proba- 
bility function, i.e., f H(v)dv, we must have 

P(v)=H(»), (3.7) 
since P(v) is similarly normalized. The constant of 
proportionality between k(v) and H(v) is then the same 
as that of (2.7). 

In simple applications of the statistical theory, one 
customarily assumes a frequency perturbation of the 
form (3.6); the following expressions for P(v) and 
k(v) are then readily obtained.’ 


P(v)= (42N’/n)C,¥"/(Av)/"*, 
Ae? g2 yNN' 
k(v) = xP(v)=— — ——— 


gi: 1 


(3.8) 


C,2/* 
(Av)/9+1 


(3.9) 


In a more exact treatment it is necessary to take 
account of the degeneracy of excited or ground states, 
which is always present in an actual case. The approach 
of a perturbing atom then entails not only a shift, but 
also a splitting of the absorption frequency. Hence, 
Eq. (3.6) must be replaced by a system of equations, 

Av,=C,/R*, (3.6’) 
where s takes on a number of values equal to the 
multiplicity of the splitting. The statistical analysis 
then yields for P(v) and k(v) expressions of the form 
(3.8) and (3.9) wherein the interaction constant C, is 
replaced by a more complicated term involving the 
C,. In the derivation of (3.8) and (3.9) it is further 
assumed that binary collisions are alone of significance. 
As shown by Kuhn,’ this condition is fulfilled for 
sufficiently large Ay, i.e., in the wings of a spectral line. 
The treatment of the present paper is restricted to this 
case. 

In practice, two types of interaction are of special 
importance: 

1. Dipole-dipole interaction—This interaction exists 
when the colliding atoms are of the same kind, i.e., in 
the case of self-broadening. The resultant frequency 
perturbation is of the form, 


Av,=C;/R°. (3.10) 
Inserting Eq. (3.10) into Eqs. (3.8) and (3.9), we obtain 
P(v) = (4eN/3)[Cs/(Av)*] (3.11) 

de? £2 Cs 


k(v)=— 3 
Ta Ue 


7H. Kuhn, Phil. Mag. 18, 987 (1934) ; Proc. Roy. Soc. (London) 
A158, 212 (1937). 


(3.12) 











1162 


We note that Eq. (3.12) exhibits the same dependence 
on Av and N as the dispersion formula (3.3’) (with 
8,=0). Furthermore, a treatment taking into account 
the degeneracy of excited and ground states, as outlined, 
shows (see a forthcoming paper by the present author®) 
that P(v) and k(v) are symmetrical with respect to the 
sign of the frequency deviation, Av. Finally, as has 
already been demonstrated by Margenau and Watson,’ 
the magnitudes of Eqs. (3.3’) and (3.12) are of the 
same order. Thus, in the case of self-broadening, we 
may expect the dispersion distribution to be valid for 
Av much larger than the limit set by Spitzer’s criterion 
(3.5), at least as long as the interaction is predominantly 
dipole-dipole in character. 

2. Van der waals interaction.—This interaction, which 
gives a frequency perturbation of the form, 


vp=Co/R®, 


represents the first term on the expansion, in powers of 
1/R, of the interaction between unlike atoms. For this 
case,Eqs. (3.8) and (3.9) give 


P(v)=3aN'C,}/(Av)!, 
Ao? 82 yNN'C,! 


ae lag ee 


(3.13) 


(3.14) 


(3.15) 


In contrast to the dipole-dipole case, the more exact 
analysis involving degeneracy considerations shows that 
P(v) and k(v) are asymmetrical with respect to the 
sign of Av. Usually this asymmetry takes the form of 
enhanced intensity on the red side of the unperturbed 
frequency.” 

Finally, it should be mentioned that in some cases of 
self-broadening in which the dipole-dipole interaction is 
weak to begin with, terms in higher powers of 1/R, such 
as the van der waals 1/R* term, may predominate for 
close approaches, which in the statistical theory deter- 
mine the line shape at large Av. Thus, Kuhn” finds 
that at 0.6A from the center of the 2537A mercury 
resonance line, on the red side, 


k(v) « (Av)-3, 


whereas, on the violet side, k(v) drops off with increasing 
Av much faster than the dispersion distribution. On 
the other hand, Gregory" finds that the self-broadening 
of each of the lines of the principal caesium doublet 
obeys the dispersion formula out to at least 20A from 
the line center. 

The difference between these two cases may be 
understood” in terms of the magnitude of the dipole- 


dipole interaction, which is directly proportional to the 


* T. Holstein, Phys. Rev. 76, 457 (1949) oe ee 

oak Margenau and W. Watson, Revs. Modern Phys. 8, 22 
(1 

% R. Minkowski, Z. Physik _ 731 (1935), H. Kuhn, Proc. 
Roy. Soc. (L ondon) A158, 230 37). 

ti Chris Gregory, Phys. —, OL 465 (1942). 

2 V. Weisskopf, Physik Z. 34, 1 (1933). 
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oscillator strength, /, of the resonance line. In the case 
of Hg 2537A, f=0.029, whereas for the D, and D, 
lines of Cs, f=0.33 and 0.67, respectively. 


4. TRANSMISSION OF DOPPLER AND PRESSURE 
BROADENED RESONANCE RADIATION 

The formulas which we obtain in this section for the 
transmission probability, T(p), hold only for p large 
enough so that the core of the resonance line is quite 
thoroughly absorbed out; the main contribution to 
(2.3) is then contained in the wings of the line. A 
necessary and sufficient condition for the prevalence of 
this situation is 


T(p)<1. (4.1) 


Now, as has been shown in I for doppler-broadening, 
and as will be demonstrated more generally subse- 
quently, the escape factor, g, is related to T(p) by the 
order-of-magnitude equation, 

g~T(d), (4.2) 


where d is the shortest linear dimension of the enclosure. 
Hence, the calculations of this section will apply to 
those cases in which the escape factor, is small compared 
to unity. 


A. Doppler-Broadening 
The expression for T(p), obtained in I, is 
T(p)=1/kop( logkop)! 
where kp is given by (3.2). 


B. Pressure-Broadening 


1. Dispersion distribution—We use here the asym- 
ptotic form (3.3’) valid in the wings of the line. From 
Eqs. (2.7), (3.3’), and (3.4) we have 


4 Yp * 
po)=—| —> | : 
YpL4a(v—vy— By) 


Introducing (3.3’) and (4.4) into (2.3) and transforming 
to a new variable u=42(v—v»— 8,)/7> we obtain 


Ret? 7 i 
T(p)=- f ( -) exp(— kyp/u*)du 
wl» \0 


2 


Ps f exp(—hepy')dy 
0 


T 


(4.4) 


=1/(mkpp)!. (4.5) 

2. Statistical distributions.—We use here the general 
expression (3.8) for P(v). We assume for the sake of 
simplicity that P(y) differs from zero for only one sign 
of Av. (It is immaterial whether we choose this sign 
positive or negative.) Then, changing the variable of 
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integration from Av to P(v), we have 


lap 


4rN’ n/(3-+n) n 
-( ) cuiora(——) 
n 3+n 


x P-n/@tne-«ePgP 
et 


n 4xN’ \ G+» 
-(—)( ) C3/B+n) 
3+n n 


. d(A 
T(p)= f Pe-w?| — 


n 


x(-—) (xp) -¥#@+™ (4.6) 
3+n 


Substituting the explicit expression for « given by (2.7) 
into (4.6), we obtain 


n 4a’ \ G+") n 
(ENV om (se) 
3+n n 3+n 


AeN £2 3/(3+n) 
eo, 
tg £1 





T(p)= 


T(p) < N/m G+ / N38 C+n) 93/840 : (4.7) 


For the purposes of the next section, in which we 
calculate escape factors for all these cases, we express 
T(p) in the general asymptotic form, 


T(p)=an/p"; O<mSl, (4.8) 


where @,, is a function of N, NV’, and atomic constants. 
Equation (4.8) embraces all the pressure-broadening 
cases discussed here. In the case of doppler-broadening, 
the presence of the logarithmic term in (4.3) does not 
permit an exact representation of T() by (4.8). How- 
ever, as we have already observed in I, the logarithmic 
term can, in most instances, be treated as constant; 
for example, in that paper, we replace logkop by log}hoL. 
This approximation will also be used in the present 
paper in the calculations for infinite slabs; in the case 
of cylinders, we replace logkop by logkoR, where R is 
the radius of the cylinder. With these approximations, 
the transmission of doppler-broadened radiation is 
represented by (4.8) with m=1. 


5. ESCAPE FACTORS FOR DOPPLER- AND PRESSURE- 
BROADENED RADIATION IN INFINITE 
SLABS AND CYLINDERS 


In this section we employ the variational method 
described in I to calculate the escape factor,~g. The 
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variational expression for g reads [see I, Eq. (3.11) ]: 


f n*(r)E(r)dr+4 f f [n(r)—n(r’) PG(e, r’)drdr’ 


g= ——— 


f n*(r)dr 


E(r)=1- foe r’)dr’. 








(S.1) 
(S.2) 


The problem is to find the minimum value of g and the 
function n(r) for which this minimum is obtained. 


A. Infinite Slab 


We choose a cartesian system of coordinates whose z 
axis is perpendicular to the slab; the origin is chosen so 
that the plane s=0 bisects the region. We assume that 
n(r) is a function of z alone; it is then possible to effect 
a considerable simplification in Eq. (5.1) by integrating 
over the other two variables, x and y. 

The quantities which have to be evaluated are 
S G(r, r’)dx'dy’ and E(r). From (2.2) and (4.8) we have 


G(r, r’)=man/4ap"*', (5.3) 
where p= |r—r’|. We then obtain 
G(r, r’)dx’dy’ 
Mm - dx'dy’ 
: shee (y—y/)*+ (e—2")P 072 





Mam 1 


= ; (5.4) 
2(m+1) |z—2’|"* 
The calculation of E(r) is not to be performed by a 
direct evaluation of G(r, r’)dr’, since important con- 
tributions to the latter integral occur for small values 
of p, for which the asymptotic expression (5.3) is not 
valid. One gets around this difficulty by observing that 
the integral of G(r, r’) over an infinite region is unity ; 
this follows from the definition of G(r, r’) given in the 
text after Eq. (2.1) as well as from (2.2). We then 

immediately obtain 
Bie)= f G(r, r’)dr’, (5.5) 

Ext 
where the subscript “Ext” denotes integration over all 
volume elements outside the gas enclosure. In the 
plane case 


MO m oe —L ds’ 
pe a. cone f — | 
2(m+1)L 44, |s—2'| "+ aa ses [ert 


ain 1 1 | 


rn ———--+ nenenienihinatenaanenret 


~ Um+i)k(GL—2)" Lbs)” 
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where L is the thickness of the slab. Substituting Eqs. 
(5.5) and (5.6) into Eq. (5.1) and introducing the 
variable, 

§=2/L, (5.7) 


we obtain 





“| : +a 


a : 
eal. ge 
Fed Vt! a ede VS. n*()dt (5.8) 


where 


2m? = 2dm/(1+m)L”. (5.8a) 
(The superscript “P’’ denotes “plane case” as con- 
tracted with the superscript “C”’ to be used later to 
denote “cylindrical case.”’) 

We now have to consider the type of function to be 
used for (£) in the variational calculation of g. In I 
we found that results good to a few percent can be 


TABLE I. go, g, and go: in units of am/L™ for typical values of m. 








$ 4 1 
1.125 ‘ % 


1.875 
1.875 


1.085 


1.077 1.150 








expected for the two parameter “parabolic” function 
noi(£) = aono(£) = ayn, (£) 
=dy+ai(i—#). 
Introducing (5.9) into (5.8), we obtain 
8/8mP?=a= LY aajKy?/ YL aajHy? (5.10) 


i,7=0,1 i,7=0,1 
where 


1 +1 3 4 
K,?=—— i i + 
— f mo ha mero 


sf [ns()— mae) IEms(8)—ny()) 
Sf \g—e/| sah 


(5.9) 








ne m 4 
(5.11a) 


(5.11b) 


+1 
Hi? = f n(é)nj(8)d8. 
1 


The Ritz variational procedure consists in minimizing 
g with respect to arbitrary variations in the aj, i.e., 


0g/da;=0; i=0,1. (5.12) 
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Equation (5.12) yields two homogeneous equations for 
the a; 
(Koo— aH) do+(Ku—aH)a,=0 


(Koi— @Ho1)a0+ (Kur— aH ;;)a,=0 


the nontrivial solution of which requires the vanishing 
of the determinant of the coefficients, i.e., 


—_ aH oo Ku—aHy 


=(. 
|\Ko—a@Hy Kyu—aHy| 


(5.13) 


(5.14) 


From Eq. (5.14) we obtain two values for a, and, hence, 
for g; since we are seeking an absolute minimum, only 
the smaller of these is significant. Once a is known, we 
may obtain a» and a, to within an arbitrary constant 
from (5.13). 

The calculation of the Kj; and H;;” is straight- 
forward.'* The results are: 


Koo? =1/(1—m) Hoo? =2 
Ko,? =4/(2—m)(3—m) Hy? =4/3 
Ky,?=16/(2—m)(3—m)(5—m) Ay,?= 16/15. 


Inserting these expressions into (5.14) and solving for 
a=g/gm" we obtain the “two-parameter” approxima- 
tion to g. 


34m/L"(10—m— m>— m(101—40m-+-2m?+ m!)*] 
(1—m?)(2—m)(3—m)(5—m) 


(5.15) 





£0= 


(5.16) 


One may also calculate “one-parameter” — 
tions, go and g, by taking n(£)= a and n(é)=a,(1—£'), 
respectively. The results are: 


£0= gm? Koo? / Hoo? = am/(1—m?)L™ 
61= 8m? Ku?/Ay? 
=30am/(1-+-m)(2—m)(3—m)(S—m)L™. (5.18) 


In Table I we present the numerical values of go, gi, 
and go: in units of a,,/L™ for m=}, 4, and 1. From 
Table I, it can be seen that g; and go; do not differ by 
more than a few percent. Furthermore, for m=} and 
3, the discrepancy between go and go; does not exceed 
15 percent. We thus see that, with the exception of the 
go for m=1, the one-parameter results are not very 
different from the more accurate two-parameter values; 
hence, it is to be expected that the three-parameter 
function, derived from mo;(£) by the addition of a term 
of the type, e.g., a2(1—£*) will, at best, improve the 
value for g by only a few percent. 

We should point out here that actually go does not 
become infinite for m=1. As shown in I, p. 1220, the 
asymptotic form of T(p) given by (4.8) or (4.3) is not 


(5.17) 


3 The calculation of the double-integral term of K.:? is facili- 
tated by the introduction of new integration variables, w= é+?’, 


v= 4(¢—£'). 
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accurate enough for the evaluation of Koo”. The detailed 
treatment presented in I gives for Koo” the value 
2 logkoL (Eq. (4.7) of I must be multiplied by 4, since 
the mo(&) of the present paper is twice the mo(€) of I). 
Hence, 

£0= Koo? / Hoo? = logkoL. 


The value of ge; is also affected by the modification of 
Koo”. From I, (4.18), we have 


gu=1.875(1- (5.19) 


ros 
logkoL—5/4/" 
which, for typical values of logkoL (~4 to 5), differs 
from the number 1.875, given in Table I, by only a 
few percent. 

Having obtained go:, or a, we may substitute into 
Eq. (5.13) and solve for mo:(é) to within an arbitrary 
constant. With use of (5.15) we obtain a set of values 
for the ratio ao/a, (Table II). The two-parameter 
functions mo:(é) corresponding to these ratios are plotted 
as full curves in Fig. 1; here the arbitrary multiplicative 
constant has been chosen to make m(0) equal to 
unity for all m. . 

As pointed out the correct value of Koo for m=1 is 
2 logkoL instead of infinity. When this correction is 
taken into account, one obtains 

a 3 
—=———_—_—_— (5.20) 
a logkhL—15/8 
which, for a typical value of logkoL, e.g., 5, gives 
Qo/a,=0.12. (5.20’) 


The density function ,(¢) corresponding to (5.20’) is 
represented by the dashed curve of Fig. 1. 


B. Infinite Cylinder 


As in the case of the infinite slab, the starting point 
of the analysis is the variational expression (5.1) for g, 
together with the auxiliary relation (5.5) for E(r). 
Introducing cylindrical coordinates, z, g, and r, with 
—eSsSoa, 0S¢=27, and 0=r=R (the radius of 
the cylinder), we have 


dr=dzda; dr'=dsz'do'’ (5.21) 
where do and do’ are elements of cross-sectional area 
do=rdrdg; do’=rdr'dg’. (5.22) 


In view of the symmetry of the problem, we may take 
n(r) to be a function of the radial coordinate, r, alone. 
The integrations with respect to z and 2’ then proceed 
readily. We have, from (5.3) 


+0 Mim et? dz’ 
f G(r, r)ds'=— f —- 
Ar adi m+3 


—-~ 2 





+ dz’ 
=Mam 
f oe [e+ (s—2’)*}mt92 
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Taste II. The ratio ao/a; for typical values of m. 








m } 4 
Go/a1 0.89 0.31 








with 
g=[r+r—2rr’ cos(y— ¢’) ]}. (5.23) 


Carrying out the integration, we obtain" 


+2 
f G(r, r’)dz’ =C,,/q™** (5.24a) 


(m+-1)! 
"2+" (m+1)/2]! 


Introducing (5.24a) into (5.5), we obtain 


Mam 


(5.24b) 


E(r)= (Cn/q™**)do’ 
Ext 


(5.5’) 


where the subscript “Ext” denotes integration over the 
cross-sectional area exterior to a circle of radius R. 
(When this subscript is absent, the integration is to be 
taken over the area of the circle, itself.) 

From the form of (5.5’) and (5.24a) we see that the 
integrands of all the terms in (5.1) are independent of z; 
hence, integration with respect to this variable may be 
ignored and we obtain 


:-| f f n*(r)(Cu/q™*?)da’de 
Ext 


+} f f [m(e)—n(r)F(Cu/ ar dade’ | 


or fod 


For the variational treatment of (5.1’), we choose for 
n(r) a two-parameter “parabolic” function, 


n(r) = aono(r) + ayn; (r) = ao+a,(1—r2/R*) (5.25) 


| 


(S.1’) 
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TABLE ITIL. go, g1, and go: in units of am/R” for typical values of m. 


m 4 

&o 0.964 
£1 0.893 
S01 0.880 








4 
1.376 
1.143 
1.115 


1 
2 
1.60 
1.60 








and obtain 


LD aajK 6/00 0;H 5° 


i,j=0,1 Fi 


with 


Kiem f f n(r)nr)(Cn/q™*?)do'da 
Ext 


+f [Cntr Ea) m0) 


X(Cn/q™**)dada’ (5.27) 


H;;°= J mornsteiae. (5.28) 


The H,;° are readily obtained; the more tedious evalu- 
ation of the K;,,° is relegated to Appendix B. The 
results may be expressed as follows. If 


sd (l+m)!  (1—m)! 
© B+ Ree [4(1-+-m) J? [1— Im]? 


Ay; = 2R*h,; 


x Gn 





ki; (5.29) 


and 
(5.30) 


we have 
koo= (2—m)/(1—m) Nog =1 
ko, = 4/(4—m) 


ki, = 16/(4—m)(6—m) 


ho =4 


hy 1= }. 

These expressions for the ,; are fully equivalent to the 
appendix relations (6B), (8B), and (13B) for the K;,;°. 
In the text version, the constant C,, has been eliminated 
with use of (5.24b). 

The two-parameter escape factor may now be deter- 
mined by the same variational procedure as was used 
in the plane case. Introducing the notation, 

x (1+m)! (1—m)! ap, 


= (5.32) 
2+ [3(1-+4+-m) ]? [1—4m]! Rm 


we find 


¢ 





[ 24—8m— m*— m(304—96m-+ 16m*+-m')! | 
801 = Sm 2 ae peers 
(1—m)(4—m)(6—m) 


(5.33) 


For the purposes of comparison we give here the 
one-parameter escape factors 


go= Koo®/ Hoo" = gm°(1— 4m ]/(1—m) (5.34) 
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and 


g1= Ky°/H 1° = gm24/(4—m)(6—m). (5.35) 


In Table III we present the numerical values of go, g:, 
and go, in units of a,,/R™ for m= 4, 4, and 1. 


6. SUMMARY OF RESULTS 


In the foregoing sections, the escape factor g has been 
computed for a variety of line shapes and for two 
different enclosure geometries. These results will now 
be summarized. 


A. Doppler-Broadening 


Here 
k(v) = Ro exp[ — { (v—v9)/v0} (c/t0) ] 
where kp is given by (3.2). We have, for plane-parallel 
geometry 


(6.1) 


g=1.875/koL(x logkoL)' (6.2) 
whereas, for the cylindrical case 


g=1.60/koR(x logkaR)!. (6.3) 


B. Impact-Broadening 
ky 
1+[42(v—v—Bp)/vp} 


where &, is given by (3.4). The expressions for g then 
read 





k(v) (6.4) 


g=1.150(rk,L)- 
and 
g=1.115(rk,R)- 


C. Statistical-Broadening 


Starting from the binary interaction law, 


(6.7) 


one obtains 


C jn 
n 


4a’ 


k(v)=k- (6.8) 


n (Ay) {+8/n 


where N and N’ are the densities of absorbing and 
perturbing atoms and where x is given by (2.7). We 
then have for the two geometries, 


34m/L™10—m— m*— m(101—40m+ 2m?+ m')*] 
“if (1—m*)(2—m)(3—m)(5—m) 





(6.9) 
and 
x (1+m)! (1—m)! a, 
oem FAL)! (1— 4m)! R™ 
24—8m— m'— m(304—96m-+- 16m?+ m*)? 


Wace arn nas 
(1—m)(4—m)(6—m) 





. (6.10) 
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In these expressions, m= 3/(3+-n) and, from Eq. (4.6) 


n= (—— \(-= — ) icvare 
3+n 3+n 
4a N’\ 8+” 7 2N gs —8/(B+n) 
x(= ) (= £1 =") 
APPENDIX A 


One of the fundamental assumptions of our theory is the 
proportionality relationship (2.2), 


P(v) « k(»), (1A) 


between the emission spectrum of a given excited atom, P(y), 
and the absorption coefficient &(y). The latter quantity is deter- 
mined by the nature of the absorbing atoms, their thermal motion 
and their interaction with other atoms. The emission spectrum, 
on the other hand, depends not only on atomic parameters, but 
also on the mechanism of excitation. In the case of natural broad- 
ening, for example, excitation of a given atom by a “monochro- 
matic’? beam (whose spectral width is small compared to the 
natural width) produces an emission spectrum identical with that 
of the incident beam. In order to obtain P(») proportional to 
k(v) it is necessary to excite the atom in a “nonresonant” manner. 
This is accomplished either by collisions with material particles— 
atoms, ions, or electrons—or by optical excitation with “white” 
radiation, i.e., radiation whose spectrum is broad compared ti the 
absorption spectrum." 

A similar although less drastic situation prevails in the case of 
doppler-broadening. Here, monochromatic stimulation evokes an 
emission spectrum which, while not itself monochromatic, still 
deviates greatly from the typical doppler absorption line shape. 
As in the natural broadening case, an exact proportionality 
between P(v) and k(v) is obtained only with nonresonant excita- 
tion. Thus, in both cases the emission spectrum depends appreci- 
ably upon the spectrum of the exciting radiation. 

Now, in an imprisonment experiment the excitation agent is the 
imprisoned radiation itself. The latter, in turn, consists of radiation 
emitted by excited atoms throughout the enclosure. The spectrum 
of the exciting radiation is thus not known a priori; its determi- 
nation forms an integral part of the whole imprisonment analysis. 
An analysis of this type for the doppler case and a plane-parallel 
enclosure (of width L) was carried out in Part B of the Appendix 
of I (pp. 1229-1233). It was found that over most of the enclosure 
—exclusive of a small peripheral region—the spectral intensity of 
imprisoned radiation is essentially constant in a domain of fre- 
quencies for which k(v)L>1. Outside this range the intensity 
drops off rapidly to negligibly small values. With a distribution 
of this type for the spectrum of the exciting radiation, P(v) and 
g were calculated. Comparison of the results with (3.1) and (1.1) 
demonstrated the approximate applicability of (1A) to doppler- 
broadened resonance radiation. 

In the case of impact pressure broadening, as was shown in 
Part A of the Appendix of I (pp. 1227-1229), P(») is almost 
independent of the mechanism of excitation. Namely, even with 
monochromatic excitation, P(») turns out to be essentially 
proportional to &(v). In this appendix we present a semi-quanti- 
tative argument for the applicability of (1A) to the case of 
statistical broadening; a detailed quantitative discussion may be 
found in a Westinghouse Research Laboratories report.'* 

As pointed out in Sec. III of this paper, the fundamental 
quantity of the statistical theory is the instantaneous emission- 
absorption frequency, »(t), of a given atom. »(t) differs from the 
unperturbed frequency, vo, of an isolated atom because of collisions 
with neighboring atoms. In the course of time, »(¢) will range 


‘8 Westinghouse Research Laboratories, scientific paper 1501, 
available upon written request. 
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over acontinuum of frequencies. The occurrence probability 
defined (see Sec. III) as the fraction of time for which »(é) is 
contained between » and »+-dp, gives directly both the absorption, 
coefficient and the emission spectrum arising from white excitation. 

Let us suppose, in accordance with the procedure used in the 
Appendix of J, that the atoms are excited by a monochromatic 
beam of frequency »:. The statistical theory states that a given 
atom absorbs energy from the beam only at times 4 such that 
»(%)=»,. Now, after each such absorption, the atom radiates 
with an intensity proportional to exp[—+(t—&)]; the spectrum 
of the emitted radiation is thus determined essentially by the 
variation of »{#) over a time interval ~1/y. The question of the 
dependence of P(v) upon the excitation frequency may then be 
put in the following form. To what extent is the variation of »(¢) 
over the time interval, 1/y, dependent upon the circumstance 
that the initial value of »(¢) is », i.e., that the atom acquires its 
excitation energy when »(#) =»? 

Now, as in Sec. III, we assume that the time dependence of 
v(t) is determined mainly by binary collisions. During each of 
these x(t) is equal to » plus a perturbation of the form (3.6). 
Excluding the very special case of »;=», we observe that absorp- 
tion takes place only during a collision, in fact, only during those 
collisions in which »(#) attains the value ». This stipulation 
implies a nonrandom situation in the time interval immediately 
subsequent to excitation. Namely, the “absorption” collision, 
during which the newly excited atom begins radiating, is not a 
random encounter but is selected in a special way. (For example, 
if »\—»» is large, absorption takes place only in those encounters 
in which the distance of closest approach is sufficiently small as 
determined by (3.6).) Hence, the possibility of a correlation be- 
tween »(¢) and », during the absorption collision cannot be ruled 
out. On the other hand, when the absorption collision is termi- 
nated, the further density of »(#) becomes the responsibility of 
new binary encounters, which are completely uncorrelated with 
each other, or with the absorption collision. Thus, the excited 
atom “remembers” the excitating frequency at most for an 
interval of the order of a “time of collision,” +r. We thus arrive 
at the qualitative conclusion that, if r«1/y, the influence of the 
exciting frequency on the emission spectrum is small. Now this 
condition is almost always obeyed in practice (7r~collision 
radius/atomic velocity ~<10- sec, 1/y~10-* sec) ; the emission 
spectrum is thus determined predominantly by collisions whose 
parameters are uncorrelated with the absorption frequency and, 
hence, must obey (1A). 


APPENDIX B 


In the evaluation of the integrals in (5.27) use is made of the 
relation, 


1/q?=[1/(2—p)?]V*(1/q?*) =[1/(2—p) PV'%(1/q?), (1B) 
where V* and V” are the two-dimensional laplacian operators 
involving differentiation with respect to r, ¢ and r’, ¢’, respec- 
tively. Thus 

Kut= ff. Curler de'do= f f° (Cu/m)0'g-de’de 
which, with the aid of Gauss’ theorem, can be transformed into 


=— (Culm f f° (a/ar\q-ds'de 


= —(Cu/m*) f'ds'(a/0r') f q-mde, (2B) 


where the subscript “s” indicates a line integration over the 
circumference of the cross-sectional circle. By further use of (1B) 
and Gauss’ theorem, we obtain 


(3B) 


rane Sad 
Kut= en J, @/an\(a/ar)q dsds’. 


The double line integrals of the type exemplified by (3B)can 
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readily be evaluated; in fact, 


Jf e/an(e/ar)qrrasds’ = 


as we shall now verify. 

Differentiating with respect to r and r’ and setting both these 
variables equal to R, we obtain for the left-hand side of (4B) the 
expression, 


is Tv 
SF 00+ 2 swt le— 0) D/ 
(2R)?* sin?*(4(e— 9’) ]} Rdgdy’. 
One now introduces the transformation ¢’= ¢+6 and integrates 
with respect to ¢, obtaining 
2xp 71+) sin*40 2xrp priit+psin?tX 
2°*8R sin?*?49 (2R) sin?*?7X * 
The remaining integral is evaluated with the aid of the formula 
quoted in reference 12; minor algebraic manipulation of the 


resultant factorial terms then yields (4B). 
Similarly one may readily show that 


S Scolang-rasis’= ff (a/aryq-résas’ = — 72 “ a 


Equation (5B) will be used in the evaluation of the other Ki;°. 
Inserting (4B) into (3B), we obtain, after elementary algebraic 
operations, 


wp (—p)! pt+2 


4B 
R (-pepti |= SY 


(SB) 


2x*Cm (1—m)! 1—4m 
mR™-* (1—4m) 2 1—m~ 
we first apply (1B) and Gauss’ theorem to 


Koo? = (6B) 


To calculate Ko:° 


the “primed”’ integration variables, obtaining 


Cu 1—(r/R)* 
Kuta 5 fae-2 p= OR,, 


q” 


We then perform two aA with respect to the 
unprimed variables, wherein we integrate 1/g”™ and differentiate 
1—(r/R)? with the aid of (1B) and Green’s formula, 


Jf (evr—wu\de= J Cu(a0/an) —v(au/an) Ms. 
This procedure yields 
. —(2/R)Cm (2/R) @ 
Ko°= (—m) CS (S315 (4—m)* arg lass. 


The integrals to be evaluated are of the forms of (4B) and(5B). 
We obtain 


(7B) 


4r°C, (1—m)! 1 
mR™-* (1—4m) 2 4—m 
The first term of Ky:° is evaluated in much the same way 


except that three partial integrations have to be performed with 
respect to the unprimed variables. One finds 


7,00 = [EC [1—(r/R)*\do 
8Cm 
= m*(2— iene Sav 


Es pie tee a 
or qs (6— m)2R? g™ R 


Ca (2—m)!. 8 
mR™-* (2—}m) 2 6—m" 


Koif= (8B) 


Ki, OO= (9B) 
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Finally, the second term of Ku°, 


exeon()f fee ee 


° (r?—r*)rr'drdr'd gd 
BSS peter cole 


is evaluated as follows. We express r’ and ¢’ in terms of new 
variables, x=r’/r and 0= ¢’— ¢, and integrate with respect to ¢ 
obtaining 


Cn "Rit ver 5—™ (1 — x*)*drxdxd0 
Cc Tv 
es 7h arf, ‘dxf, 0 (1+2—2x cosd)im 








The form of the integrand of this expression indicates the desira- 
bility of inverting the order of the integrations over x and r. 
Performing this inversion and integrating with respect to r, we 
obtain 


Cm (1—2*)*xdxd0 
(6— a J [1+22—2x coso}i"*! 


7 fo (1—2*)*dxd@ | 
+f J, x-™[1+2°—2x coso iat" (168) 


With the aid of the transformation x= 1/y, we can readily establish 
the equality of the two double integrals in (10B) ; we then have 








K,,°®%= 





2xCm f & ia (1—22)2xdxdo 
(6—m)R™-*J 0 [1+22—2x cos@]i"+ 








K, 1oO= 


K°® =(2"Cn/(6—m)R™- »f. [(1—a2)2/g"**"de (11B) 


where g=(1-++-2*—2x cos@)! and the subscript s, indicates integra- 
tion with respect to a circle of radius unity. The technique for 
evaluating (11B) is the same as has already been employed; 
three integrations-by-parts yield 


167°C, 
m?(2 —m)*(6—m)R™ 


“Taf i 8 1 a 
xf [2 ata oni” 


One now utilizes Eqs. (4B) and (5B), obtaining 


Kyo = 





4Cn (2—m)! 
(2—m)(6—m) R™* (2--4m) 





Kyo = 


Adding (9B) and (12B), we then have 


; 167°C in (l—m)! 
Cum 
Ku m(6—m)(4—m)R™~? (1—4m) (13B) 





Substituting the text Eqs. (5.24B) into Eqs. (6B), (8B), and 
(13B), we obtain the results listed in the text Eqs. (5.29) and 
(5.31). 
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A continuation of experiments made in a B-29 airplane to investigate the properties of cosmic rays is 
herein reported. Part I describes results on the latitude effect at 30,000 ft measured with counter telescopes 
and with both shielded and unshielded ionization chambers, from 64° geomagnetic north to the magnetic 
equator. A considerably larger latitude effect for the shielded ionization chamber than with the unshielded 
one or with counter telescopes indicates a definite change in the character of the radiation as one goes toward 
the equator at this altitude. The “knee” of the latitude effect is investigated in detail by a number of similar 
flights. Part II describes measurements made on density and formation of extended air showers. The ap- 
paratus was of such a nature as to be sensitive to relatively sparse showers. The densities obtained can be 
fitted to an integral power law spectrum with a negative exponent of 1.50+-0.05 for an altitude of 30,000 ft. 
Intensity-altitude curves are presented, showing that the development of smaller showers takes place nearer 
the top of the atmosphere than does the development of large showers. Derived zenith-angle dependencies at 


various altitudes are also given. 





I, INTRODUCTION 


URING the summers of 1948 and 1949, a series of 
flights was made in a B-29 airplane in order to 
continue the studies of cosmic-ray intensities previously 
reported.! The purposes of these flights were to supple- 
ment those parts that required more detailed study. In 
particular (Part I), it was thought desirable (1) to check 
the latitude effects obtained with an unshielded Geiger 
tube telescope and ionization chamber, (2) to inves- 
tigate further the latitude effect of an electroscope 
shielded by 11 cm of lead, and (3) to study the knee 
of the latitude curve in detail. Part II contains informa- 
tion on extended shower densities and intensities. 


Il. FLIGHT SCHEDULE 


Two series of flights were made; one during the 
summer of 1948, and the other during the summer of 
1949. The 1948 flights were all local flights from 
Inyokern, California, along the 117° W meridian, and 
were made for the purpose of investigating the “knee”’ 
of the latitude curve. The 1949 flights consisted of a 
trip to the magnetic equator, in Peru, and then up to 
the Great Slave Lake region in Canada. Table I gives 
the schedule of the individual flights. In general, the 
procedure during the individual flights was as previ- 
ously described,! and only deviations from it will be 
mentioned. 


Ill. DESCRIPTION OF APPARATUS 


A. Equipment For Investigating the ““Knee”’ of the 
Latitude Curve (Summer, 1948) 


This equipment consisted of two unshielded tele- 
scopes of the type previously used,' and an unshielded 
ionization chamber. The telescopes were interleaved 
to conserve space, but were otherwise completely inde- 
pendent. 


* Supported in part by the joint program of the ONR and 
IC. 
! Biehl, Neher, and Roesch, Phys. Rev. 76, 914 (1949). 


B. Equipment Used During the Summer of 1949 


This equipment consisted of two unshielded tele- 
scopes, an unshielded and a shielded (11-cm lead) ioni- 
zation chamber, and a shower array. In our previous 
experiments the equipment was converted from the 
former balloon-born apparatus.” Some difficulty was en- 
countered with this type of battery-operated electronics 
and lightly constructed telescopes. For these reasons 
new equipment was constructed, similar to the old, but 
of a more rugged and permanent nature. 

The unshielded ionization chamber was the same one 
used in former years, while the shielded ionization 
chamber consisted of an identical instrument incased 
completely inside a 11-cm lead shield. 


C. Shower Density Equipment (Summer, 1949) 


The shower measuring equipment consisted of six 
trays of Geiger tubes, similar to those used in the 
telescopes, so arranged that many physical spacings 
and coincidence arrangements could be used. Two 
quadruple coincidence channels were provided for, and 
coincidences between these two channels could be 
measured. The dispositions used are given in Fig. 1. 
The whole array was placed against the ceiling of the 
plane in order to minimize the effects of showers formed 
in the skin of the plane. 


PART I. LATITUDE EFFECT 


The measured latitude effect, both with unshielded 
ionization chamber and vertical counter telescope, was 
very close to the same as that measured during a similar 
flight made in 1948.' In fact, in each case the agreement 
in the measured values of the latitude effect was within 
0.5 percent of being the same for the two series of 
flights. This agreement means that at the altitude at 
which these experiments were made (310 g cm~*) the 
relative intensity of the primary radiation which could 


? Biehl, Montgomery, Neher, Pickering, and Roesch, Revs. 
Modern Phys. 20, 353 (1948). 
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TaBLe I. Flight record. 





Starting 
time 


Flight 


number Date 


Finishing 


time From 





1300 GCT 
1700 
1600 
1700 
1700 
1800 
2000 
1700 


July 20, 1948 
July 26 

July 28 
August 11 
August 12 
August 17 
September 23 
October 21 


1600 
1500 
1200 
1500 
1300 
1500 
1500 
1200 
0000 
2000 
1100 
2100 


August 1, 1949 
August 5 
August 6 
August 9 
August 13 
August 16 
September 20 
September 21 
September 21 
October 27 

11 October 29 

12 October 31 


Inyokern 
Inyokern 
Inyokern 
Inyokern 
Inyokern 
Seattle 

Inyokern 
Inyokern 


2100 GCT Inyokern 
Inyokern 
Inyokern 
Inyokern 
Inyokern 
Inyokern 
Inyokern 
Inyokern 


Tampa 
Panama 
Lima 

Lima 

Lima 

Lima 
Panama 
San Antonio 
Inyokern 
Great Falls 
Great Falls 
Inyokern 


Inyokern 
Tampa 
Panama 
Lima 

Lima 

Lima 

Lima 
Panama 
San Antonio 
Inyokern 
Great Falls 
Great Falls 





penetrate to this depth at 51° N and at the equator was 
the same in August of 1949 as in June of 1948. These 
flights covered a range of latitude from 64° N to the 
geomagnetic equator in Peru. 

However, the latitude effect with the shielded ioniza- 
tion chamber was found to be considerably larger than 
without the shield. As shown in Fig. 2, the ionization 
inside the 11-cm lead shield dropped from a value of 
30.5 ions cm~* sec! atmos of air at geomagnetic 
latitude 51° N to 16.2 at the geomagnetic equator. The 
unshielded ion chamber gave a decrease of 36.1 percent 
between these two latitudes compared with the above 
value of 47 percent for that shielded with 11 cm of lead. 

The larger latitude effect for the shielded ion chamber 
may be explained by a change in the character of the 
radiation at this altitude as one goes toward the equa- 
tor. From the work of Simpson, Uretz,* and others, it 
is known that the latitude effect in nuclear events is 


A— 3456 
B— 1234 
C— 1256 
O-— 1278 
AB- 123456 
8D - 123478 


| FOUR FOLO 


Six FOLO 


Fic. 1. Disposition of shower array. Each tray of Geiger 
counters contains eight counters connected in parallel. Coincidence 
arrangements are as indicated. 


* J. A. Simpson and R. B. Uretz, Phys. Rev. 76, 569 (1949). 


much larger at this altitude than in the total radiation. 
Such events will undoubtedly be enhanced by the 
presence of the 11-cm lead shield. 

The summer flights of 1948 were made under as 
nearly identical conditions as possible along the 117° W 
meridian, between the borders of Mexico and Canada. 
This was done in order to compare the latitude effect 
and the relative intensities obtained on successive days. 
Figures 3 and 4 show the data obtained for the average 
of the two counter telescopes over ten-minute periods 
and for the ion chamber. It should be noted that all 
flights except No. 5 were made at 33,000 ft,—No. 5 
having been made at 30,500 ft. 

An examination of the data plotted in Figs. 3 and 4 
indicates that there is considerable choice as to the 
manner in which the curves may be drawn through the 
experimental points. The curves as shown are merely 
what appears to the authors to be a good fit, but are 
not necessarily completely justified by the experimental 
points. For example, flight 1 of Fig. 3 appears to have 
two plateaus between about 36° to 40°, and 42° to 48°, 
and possibly a third below 34° geographic latitude. It is 
interesting to note the correspondence of this particular 
telescope data with that of the electroscope taken on 
this same flight. Again, two plateaus are indicated, but 
the knees do not occur at the same latitude. 

In general, it appears that there is fair agreement 
between corresponding telescope and electroscope data 
for each of the flights made on the same day (note 
points going north, and also going south). This is well 
illustrated by flight 4, where both methods of intensity 
measurements yielded values considerably below the 
average of the other flights. However, the lack of agree- 
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ment between flights made on different days is too 
great to be experimental. 

Such fluctuations have been reported previously,‘ 
particularly in connection with balloon flights. They are 
interpreted as being caused by variations in the primary 
radiation, and are more pronounced at the higher al- 
titudes. 


PART II. WIDE SHOWERS 


By the investigation of extensive air showers at B-29 
altitudes, it was hoped to gain information which will 
lead to a better understanding of these complex phe- 
nomena. In particular, in this set of experiments an 
attempt was made to investigate three effects: 

A. The shower density as a function of spread of 
counters at certain fixed altitudes; 

B. The development of showers of different size as 
measured by the altitude effect ; 

C. The latitude effect for extensive showers. 








GE OMAGNE TIC LATITUDE 


Fic. 2. Latitude effect obtained with an ionization chamber 
shielded with 11 cm of lead. Points are from both north and 
south-bound flights averaged over each two d of latitude. 
No comparable data were taken on the June, 1948, series of flights. 


A. Shower Density 


As pointed out by Cocconi ef al.,5 there are two simple 
methods of measuring shower density by means of 
coincidence counter arrangements. One (method I) is to 
compare the coincidence counting rates between various 
numbers of trays having the same total geometrical 
spread. In our case, fourfold to sixfold coincidence 
ratios were used. The other (method II) is to change 
the sensitive counter area of each tray of counters and 
compare the counting rates. In using this latter method, 
the number of counters per tray was reduced from the 
normal eight to four, by removing counters 2, 4, 5, and 
7, as numbered from either side of the tray. To a first 
approximation this would reduce the sensitive area of 
each tray by a factor of one-half. However, owing to the 
zenith-angle dependence of the intensity of air showers, 


* Millikan, Neher, and Pickering, Phys. Rev. 66, 295 (1944). 
See also: Biehl, Montgomery, Neher, Pickering, and Roesch, 
Revs. Modern Phys. 20, 360 (1948). 

5 Cocconi, Loverdo, and Tongiorgi, Phys. Rev. 70, 841 (1946). 
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Fic. 3. The counting rates of the average of the two cosmic-ray 
telescopes are plotted as a function of geographic latitude for ten- 
minute intervals. All flights were made along the 117° W longitude. 
Note that flight 5 was made at an altitude of 30,500 ft, and all 
others at 33,000 ft. Crossed solid circles are going north, solid 
circles going south. To change from geographic to geomagnetic 
latitude at this longitude, add approximately seven » see 


a shading effect takes place so that the effective ratio 
of areas is closer to 0.6. The methods of approximating 
this ratio will be treated in more detail later. 

Table II gives a tabulation of the counting rates in 
counts-per-minute taken on each of the flights while the 
plane was maintained at a constant altitude. The prob- 
able errors for each rate and an average of the rates for 
similar flights are given. Care must be used in comparing 
counting rates, as in most cases they are not statistically 
independent. A first inspection shows that as the array 
is spread further out along the length of the plane, a 
decrease of about 5 percent per meter occurs in the 
counting rate. This fact allows an extrapolation to be 


1ONS cM” sec’ atm” 


GEOGRAPHIC LATITUDE 


Fic. 4. The ionization as a function of geographic latitude is 
plotted for five-minute intervals, as obtained by an unshielded 
ionization chamber. Crossed solid circles are going north, solid 
circles are going south. 
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Taste IT. Shower data. 





A B 
Flight $m im 


Rates (counts/minute) 
6 fold 
AB 


c D 
i}m 3.15 m ijm 





5.09+0.11 4.79+0.10 
5.25+0.10  4.94+0.10 
5.26+0.11 4.92+0.10 
5.31+0.09 4.92+0.09 
5.04+0.10 
4.91+0.08 


4.89+0.08 


8 counters 


at 30,000’ 


5.24+0.05 


Average 


2.92+0.08 
3.02+0.08 
3.04+-0.08 
spe 3.02+0.07 
4.87+0.10 2.92+0.08 anh 
2.85+0.07 
2.850.07 


4.64+0.08 


4.87+0.10  4.64+0.08 2.986+0.035 





2.2520.06 
2.122-0.05 


2.18+0.04 


2.32+0.06 
2.17+0.05 


2.23+0.04 


4 counters 
at 30,000’ 
Average 


1.58++0.05 
1.28+0.04 


1.405+0.03 





5.20+0.09 
4.84+0.10 
5.02+0.07 


5.64+0.09 
5.24+0.10 


5.47+0.07 


8 counters 
at 22,700’ 


Average 


3.10+0.07 
3.01+0.08 


3.07+0.05 








8 counters 


at 35,000’ 5.47+0.07 5.02+0.07 


3.07+0.05 








made so that one may estimate with a fair degree of 
accuracy the counting rates of those arrays that time 
or facilities did not permit to be measured directly. 
Figure 5 gives the altitude-dependence curve of 
extended air showers obtained from data taken on 
flights 2, 3, 5, 6, 7, 8, 9. Those points shown at 22,500 ft; 
30,000 ft, and 25,000 ft were computed from the data 
taken while the plane maintained constant altitude by 
taking a weighted average of all data obtained for each 
array on each flight. The intermediate points were ob- 
tained by a similar averaging process from data taken 
while climbing to altitude. It is realized that such an 
averaging process is not strictly justified in that the 
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METERS OF WATER 


Fic. 5. The average shower intensity of all size arrays is shown 
as a function of atmospheric depth. For the purpose of comparison, 
our data of June, 1948 (higher dotted curve), and that of Kraybill 
(lower dotted curve) are also shown. Normalization has been 
made at six meters of water. Counting rates are in terms of the 
rate at the maximum of the curve. 


altitude curves may differ in shape for different size 
arrays; however, the reduction in the scatter of the 
points obtained by this use of all available comparable 
data allows a good comparison to be made with existing 
altitude curves. On the same plot, are our data of June, 
1948, and those of Kraybill® normalized at 6 meters of 
water. 

In order to find the ratio of counting rates of 4 to 8 
counters per tray, one must know the zenith-angle 
dependence of these extended showers. If one makes 
some modification of the usual assumptions’ necessary 
to apply the generalized Gross transformation, it is 
possible to obtain the directional intensity of extended 
air showers.* These assumptions are (1) that the array 
may be represented by a horizontal flat surface, and (2) 
that the lateral spread of shower particles at a given 
depth is inversely proportional to the air density. Both 
of these assumptions are known to be in error, but it is 
believed the total error introduced into the final results 
will be small. Under these assumptions, together with 
an integral power law spectrum of kA~, it can be 
shown that such a Gross transformation leads to a direc- 
tional intensity at the vertical given by 


No(h, N)=4}n[(36—1)N—h(dN/dh)], 


where h is the atmospheric depth, and N the counting 
rate of the shower array. By this means Fig. 6 is ob- 
tained from Fig. 5 where we have used a value of 
6=1.5. Since the corrections needed to find the ratio of 
counting rates of 4 to 8 counters per tray are small, 
the value of 6 need not be known accurately for this 
purpose. 
°H. L. Kraybill, Phys. Rev. 76, 1093 (1949). 

7 “7 L. Janossy, Cosmic Rays (Clarendon Press, Oxford, 1948), 


p. 139. 
°H. L. Kraybill, Phys. Rev. 77, 410 (1950). 





COSMIC RAYS AT AIRPLANE ALTITUDES 


If we again use the foregoing assumption (2), it is 
possible to find the zenith-angle dependence for a fixed 
altitude. We then find that 


Noth, 0)=No(h/cos0, N) [cos }*—*. 


These assumptions yield the zenith-angle curves given 
in Fig. 7 for 35,000 ft, 30,000 ft, and 22,500 ft. As 
pointed out previously, it is necessary to know the 
zenith-angle dependence in order to compute the‘ratio 
of the effective area of the 4 and 8 counter trays. This 
can now be done using numerical integration and the 
curves of Fig. 7. Actually, it was found to be easier to 
determine the ratio empirically. This was done by 
tracing the shadow of the trays cast by a distant light 
source and finding the mean area over azimuth angles 
for various zenith angles. Then, by multiplying this 
mean area by the zenith-angle curves and integrating, 
the following ratios were found for the effective areas 
of 4 and 8 counter trays: 22,500 ft, 0.564; 30,000 ft, 
0.584; 35,000 ft, 0.641. 

Cocconi,® as well as Kraybill,* has shown that if one 
assumes that the frequency of occurrence of showers 
whose density of particles is greater than A can be 
represented by a power law KA~, where K is a constant 
and A is the particle density, then the counting rate of 
an n-fold array is given by 


C(n, A)=of (1—e—44)"KA~*-'dA, 
0 


where A is the effective area of each tray. It may 
readily be seen that method I is the case where A is held 
constant and m is varied (in this case the values of n 
are 4 and 6), and method II is the case where m is held 
constant and A varied. Table III gives the values of 6 
computed for these two methods. 

The probable errors in the foregoing values of the ex- 
ponent, 4, are estimated to be of the order of 0.05 by 
method I, and perhaps slightly higher by method II. 
Thus, it may be seen that a mean value of 1.50+0.05 
may be accepted for 6 at 30,000 ft and 22,5000 ft, and 
1.65+0.05 for 35,000 ft. It is interesting to note how 
well methods I and II agree at 30,000 ft. 

In attempting to compare this result with that of 
other experimenters, the difference in geometries must 
be borne in mind. This dependence on the experimental 
arrangement was first pointed out by Cocconi ¢ al.,' 
and was shown to make comparison difficult. Neverthe- 
less, they find a value of 5=1.46 near sea level, using 
counter areas comparable with ours. Kraybill,* with 
his apparatus under somewhat similar circumstances 
and altitude, finds a value of 6 considerably higher 
(i.e., about 1.73). This difference is believed to be 
caused by the much larger relative areas used in this 
experiment, which gave counting rates about ten times 
as great as Kraybill’s. This would make our apparatus 
more sensitive to the less dense showers.* This selec- 


® See Fig. 6 of reference 5. 
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Fic. 6. Directional shower intensity at the vertical as a function 


of atmospheric depth, as obtained by a generalized Gross trans- 
formation of the curve given in Fig. 5. 





tivity of showers with a certain density can perhaps 
be illustrated in another manner. In an earlier paper 
Kraybill® computes the average density of the showers 
detected in his apparatus to be ? particle per counter 
area (13 sq in.). A similar calculation for our apparatus 
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Fic. 7. Derived zenith-angle shower intensity curves for 
three different altitudes. 


0 H. L, Kraybill, Phys. Rev. 73,632 (1948). 
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TABLE III. Computed values of 6. 





Altitude 
ft 


Maximum spread in metere 
0.50 1.00 1.50 3.16 


1.46 
1.46 
1.55 


Remarks 





1.52 
1.42 
1.41 


1.51 
1.46 
1.50 


1.55 
1.41 


30,000 
30,000 
30,000 


8 counters per tray 

4 counters per tray 

4 and 8 counters 
per tray 

8 counters per tray 

8 counters per tray 


1.51 
1.66 


22,500 
35,000 


1.55 
1.65 


1.55 
1.66 





gives a value of 0.2 particle for the same area. Thus, it 
can be seen that Kraybill’s showers had somewhat more 
than three times the average density of that detected by 
our apparatus. 

The conclusion drawn from these data is that at 
airplane altitudes the frequency of occurrence of 
showers of certain densities may be represented by a 
power law whose exponent, 4, is close to that found at 
or near sea level. It is rather remarkable that this is so, 
since the showers at the higher altitude have not, in 
general, reached their maximum development, as they 
have at sea level. 

Extensive showers are thought to be caused by primary 
particles with very high energy, which suffer nuclear 
collisions near the top of the atmosphere. In these 
interactions the major part of the energy of the primary 
appears to go into mesons, both charged and neutral. 
If it be assumed that a constant fraction of the initial 
energy, E, goes into neutral mesons, which soon decay 
to form gamma-rays, which in turn form cascade 
showers, then, according to shower theory, after the 
shower has developed one would expect the numbers, 
N, of shower particles to be proportional to the energy 
of the incoming primary. If these spread out over an 
area, A, the average density of the particles will be 


A=N/A=R'E/A. (2) 


Now, according to the data presented in the previous 
section, the frequency of occurence of showers of den- 
sities larger than A is KA*= K’E~*= K'E-, 

A number of estimates from other cosmic-ray data 
have been made of the energy or momentum distribu- 
tion of the primary particles. For the frequency of 
arrival of particles with energies larger than E, the 
estimates of » in E~* vary from 1.5 at the lower energies 
to 1.9 for the highest. 

Now, it is known from shower theory that the average 
energy of the secondary electrons is nearly independent 
of the energy of the primary. Furthermore, these ex- 
tended showers must all start at about the same height 
in the atmosphere. It thus follows that if the shower 
arrives at all, the area covered by the shower will be 
nearly independent of the energy of the primary. It is 
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Fic. 8. Shower intensity as a function of atmospheric depth is 
shown for two different size arrays which have been normalized 
at 30,000 ft for comparison. Array A is four trays having a spread 
of one-half meter. Array AB is six trays having a spread of one 
and one-half meters. Notice the earlier development of the smaller 
array at high altitudes. The intensity is given in terms of the 
counting rate at the maximum of the curves. 


to be expected then that the exponent of the density 
spectrum would be the same as that for the distribution 
in energy of the primary particles responsible for the 
showers. This appears to be approximately the case. 


B. Shower Development 


Figure 8 shows a comparison of the altitude effect 
obtained for a wide and a narrow array. Curve A is that 
obtained for an array of one-half meter spread. It is 
interesting to note the manner in which the narrower 
showers appear to develop nearer the top of the atmos- 
phere than the wider showers. This behavior is to be 
expected on the basis of current shower theories. 


C. Latitude Effect for Extensive Showers 


A casual inspection of Table IT is sufficient to show 
that no latitude effect was observed for even the smallest 
array used. This is in conformity with that found 
previously,' and is what one would expect if the primary 
particles causing the showers have momenta above 
210° Bev/c. 

In conclusion, the authors wish to thank the Office 
of Naval Research and the United States Air Forces for 
making these flights possible. Particularly, we express 
our appreciation to the officers and men stationed at 
Inyokern, California. We also wish to thank Dr. R. F. 
Christy for his many helpful discussions. 
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Neutrons Produced in the Atmosphere by the Cosmic Radiations* 


J. A. Sampson 
Institute for Nuclear Studies, University of Chicago, Chicago, Illinois 
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The distribution of disintegration product neutrons in the atmosphere has been measured from the 
geomagnetic equator to 65°N and up to ~220 g-cm™ air. The measured exponential absorption of the 
neutron producing radiations in the equilibrium portion of the atmosphere is: L(0°)=212, L(19°)=206, 
L(40°) = 181, L(53°)=157, L(65°)=157 g-cm~*. It is shown that the neutron component has the largest 
latitude effect of any known secondary component in the cosmic rays and that the neutrons are part of a 
low energy nucleonic component in the atmosphere. The yield of neutrons per incident primary particle 
in an air column one cm* area extending through the atmosphere has been calculated at various latitudes. 
The yield increases by 400 percent between 0° and 55°N. The slow neutron absorption in air at the geo- 
magnetic equator under 312 g-cm~ air was measured. It is concluded that nucleon collision chains in the 
atmosphere are the principal process by which a low energy nucleonic and neutron component is produced. 
Measurements at high latitudes over a period of two years have shown that fluctuations and large changes 


of intensity of the neutron component may occur during solar and terrestrial disturbed days. 





I. INTRODUCTION 


ECENT measurements! indicate that the neutron 
half-life is approximately 15 minutes so that only 
a small portion of the primary cosmic radiations is 
expected to consist of free neutrons. However, neutrons 
of all energies, up to and including primary particle 
energies, are produced abundantly in the atmosphere 
by primary and secondary cosmic-ray particles inter- 
acting with oxygen and nitrogen nuclei. The energy 
ranges of these neutrons may be somewhat arbitrarily 
defined in this paper according to the kind of nuclear 
interaction by which they are produced. High energy 
neulrons are defined as being produced by nucleon- 
nucleon or exchange interactions and may have initial 
energies extending from primary particle energies down 
to the order of 40 Mev. Processes in which a portion 
of the nucleus or the entire nucleus is excited to high 
temperatures produce evaporation or disintegration 
products including neutrons, protons, and alpha-parti- 
cles with initial energies of the order 2-30 Mev; these 
processes include nucleon-nucleus collisions and photon 
or m- or u-meson nuclear capture. These disintegration 
product neutrons are defined as the fast neutrons in 
this paper. Since these disintegration product neutrons, 
in general, have insufficient energy to produce further 
nuclear disintegrations, they are slowed in the atmos- 
phere by elastic and inelastic collisions.? Hence, neu- 
trons slowed to less than ~1 ev are defined as slow 
neutrons. 

The objectives of this study were (a) to determine 
the principal nuclear processes which contribute to the 
production of fast or disintegration product neutrons 
in the atmosphere, and (b) to determine the relationship 
of the fast neutron production to primary particle 
energy and primary particle intensity. Fast and slow 


* Assisted by the joint program of the ONR and AEC. 

1A. H. Snell and L. é Miller, a Rev. 74, 1217 (1948). 
J. M. Robson, Phys. Rev. 77, 747 (1950). 

* Bethe, Korff, and Placzek, Phys. Rev. 57, 573 (1940) and 
references therein. 


neutron intensities in the free atmosphere were obtained 
as a function of atmospheric depth (Sec. III and 
Appendix I) and as a function of geomagnetic latitude 
and longitude (Sec. IV). The measurements were re- 
stricted to regions below the air transition maximum 
for the primary radiations so the fast neutrons would 
be in equilibrium with their producing radiations. The 
experiments covered the period of December, 1947 
through November, 1949 and were performed in air- 
craft. Preliminary accounts have been given of some 
of the measurements.’ 

Prior to these measurements, neutron measurements 
by several observers had been obtained at high lati- 
tudes, indicating satisfactory agreement on the expo- 
nential form of the increase of intensity with alti- 
tude.*-4.5 More recently, Yuan® has shown the existence 
of a maximum in the slow neutron intensity curve at 
high altitudes expected on the basis of the secondary 
origin of the slow neutrons. 

A preliminary account of the time dependent changes 
of neutron intensity observed at the high latitudes is 
presented in Sec. VI. 


Il. APPARATUS AND METHODS OF MEASUREMENT 


All neutron measurements were obtained in B-29 
type aircraft with boron trifluoride proportional coun- 
ters enriched in the B-10 isotope. Neutrons are isotropi- 
cally incident on the detector. Since the most probable 
processes for fast neutron production emit neutrons 
isotropically,’ the orientation of the detectors was not 
critical. In the equilibrium region of the atmosphere it 
may be shown? that the mean distance from the point 
of origin of a free fast neutron to the point of detection 


i948 Jr., Phys. Rev. 73, ee (1948); Phys. Rev. 
14, taid a See also references 8 and 1 
orff and E. T. Clarke, Phys. As 61, 422 (1942) and 

ahaleaal therein. 

a Bright, and Froman, Phys. Rev. 72, 203 (1947). 

C. L. Yuan, Phys. Rev. 74, (1948). 

1G. yoo and V. Tongiorgi, Phys. Rev. 76, 318 (1949). 

J. A. Simpson, Jr. and R. B. Uretz, Phys. Rev. 76, 569 (1949). 
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Fic. 1. Cross sections of BF proportional counter geometries 
used to measure neutron intensity. By inserting the cadmium 
thimble around the counter as shown in 1(B) the counter back- 
ground may be measured. 


SCALE INCHES 
..2 2.8 


is sufficiently short to assume that the density of 
neutrons measured at a point in the atmosphere is 
proportional to the rate of production of neutrons at 
that point. Thus, a measurement of the rate of produc- 
tion or absorption of neutrons with altitude in the 
atmosphere is a close approximation of the absorption 
of the neutron producing radiations by air nuclei. 
Unless otherwise noted, the Gross transformation has 
not been used. 

The fast neutron measurements are relative, and 
must be normalized to one absolute measurement in 
space. Measurements have been reported showing that 
the energy spectrum of atmospheric neutrons in the 
range of fast to slow neutrons below the air transition 
maximum does not appear to change with altitude® or 
latitude.* This is in agreement with theory, since this 
energy distribution arises from the slowing down pro- 
cesses of neutrons in nitrogen and oxygen, and the 
capture of neutrons by nitrogen and oxygen, and does 
not depend strongly on the initial kinetic energy of the 
nuclear disintegration product neutrons. Therefore, in 
the equilibrium region of the atmosphere at atmospheric 
depths >200 g-cm~ the relative intensity distribution 
of fast neutron intensities in the atmosphere is the 


TaBLe I. The exponential absorption L of the neutron producing 
radiation in the atmosphere at geomagnetic latitude . 





6 (absorption 

y L (g-cm™) coefficient) 
0° 21244 
19° 206+4 
40° 181+3 
53° 15742 
65° 15743 





0.064 
0.067 
0.076 
0.0865 
0.086 





* Simpson, Baldwin, and Uretz, Phys. Rev. 76, 165 (1949). 


same as the relative intensity distribution of slow 
neutron intensities in the atmosphere. Thus, by meas- 
uring the absolute intensity of slow neutrons at one 
point in the atmosphere, the relative fast neutron distri- 
bution will give the absolute distribution of slow neutron 
intensities. It will be shown that there are large changes 
of neutron intensity with time at high latitudes and 
altitudes which make it difficult to attempt absolute 
measurements above approximately 40° geomagnetic 
latitude. Therefore, slow neutron absorption measure- 
ments were obtained at the equator so that all the 
relative fast neutron data could be normalized at one 
point, showing negligible time or seasonal dependence. 

The slow neutron measurements were made inside a 
thin aluminum skin in the tail of the aircraft, using 
pressurized high voltage circuits. The method was 
similar to that used by Agnew ef al.’ in their measure- 
ments. One counter was covered with 0.030-in. cad- 
mium; the other counter was covered with brass. 
These measurements are discussed in Appendix I. 

The fast neutron detector was composed of a BF; 
proportional counter surrounded by paraffin inside a 
cadmium shield as shown in Fig. 1(A). Such a detector 
is insensitive to neutrons below 0.4 ev and does not 
depend critically on energy up to the order of 2-5 Mev.°® 
Two detectors were operated in parallel to increase the 
measured counting rate. By locating their cylindrical 
axes in a vertical plane and approximately 45 cm apart, 
large and small shower effects were negligible. A second 
pair of detectors, identical with the exception that they 
contained non-enriched boron at the same pressure, 
were used in the early measurements to confirm the 
negligible contribution of shower effects, star produc- 
tion, and recoils. Cadmium thimbles could be placed 
around the counters as shown in Fig. 1(B) to measure 
background from star production in the counter wall 
and recoil processes. The contribution of these processes 
is discussed in Sec. III(c). 

The vertical meson intensity for mesons of momenta 
>4X10* ev/c and the total vertical charged particle 
intensity were measured as a function of latitude along 
with the early neutron measurements in order to confirm 
the independence of the neutron production processes 
and the classical charged particle components. Since 
these latter measurements are incidental to the neutron 
measurements, they are discussed in Appendix II. 

It was important to show that all measurements in 
aircrafts correspond to free atmosphere measurements. 
The possibilities of systematic errors and spurious 
effects are investigated and discussed in Sec. III(b). 
Local production in materials of high atomic weight 
and slowing down of neutrons in large amounts of 
hydrogenous materials were the principal sources of 
difficulty. Preliminary measurements of the local pro- 
duction of neutrons in materials as a function of atomic 


® For example, B. Rossi and H. Staub, Ionization Chambers and 
Counters (McGraw-Hill Book Company, Inc., New York, 1949), p. 
192. 
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weight A have been reported at these altitudes.’ 
Detectors were located so as to avoid appreciable local 
production in materials of atomic weight higher than 
aluminum. No measurements were taken in or near 
dense cloud formations where the measured intensity 
is known to be anomalous.® 

Errors in the determination of the free atmospheric 
air pressure from a moving aircraft may be appreciable 
and may lead to serious errors in the determination of 
the absorption of radiation with atmospheric depth. 
Some of these errors depend on the location of the 
measuring system with respect to the slip stream of the 
aircraft, the gross weight, the speed and yaw of the 
aircraft, and are independent of the precision of ma- 
nometers or altimeters. Calibrated and temperature 
corrected sensitive Kollsman 0-50,000 ft pressure—alti- 
tude altimeters were used with provision for eliminating 
hysteresis caused by friction in the moving parts. All 
pressure altitudes and pressures are related to the 
N.A.C.A. “standard” atmosphere and then corrected. 

All measurements with BF; proportional counters 
employed negative feedback wide-band amplifiers, pulse 
size discriminators, and scaling circuits. Both photo- 
graphic and manual recording of the events, time, and 
air pressure were provided on most of the flights to 
assure independent checks on the counting rates. All 
high potential circuits were regulated, pressurized, and 
treated for high humidity conditions in the tropics. 

It was found that fast neutron measurements at low 
latitudes could be repeated easily within +2 percent, 
and that all instrument errors were maintained below 
+1 percent. 


Ill. ALTITUDE DEPENDENCE OF DISINTEGRATION 
PRODUCT NEUTRONS 


(a) The Altitude Dependence as a Function 
of Latitude 


The altitude dependence of fast neutrons was mieas- 
ured using detectors of the type shown in Fig. 1(a) 
at the geomagnetic latitudes \ of 0°, 19°, 40°, 54°, 
and 65°N and at atmospheric depths 217 g-cm~ to 
600 g-cm~. Series of flights were made in December, 
1947—February, 1948, May-June, 1948, April-May, 
1949 and August—October, 1949. Since independent 
sets of detectors were used in the various flight series, 
their relative efficiencies were measured in the labora- 
tory and at A=0° at an atmospheric depth of 312 
g-cm~ (30,000 ft pressure altitude). In this way a 
normalization factor for each series of flights was deter- 
mined. The experimental data are given in Fig. 2. 
The bands of curves at 40° and higher latitudes indicate 
the changes in intensity observed in these flights except 
for the data given in Sec. VI. For example, the altitude 
curves for both 55° and 65° obtained in April, 1949 lie 
along the upper edge of the 53°-65° band. The lower 
edge of each band represents the undisturbed day 


‘© Simpson, Baldwin, and Molner, Phys. Rev. 77, 751 (1950). 


IN THE ATMOSPHERE 


Tabie II. 





Counting rate 
events per 
minute 
508+ 7 
823410 
809+ 10 
499+ 7 


‘ Altitude in 
Status of aircraft altitude = 
Full tanks on way up 27,050 
Full tanks on way up 33,150 
Low tanks on way down (later) 33,000 
Low tanks on way down (later) 27,050 








neutron intensity. The longitude and latitude depend- 
ence of neutron intensity will be discussed in Sec. IV. 
It should be noted that the absorption mean-free paths 
as obtained from the combined data of all the flight 
series changes slightly the preliminary data of Decem- 
ber, 1947-February, 1948. Below approximately one 
m.f.p. from the top of the atmosphere, these curves are 
fitted by an expression of the form D= Doe"! = Doe”, 
where D is the neutron density in events per minute, 
his the atmospheric depth in g-cm~, 6 is the absorption 
coefficient in cm~, and # is in cm Hg air pressure. 
Although it is not expected that the altitude curves at 
all latitudes are true exponentials, this exponential 
function is the simplest expression which provides a 
good fit with the data below 15 cm Hg atmospheric 
pressure. It is clear from Fig. 2 that at >52°N the 
neutron altitude curve deviates appreciably from a 
simple exponential below 55-60 cm Hg. 

The values for the exponential absorption length for 
the neutron producing radiation are obtained from 
Fig. 2 and are tabulated in Table I. Since there is a 
large latitude dependence, the aircraft was either flown 
in a circle over a fixed land mark or along a short 
segment of a constant geomagnetic line. Experienced 
navigators were used on all flights where space position 
was important. It may be shown easily that a 0.5° error 
in position for any \ between 20° and 45°N would 
produce a marked error in measuring L. For example, 
the change in neutron intensity at \=40° at 30,000 ft 
is [6D/5d ],~40°= 25 counts per minute per degree. 

Fluctuations in pressure altitudes at 15,000 ft were 
+50 ft; at 30,000 ft were +100 ft, and at 36,000 ft or 
higher were +150 ft. Frequent checks on pressure 
during each measurement reduced the average value of 
these fluctuations. 


(b) Local Neutron Production 


The local production and slowing down of neutrons 
by the aircraft gasoline was checked by measurements 
at increasing altitudes and then, as the fuel supply 
became low, at decreasing altitudes so as to repeat the 


TaBLe III. Local production of neutrons in paraffin as a function 
of latitude at 312 g-cm~. 





Local production in paraffin; Fast neutron detector; 
x counts per minute counts per minute 


0° 298 202 
¥ 975 665 
3.27+0.03 3.31240.03 





Ratio: Ass/ do 

















A. SIMJPSON 


DEC. 1947, 
JUNE 1948 
AUG. 1949 
APRIL-MAY 1949 
AUG. 1949 (40°) 


JAN. 


FAST NEUTRONS COUNTS PER MINUTE 


ite) 1S 20 25 30 35 


40 45 50 55 60 65 70 75 


ATMOSPHERIC PRESSURE — Cm Hg 


Fic. 2. The measurement of the exponential —— of the neutron producing radiations or altitude dependence of neutrons. 


The quiet day curve is shown as the bottom curve of t 


 4=53° or 65° band, while the top curve corresponds to measurements on a 


solar disturbed day (see Fig. 5). The data for \=40° is at 108-112°W longitude. 


measurements for comparison. Measurements for 
\=53°, for example, are shown in Table II. These 
measurements lie within statistical fluctuations. 
Measurements" to be reported in a later paper show 
that the local production in carbon and aluminum is 
proportional to the production in atmospheric nitrogen 
and oxygen at all measured altitudes and latitudes. 
For example, a 9X 10‘ g mass of paraffin containing BF; 
proportional counters was arranged so that the detected 
neutrons came from neutron production in paraffin. 
Measurements at the equator and above A= 55° showed 
that the ratio of production rates in carbon and 
nitrogen-oxygen are the same, as shown in Table III, 
for an altitude of 30,000 ft. Therefore, the local pro- 
duction in the paraffin cylinders of the fast neutron 
detectors contributes a background counting rate 
proportional to the fast neutron production in the 
atmosphere. Using the absolute measurement of slow 
neutron absorption, this background was calculated at 
30,000 ft and at A=55°. Each cylinder produces 


J. A. Simpson, Proc. Echo Lake Cosmic-Ray Symposium 
252 (1949). 


approximately 25 counts per minute. Thus, the contri- 
bution of local production in the paraffin to the total 
counting rate is 7-8 percent, which is not important 
for the relative measurements of the fast neutron 
intensity. However, the movement of materials of high 
atomic weight in close proximity to a single detector 
introduces serious errors. For example, fast neutron 
measurements made with and without 21 kg of lead or 
8.5 kg of aluminum adjoining the paraffin cylinder at 
37,000 ft gave the counting rates shown in Table IV. 
Thus, the importance of not placing materials of high 
atomic weight in the vicinity of the detectors or not 
moving materials during the measurements is evident. 


(c) Counter Background 


The contribution to the observed neutron counting 
rates of star production in the walls of the counters, 
recoils in the BF; gas, and electronic showers was 
investigated. Since these background effects are inde- 
pendent of the boron-10 enrichment factor two pairs 
of detectors described in Fig. 1 were used, one set being 
the enriched counters used for the data in Fig. 2, and 





NEUTRONS PRODUCED 


the other set being normal BF; counters but otherwise 
identical.’ Owing to the large decrease in neutron 
intensity with decreasing \, any evidence of showers 
and recoils should be most pronounced at the geomag- 
netic equator. The observed data are shown in Table 
V. 

Since the enrichment ratios have been determined 
only to within +3.5 percent it is clear that there are no 
significant indications of showers or recoils. 

By inserting a cadmium thimble around the counter 
inside the paraffin cylinder as shown in Fig. 1(B), the 
background caused by star production, recoils, showers, 
and fast neutron capture may be estimated. These 
data are summarized for the enriched BF; detectors in 
Table VI. 

Thus, the total background from these processes 
is approximately 2 percent and not greater than 3 
percent of the observed detector counting rate. Since 
this background is approximately proportional to the 
neutron intensity at all latitudes and altitudes it is 
assumed that this represents the contribution of stars’ 
produced principally in the counter walls. 

To show that the contribution of electronic showers 
was negligible lead (21 kg) was placed beside a single 
fast neutron detector. The counting rate was determined 
with and without the inner cadmium shield around the 
proportional counter. Typical measurements are given 
in Table VII. It is seen from these measurements that 
there is a negligible contribution of local showers to the 
detector counting rate. Also, it is evident that the 
increase in detector counting rate with the lead present 
arises from neutron production in the lead and moder- 
ator and not additional star production in the counter 
wall. 


IV. THE LATITUDE AND LONGITUDE 
DEPENDENCE OF NEUTRONS 


It is clear from Fig. 2 that a large latitude effect 
exists for the production of neutrons. This latitude 
dependence of the neutron intensity demonstrates that 
the neutrons are produced by primary charged particles. 
This was observed in detail by flying aircraft at constant 
air pressures from the geomagnetic equator to 65°N 
geomagnetic latitude. The time intervals for the indi- 
vidual measurements were approximately 15 to 30 
minutes and represented a compromise between sta- 
tistics and latitude change since the aircraft traversed 
approximately four degrees per hour. An experienced 
navigator used two or three independent methods for 
checking aircraft positions, and positions were estab- 
lished at the beginning and end of each measurement. 
Some of the flights were along the 80th meridian which 
closely corresponds to a constant geomagnetic longi- 
tude. All flights below 20°N geomagnetic were along 
80°+1°W longitude. Flights at the higher latitudes 
extended as far as 122°W longitude. Thus, between 20° 
and 48°N geomagnetic latitude the shape of the latitude 
curve is dependent on the longitude effect. Figures 3, 
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c/min 
with lead 


c/min 
without 


157 
539 


with aluminum 





176 
606 


545 
rate at A=53° 
rate at A=0° 


3.4 3.4 _ 











4, and 5 show the results obtained with the fast neutron 
detectors. Recently Yuan” has confirmed this effect 
for slow neutrons in flights down to A= 20°. 

The selection of the appropriate geomagnetic co- 
ordinates for these data is a serious problem. Neither 
centered dipole nor eccentric dipole™ field distributions 
fit all of the data. However, since most cosmic-ray 
data to date have been fitte’ to the centered dipole 
distribution, it is this distribution which was used in 
Figs. 3, 4, and 5. The coordinates used for the inter- 
section of the dipole axis with the surface of the northern 
hemisphere are: 78° 32’ N latitude; 69° 8’ W longitude. 

Changes in cosmic-ray intensity with longitude are 
expected to occur™ since the magnetic center of the 
earth is approximately 300 km from the center of the 
earth along a line passing through 10°N geomagnetic 
latitude and 160°E longitude. The magnetic field 
distribution of the earth is represented by an equivalent 
dipole located at this point. Thus, at a given latitude, 
\, the distance r from the magnetic center to the given 
atmospheric depth of the observer will change with 
longitude. According to the theory of Vallarta and 
Lemaitre’ the solid angles of the allowed cones for any 
given primary particle energies will change with this 
distance. It should be noted that this longitude effect 
should decrease with increasing magnetic latitude for 
two reasons. First, owing to the eccentricity, the per- 
centage change in this distance r diminishes with 
increasing geomagnetic latitude A. Second, the solid 
angles of the allowed cones are increasing with \X. 
However, because of the momentum distribution of 
the primary particles, the change 47/5 of neutron 
intensity J with latitude is greatest in the region of 20° 


TaBLe V. Neutron measurements using normal and enriched 
B-10 counters to determine shower backgrounds. 











»’=0° 15,000 ft 


Enriched BF 45 +1 
Normal BF; 10.3+0.5 
Enrichment ratio 44 


A =53° 15,000 ft 


Enriched BF; 109 
Normal BF; 26 
Enrichment ratio 4.2 


27,000 ft 


154 +3 
39.9+0.9 
4.1 


27,000 ft 


507 
115 
44 


33,200 ft 


243 +4 
57.4414 
4.3 


33,150 ft 


823 
185 
4.4 

















#1. C. L. Yuan, Phys. Rev. 76, 1267 (1949). 

8 J. Bartels, Terr. Mag. 41, 225 (1936). 

4 T. Johnson, Revs. Modern Phys. 10, 193 (1938). 

15M. S. Vallarta, Phys. Rev. 47 (1935). G. Lemaitre and M. S. 
Vallarta, Phys. Rev. 50, 493 (1936). 
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Fic. 3. Latitude dependence of fast neutrons at (A) 27,000 ft and (B) 30,000 ft. Several points lie off the curve between 20° and 
40° owing to errors in navigation. The family of curves at high latitude for B show the change of intensity between October 27 and 


31, 1949. 


to 50°N. Below approximately \= 10°, 57/8 is small; 
above \=50° at atmospheric depths ~200 g-cm~ or 
more, 5//5\—>0. Since at any \ a change in geomagnetic 
longitude g may be represented by a change in latitude, 
it is seen that the region of 20°-50° latitude is most 
sensitive to the longitudinal position of measurements. 
Thus, the shape of the latitude curve in Fig. 3 between 
20°-50° is determined by the longitude of the measure- 
ments. 

Some evidence for the magnitude of the change in 
neutron intensity with longitude has been obtained in 
the region of A=41° and g=95°-110°W geographic 
longitude. In Fig. 6 it is seen that [67/é¢],=—1.5 
percent at 312 g-cm~* and —1 percent at 448 g-cm~’. 
From Fig. 3 [6//6\.],=4.6 percent at 312 g-cm~; thus, 


approximately, 
él /él 
eal ere 
bg! SAS\—40° 


27,000’ 





36,200’ 
9.5+0.4 
300 


h=0° 30,000° 





c/min with Cd thimble 
c/min without thimble 


A=55° 


c/min with Cd thimble 
c/min without thimble 





22.5 12+1 
1072 507 








These data may be compared with the longitude 
effect of charged particles as determined by Biehl and 
Neher'® using an ionization chamber on the same flight 
at 312 g-cm~ air. For the ionization chamber at \=41°, 
61/5g=—0.24 percent and 6//5\~0.8 percent. Thus, 
for charged particles 


él él 
[-- / | =0.3. 
by’ SAS —40° 


It has been shown that these results are in fair agree- 
ment with theory.® 

The sea level latitude dependence was measured for 
neutron energies above 0.4 ev during the June, 1948 
series of flights. Local neutron production in the earth’s 


TasBLe VII. Measurements to estimate the contribution of local 
showers to the neutron counting rate—see Fig. 1(B). 








Time sequence 
of measurement 


1 detector without lead 
2 detector with 2 kg lead 
3 detector with 2 kg lead 
plus cadmium thimble 
surrounding proportional 
counter 
detector with cadmium 
thimble but without lead 
detector without lead 


Events per 


X=54°N (27,000 ft) minute 





25243 
34142 
1241.5 


1241.5 
249+3 








16 A. T, Biehl and H. V, Neher, Phys. Rey. 78, 172 (1950), 
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Fic. 4. Latitude dependence of fast neutrons. The time dependent change at high latitudes is shown in Fig. 10. 


surface, in addition to the slowing down of neutrons in 
the earth, increases the neutron intensity at sea level. 
The results are shown in Table VIII but are difficult 
to interpret. 


V. CONCLUSIONS REGARDING THE PRODUCTION 
AND DISTRIBUTION OF NEUTRONS IN THE 
ATMOSPHERE 


(a) The Processes for Fast Neutron Production 


The measurements described in the foregoing sections 
represent the neutron production contributions of all 
the nuclear processes occurring in the atmosphere. 
Hence, it is essential to estimate, briefly, the individual 
contributions of neutrons by nuclear disintegrations 
produced by nucleons, y- or m-mesons, and photons 
before attempting to discuss neutron production as a 
function of primary particle energy. For example, if 
nonlatitude sensitive radiations contributed 10 percent 
of the total neutron intensity at the geomagnetic 
equator at 312 g-cm~* atmospheric depth then the 
latitude factor between 0° and 55° for neutron produc- 
tion by the remaining kinds of neutron producing 
processes would be increased from the observed 3.3 to 
3.5. Again, on this assumption, if a column atmosphere 
is defined as a vertical column of one square centimeter 
area extending through the entire atmosphere, the 
change of the latitude dependence for neutron produc- 
tion in a column atmosphere would be less than or more 
than 10 percent, depending on the altitude dependence 
of the assumed nonlatitude sensitive radiations, 


There is evidence from independent kinds of experi- 
ments to show that most of the nuclear disintegrations 
or stars in the atmosphere have low energies and are 
produced by nucleons. Both photographic emulsion'’+'* 
and fast electron collection ion chamber'® measurements 
at \>50° show an exponential absorption of 135-150 
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Fic. 5. Latitude dependence of fast neutrons at 
¢=116°W longitude. 

'’ For example, Bernardini, Cortini, and Manfredini, Phys. 
sate 1792 (1949); Phys. Rev. 79, 768 (1950) and references 
therein. 

18 E. P. George and A. C. Jason, Proc. Phys. Soc. (London) 62, 
243 (1949); Lord, Schein, and Vidale, Phys. Rev. 76, 171 (1949). 

oan Hazen, Rossi, and Williams, Phys. Rev. 74, 1083 
( > 
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NEUTRON COUNTS PER MINUTE—CURVE A 


120° 
DEGREES WEST GEOGRAPHIC LONGITUDE 


6. The longitude dependence of fast neutrons at \=41° 
under 312 and 448 g-cm™ air. 


Fic. 


g-cm™~ for nuclear disintegration rates. Measurements 
of nuclear disintegrations using fast pulse ion chambers 
at \=0° give the same exponential absorption” as the 
fast neutron density at A=0°, Table I. In the photo- 
graphic emulsions, over 90 percent of the stars appear 
to be produced by nucleons at altitudes below the air 
transition maximum. 

Measurements of the local neutron production and 
the multiplicity of neutron production in elements 
provides additional evidence that the neutron producing 
processes behave like nucleon-nucleus interactions.2“-* 
Even the local production of neutrons in elements of 
low to intermediate atomic weight has a latitude and 
altitude dependence which follows closely the corre- 
sponding neutron production in the free atmosphere.” 

Considering the results of all these experiments 
together, it is to be concluded that >90 percent of the 
neutrons in the atmosphere are the disintegration 
product of evaporation type stars produced by high 
energy nucleons of the order of 300 Mev. Additional 
arguments to support this conclusion will be given later 
in this section. 

An upper limit for the remaining neutron production 
by other processes may be estimated from the meager 
experimental data available. These remaining neutron 
producing processes are generated by the high energy 
end of the primary energy spectrum, hence they make 
their greatest relative contribution at \=0°, and esti- 
mates were obtained at this latitude. Nuclear disinte- 
grations by u- and w-mesons are considered first. 

It has been pointed out by several observers that the 
absorption curves at \=50° for neutrons and u-mesons 


are entirely different. This was also verified for \=0° 
TaBLe VIII. The sea level latitude dependence for neutrons 
with energies >0.4 ev. 





20° 40° §3" 


2.9+0.3 


Geomagnetic 0° 


latitude 
Neutron events 2.50.2 


per minute 


2.2+0.3 3.440.3 








20 J. Simpson and E. Hungerford, Phys. Rev. wd a (1950). 

*'V. Cocconi Tongiorgi, Phys. Rev. 76, 517 (194 

* J. Simpson, Proc. Echo Lake Conf. "252 dom, Phys. Rev. 
77, 751A (1950). 

*C. G. Montgomery and A. R. Tobey, Phys. Rev. 76, 1478 
(1949). 


by measuring the vertical u-meson absorption in the 
atmosphere along with the first series of neutron 
intensity measurements reported here. The results have 
been compiled in Appendix IT. Both from the u-meson 
intensity as a function of altitude and from the proper- 
ties of the u-meson it is seen that they contribute a 
negligible or vanishing proportion of the total neutron 
production in the atmosphere. 

Bernardini and co-workers'’ have estimated that at 
an altitude of 685 g-cm~? the m—star production in 
photographic emulsions was <5 percent for A~50°. 
Hence, below the transition maximum at \=0° it is 
estimated that slow and fast m-mesons produce <3 
percent of the observed neutrons. 

Tongiorgi* has shown that neutrons are associated 
with showers. However, from the frequency of these 
showers and their negligible latitude dependence it is 
clear that their contribution to the total neutron 
production is negligible. 

From what little is known of the photon spectrum in 
the atmosphere, and from published cross sections for 
y—n and y-star processes and resonance widths for the 
—n process in light nuclei, it would be expected that 
these processes contribute <5 percent of the neutrons 
observed at A=0°. 

The above comments form the basis for the assump- 
tion in Sec. V(b) that the production of neutrons by 
nucleon-nucleus collisions accounts for >90 percent of 
the neutron production in a column atmosphere at the 
geomagnetic equator. 


(b) The Dependence of the Neutron Component 
Intensity on Primary Cosmic-Ray Energy 


In order to investigate the dependence of neutron 
production on primary particle energy, the neutron 
production arising from primary particles arriving 
vertically in the energy intervals corresponding to the 
geomagnetic cutoff for A=0°, 20°, 40°, 53°, and 65° 
may be examined. Although primary alpha-particles 
and heavy nuclei are an important constituent of the 
primary radiations their role in contributing high 
energy nucleons in the atmosphere is complex; there- 
fore, for the present it will be assumed that protons are 
the primary radiation. Geomagnetic cut-off values for 
vertical incidence as calculated from the Stéermer 
main plus shadow cones have been used. A method of 
analysis was chosen similar to that used by Bowen, 
Millikan, and Neher*> (hereafter referred to as B.M.N.) 
in their derivation of the primary spectrum from 
spherical ionization chamber measurements. A com- 
parison of the results will show the relative differences 
in production of the charged particle and neutron 
components in the atmosphere at different latitudes or 
primary proton energies. The B.M.N. measurements 
neglect a double-neutrino loss. In the B.M.N. analysis 


“uy. Tongionsi, Phys. Rev. 75, 1532 (1949). 
25 Bowen, Millikan, and Neher, Phys. Rev. 53, 855 (1938). 
Millikan, Neher, and Pickering, Phys. Rev. 61, 397 (1942). 
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at latitude \ the number of ion pairs measured at each 
altitude and integrated over the entire depth of the 
atmosphere is proportional to the amount of energy 
brought into the atmosphere by all primary protons of 
energies greater than the cut-off energy defined by X. 
The ionization observed at any given altitude is 
principally caused by particles generated at a higher 
altitude. Similarly, the fast neutrons detected arise 
from nearby nuclear disintegrations which are produced 
by high energy nucleons generated at higher altitudes. 
The migration length of these disintegration product 
neutrons has been shown? to be short compared with 
the mean-free path of the neutron producing radiation, 
and, from the discussion in Sec. II, the energy distri- 
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Fic. 7. The points on these curves were derived from the data 
in Fig. 2. The dashed parts of the curves are extrapolations based 
on the transition maximum found at \=54° by Yuan (see 
reference 6). 


bution of disintegration product neutrons is approxi- 
mately independent of altitude and latitude in the 
equilibrium region of the atmosphere. Therefore, the 
difference in areas under two altitude curves at \; and 
Xe is proportional to the neutron production from 
primary particles which have cut-off energies between 
Ey, and &,. 

This method was followed for the interval of atmos- 
pheric depths 4= 204 to k=610 g-cm™ in the published 
preliminary account* of the dependence of the neutron 
intensity on primary particle energy. More recently 
Yuan* has reported the shape of the altitude curve at 
\=54° near the top of the atmosphere. Hence, it will 
be assumed in the following analysis that the shape of 
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Tasie IX. @ is a function of primary particle energy and 
intensity and is proportional to the number of neutrons produced 
in a column atmosphere per Bev energy interval of primary 
particle energy. 











Vertical 
proton 
cut-off 
energy 

Bev 


Arbitrary units 
of areas (propor- 
tional to neutron 

production) A 
See Fig. 7 


Energy 
differ- 
ences in 
Bev =4E 

21 
3.5 


6.2 


Differ- 
ences in 
area =AA 





222 14 
10.5 
4.3 
1.3 


3.0 


0.4 








his curve above ~ 150 g-cm~ is correct and represents 
the kind of curve to be expected at lower latitudes 
except that the maxima probably occur at slightly 
increasing atmospheric depths with decreasing \ owing 
to the increase in average energy of the primary radia- 
tion. With this assumption the experimental curves 
of Fig. 2 have been extrapolated to the top of the 
atmosphere. The derived curves are shown in Fig. 7. 
In arbitrary units the relative areas A of the atmos- 
pheric depth vs. intensity curves are given in Table IX. 

6 is a function of primary particle energy and in- 
tensity and is proportional to the number of neutrons 
produced in a column atmosphere per Bev energy 
interval of primary particle energy. The results are 
plotted as a dashed line histogram in Fig. 8. The results 
obtained by B.M.N. from their ionization chamber 
measurements are shown in the solid line histogram 
without corrections for neutrino loss. The energies 
given in their paper for electron primaries were changed 
to energies for proton primaries, and their data were 
fitted to the neutron data in the range of energies of 
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Fic, 8. A histogram of the results tabulated in Table IX. The 
two histograms were normalized at 16-35 Bev. The ion chamber 
data are the corrected results of Bowen, Millikan, and Neher 
(see reference 25). 
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Taste X. Calculated values for the exponential absorption L 
of the neutron producing radiation produced by primary particles 
arriving between A, and Ay. 





Derived values for 
Zy,—), Sem 


Aad Ly g-cm™ 
212 212 
(20°-0°) 187 

206 
(40°-20°) 162 

40° 182 

(50°-40°) 
55° 157 











vertically incident protons of E>16 Bev. The more 
recent measurements of Biehl, Neher, and Roesch*® 
were not used to change the ionization chamber 
measurements of B.M.N. 

Before discussing these graphs, the following terms 
are defined : J,= integrated primary cosmic-ray nucleon 
intensity over the entire solid angle at the top of the 
atmosphere at magnetic latitude \. Q,=total neutron 
capture cm™-sec™! in‘a column atmosphere at mag- 
netic latitude \. Y,(E)=yield of disintegration product 
neutrons in a column atmosphere per incident primary 
particle of average energy E. 

It is seen that : 

Q~JiV(4), 
and that between two latitudes A, and Az with average 
vertical primary cut-off energies Ea, and Es, 
Ore »4K= Jro--1 VY rom, 
where (a2_a; is proportional to the differences in areas, 
in Table IX. 
Thus: 


The change in 6, from A\=0° to the interval Ass— Aro is, 


953-40 OL J ss~40¥' ss—a0(E) ] 


8 8 Jo¥ o(E)] 





from Fig. 8. 

The exponential absorption for the neutron producing 
radiation derived from primary particles admitted 
between \2 and A, may be estimated in the equilibrium 
region of the atmosphere by the crude assumption that 
the secondary particles which are generated in the 
interval between \2 and ), have an exponential absorp- 
tion, and that, 


Ij? exp[—h/Lr21 | 
=I, exp[—h/Lyx2]—Jo™ expl—h/ Lx] 
The calculated values for Zx2_»; are given in Table X. 


Since Lo> Ls55—0 then V53-40/ Yo<1 and J s3~-40/Jo 
> 8.4. 


~ 26 Biehl, Neher, and Roesch, Phys. Rev. 76, 914 (1949). 


SIMPSON 


The primary energy dependence of Y may be investi- 
gated by assuming a knowledge of the integral number 
spectrum. The best values for Js5/Jo range from 5 to 6 
on the basis of recent work by Biehl** and Winckler 
and _ co-workers.2” Hence, since (Qss/Qo)=(Vss/Yo) 
X(Jss/Jo)~4 then V55/Yo=0.5 to 0.7. It is seen, 
therefore, that Y is a slowly varying function of the 
primary particle energy. 

It is evident from Figs. 3 and 8 that with decreasing 
primary particle energy the ratio of the production of 
nucleons to the production of high energy charged 
mesons increases rapidly, especially above \=40°. For 
example, from Fig. 2 at 312 g-cm~ air the fast neutron 
production increases by ~1.5 between 40° and 50°. 
This large latitude effect is a unique characteristic of 
the low energy nucleonic component.*® 


C. The Formation of Nuclear Collision Chains 
in the Atmosphere 


The evidence in the foregoing sections provides the 
basis for a crude description of the production of 
neutrons in a column atmosphere initiated by an inci- 
dent primary particle. Using the curves in Fig. 7, the 
slow plus fast neutron capture in air per second, Q, in a 
column atmosphere may be determined from Appendix 
I. Hence, at A=55° the total neutron production, Q, is 
Q=8. With Jis=0.95 the yield is Ys3=8.4. This high 
yield of neutrons in a column atmosphere must come 
from a multiplicative process by which the neutron 
producing radiations are absorbed in the atmosphere. 
It will be assumed that fast nucleons excite air nuclei by 
collision processes, and, hence, that Leonision < Labsorption- 

In particular, the first interaction of a primary 
particle with a nucleus may produce several nucleons 
and a-mesons. These nucleons and z-mesons, along 
with the primary particle of reduced energy, may 
produce further inelastic collisions in the atmosphere 
with the excited nuclei returning to stable states by 
emission of fast neutrons, protons, and alpha-particles. 
Each primary particle thus produces several sec- 
ondary nucleons which, together with the primary, 
may each produce a few excited nuclei in subsequent 
collisions at greater atmospheric depths. This crude 
picture requires the assignment of the following energy 
dependent multiplicities for measurements at A: 
=average multiplicity of high energy nucleon produc- 
tion by a primary particle; v»=average multiplicity of 
nuclear disintegrations per high energy nucleon; and 
vs= average multiplicity of fast neutrons from a nuclear 
disintegration. 

Values for vs in carbon and aluminum near A=55° 
and A=40° have been measured”? with vg~2. Also, 

27 Winckler, Stix, Dwight, and Sabin, Phys. Rev. 79, 656 (1950). 

*8 Recently a comparable latitude effect for charged particles, 
probably protons of momenta >1 Bev, has been found by M. 
Conversi, Phys. Rev. 76, 444 (1949), 

2° V. Tongiorgi, Phys. Rev. 76, 569 (1949). J. Simpson, Proc. 
Echo Lake Conf. 252 (1949); Phys. Rev. 77, 751(A) (1950). C. G. 


Montgomery and A. R. Tobey, Phys. Rev. 76, 1478 (1949). A. 
R. Tobey and C. G. Montgomery, Phys. Rev. 81, 517 (1951). 
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vyv2 may be estimated from the absolute nuclear 
disintegration rates observed in photographic emul- 
sions.'’° One and two prong stars and disintegrations 
emitting only neutrons are not counted in the emulsions, 
and they must be estimated. By including these latter 
events it is estimated that 3-4 events per second which 
emit neutrons occur in a column atmosphere at A*50°; 
then »iv2~4. Hence, it appears that a low multiplicity 
v; of secondary high energy nucleons, each making a 
few inelastic collisions, may account for the entire 
neutron production in a column atmosphere. 

As the average energy of the primary particles is 
increased, the average energy as well as the multiplicity 
v; of secondary nucleons increases. In this way collision 
chain processes extend to greater atmospheric depths 
with increasing primary particle energy, and the 
multiplicity v2: of star production per high energy 
nucleon increases. This accounts for the change of 
exponential absorption Z of the neutron producing 
radiations from Ls55°= 157 g-cm~ to Lo°=212 g-cm~. 

It should be emphasized that this is only a qualitative 
discussion. J,, Q, and the star production in a colurnn 
atmosphere are not known precisely. In several respects 
the above remarks are consistent with models proposed 
by Thomson," Rossi, and Bernardini!’ to describe 
the behavior of the low energy star producing radia- 
tions. Recently Cocconi and co-workers have proposed 
a model which appears to fit the experimental data 
at high nucleon energies.” 


VI. TIME DEPENDENT CHANGES OF THE 
NEUTRON INTENSITY 


On the basis of the measurements described in the 
preceding sections there do not appear to be significant 
differences in neutron intensity between winter and 
summer. Although the optimum times for the measure- 
ments would be close to March and September, only 
measurements in December, 1947-January, 1948 (Fig. 
2) and May-June, 1948 (Fig. 4) have been made at 
both A=0° and A=54°. The winter and summer 
measurements are the same within the experimental 
error of +5 percent. These measurements were made 
during periods in which no significant geomagnetic or 
solar disturbances were reported. Also, with a larger 
experimental error, the slow neutrons measured in 
January and August, 1949 at \=0° (Table XI) show no 
significant change between winter and summer (see 
Appendix I). Neutron intensities on these quiet days 
have, therefore, been selected as a measure of the quiet 
day intensity of neutrons from the low energy nucleonic 
component. 

It is evident from a close examination of the statistical 
fluctuations of the experimental points along a latitude 
curve that, aside from occasional position errors, the 
fluctuations of neutron intensity are greater for \>50° 

* S. Lattimore, private communication. 

3G, P. Thompson, Phil. Mag. 40, 589 (1949). 


® B. Rossi, Proc. Echo Lake Conf. (1949). 
* Cocconi, Tongiorgi, and Widgoff, Phys. Rev. 79, 768 (1950). 
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than for A—0°. In fact, the intensity as a function of 
time at high latitudes shows periods of relatively large 
fluctuations. For example, in Fig. 9 two flights are 
represented which occurred on disturbed days. 

In order to investigate time dependent changes, two 
series of flights were made in 1949 at 30,000 ft pressure 
altitude. Both series will be described before discussing 
their interpretation. The first set included March 31, 
April 7 and 9, 1949, as shown in Fig. 5(A). Considerable 
solar activity was reported during the period April 5-9. 
Many stations reported™ magnetic storms on April 7. 
The principal increase of neutron intensity above 
\=50° was ~25 percent higher than the quiet day 
intensity, with this increase apparently occurring before 
the April 7 flight. Aircraft difficulties prevented flights 
at 30,000 ft on April 11, but data at 23,000 ft were 
recorded. Using L=157 g-cm™ the extrapolated in- 
tensity at 23,000 ft on April 9 would have been 450 
events per minute. However, by April 11 the observed 
intensity was 390 events per minute. This indicates 
that there was a decrease of neutron intensity toward 
normal occurring between April 9 and 11. 

The second flight series at 30,000 ft was October 27, 
29, and 31, 1949, shown in Fig. 3(B). Solar flares were 
reported of importance 1, 2, and 3 during the period 
October 25-31.** None of the flares occurred with the 
aircraft in the air. Some of the flares were followed by 
minor but distinct magnetic storms. The flight positions 
covered only a small range of longitudes, and corrections 
were made for this using the measured longitude effect 
at 41° in Fig. 6. The corrected curves were plotted and 
shown elsewhere.** The quiet day measurements at 
40°N are shown in Fig. 2 and were obtained at 110°W 
longitude. A detailed discussion of these curves and 
their relation to changes of the primary cosmic-ray 
intensity has appeared elsewhere,** however, it is clear 
that: 
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* J. Geophys. Research 54, 301 (1949). 


%6 The data covering the solar flare observations in this period 
were kindly pmo by A. H. Shapley of the Central Radio 
Propagation Laboratory, National Bureau of Standards. (Private 
communication.) 

3% J. A. Simpson, Phys. Rev. $1, 639 (1951). 
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. 10. The time dependence of the neutron intensity for 
” measurements above \=50°, as shown in Fig. 4. 


1. Above \=56° an increase of ~30 percent over 
the quiet day neutron intensity has occurred. 

2. Beginning before the measurement of October 27, 
additional primary particles with momenta lower than 
the limit on quiet days at A\=50° arrive at the top of 
the atmosphere. By October 31, particles arrive with 
momenta as low as ~1 Bev/c, if singly charged, 
corresponding to a cutoff at \>56°. 

These neutron measurements have been compared*? 
with charged particle measurements obtained in the 
same aircraft and at the same time; it was concluded 
that the observations represented a change in primary 
particle intensity and that the neutron intensity has 
an order of magnitude greater response to primary 
intensity change than the charged particle intensity at 
aircraft altitudes. Because of atmospheric absorption 
this increase could not have been observed at sea level.** 

These experimental results are consistent with the 
conclusions derived from Sec. V B; namely, that the 
neutron yield as a function of primary energy decreased 
with increasing latitude, but that the relative cross 
sections for the production of the low energy nucleonic 
component to the cross section for the production of 
high energy charged mesons increased with increasing 
latitude. 

From the measurements at high latitudes in this 
paper it may be concluded, tentatively, that the time 
dependent changes may be classified as either: (a) small 
fluctuations of intensity with occasional sharp increases 
occurring in times the order of minutes or hours, or 
(b) changes of intensity which persist the order of days. 
On the basis of approximately ten flights to high lati- 
tudes it appears that these changes occur on solar and 
terrestrial disturbed days.*® An increase in star produc- 
tion in a photoemulsion in the stratosphere following 
a solar flare has recently been reported.*° This increase 


37 J. A. Simpson, Phys. Rev. 81, 895 (1951). 

38 A recent report by M. A. Pomerantz [Phys. Rev. 81, 731 
(1951) ] indicates that small changes of primary radiation intensity 
may be detected at balloon altitudes. 

39 Staker, Pavalow, and Korff, Phys. Rev. 81, 517 (1951) have 
described balloon flights which show a factor of ~2 increase in 
intensity between ~54°N and 69°N at all altitudes. It is seen 
from Figs. 2 and 3 that their anomalous results may be explained 
by a change of neutron intensity in the time interval between 
their flights. 

Lord, Elston, and Schein, Phys. Rev. 79, 540 (1950). 


may be of the same type as reported here for the neu- 
trons. 

In Fig. 4 the intensity decrease observed in the early 
hours of May 29, 1948 for \>58° is not understood. 
The neutron intensity as a function of time for \>50° 
has been plotted in Fig. 10. Although a change of 
intensity of the kind shown in Fig. 10 is not in disagree- 
ment with the phase for a diurnal effect, the observed 
intensity change is too large. 


SUMMARY 


The distribution of fast neutrons produced in the 
atmosphere has been measured from the geomagnetic 
equator to 65°N over a period of two years. It was 
shown that these measurements are equivalent to 
“free atmosphere” measurements. The results may be 
summarized as follows: 


(a) A neutron component exists in the atmosphere which has 
the largest latitude dependence of any known secondary compo- 
nent in the cosmic radiations. This fact alone shows that the 
neutrons are secondary particles produced by charged primaries. 

(b) The neutrons are produced as part of a low energy nucleonic 
component which has a latitude effect at least as great as that 
for the neutrons. 

(c) The yield, Y, of fast neutrons in a column atmosphere 
from a single primary particle is only a slowly varying function 
of primary energy above approximately 4 Bev. There is still a 
large latitude effect between A\=40° and A=50°. These are 
characteristics of the neutron component. 

(d) At high latitudes the ratio at the top of the atmosphere of 
the cross section for neutron producing radiations to the cross 
section for high energy meson production increases rapidly for 
increasing geomagnetic latitude. This is verified from the observed 
increases of neutron and meson production in the atmosphere at 
high latitudes and below ~200 g-cm™ air following an increase 
in primary particle intensity.*” 

(e) Measurements of the exponential absorption of the neutron 
producing radiations from A=0° to 65°, where Lo°>L2o°> Lao° 
> Lss°, indicate that the neutrons are the disintegration products 
of stars and that the stars are produced in a series of collisions of 
a high energy nucleon. Developing at the top of the atmosphere, 
this process is a nucleon-nucleus collision phenomenon. 

(f) From the absolute capture rate of neutrons in the atmos- 
phere and the primary cosmic-ray flux, it has been estimated that 
the average multiplicities in air for high energy nucleon produc- 
tion, star production per high energy nucleon, and neutrons per 
star are low. 

(g) The slow plus fast neutron capture was measured at the 
geomagnetic equator at 312 g-cm™*. The average value was 
(3.20.5) X 10-* neutron captured in air g-sec™4. There may be 
large errors in this measurement because of the lack of knowledge 
of the neutron energy spectrum. 

(h) At high latitudes and altitudes the neutron component is 
time dependent, with temporary increases of at least ~30 percent 
being observed at 30,000 ft and persisting for the order of days. 


Although the contribution of primary alpha-particles 
in the primary cosmic-ray spectrum is important, it 
was assumed in this paper that all primary particles 
were protons. The effect of the alpha-particles will be 
discussed in a later paper. 

Rossi has classed both high and low energy nucleon 
processes as an “NV” component. It is seen in the 
present paper that the definition of a low energy 
nucleonic component is much more restricted but is 
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clearly a part of the mixed “NV” component. The 
neutrons are predominately produced by low energy 
processes, and the degradation of energy is completed 
with the formation of slow neutrons in the atmosphere. 

The world-wide distribution of slow neutron intensity 
shows that the total neutron production in the atmos- 
phere is dominated by the low latitude belt. Hence, 
large fluctuations of low energy primary particle 
intensity, such as found in the present investigation, 
do not change appreciably the total neutron produc- 
tion in the atmosphere of the earth. 

On the basis of the neutron measurements and the 
observed time dependent changes of the nucleonic 
component, the neutrons appear to be the most re- 
sponsive component to changes in primary particle 
intensity observable at low altitudes. Thus, neutron 
monitoring may become useful for following changes 
of primary particle intensity. 

The author wishes to thank Messrs. H. W. Baldwin 
(deceased), R. B. Uretz, and E. Hungerford for assist- 
ance in collecting the data on several of the flights. 
The assistance of General Mills Company in launching 
successful “sky hook” balloon flights with photographic 
emulsions was greatly appreciated. The officers and 
men of the U. S. Air Force B-29 group at Inyokern, 
under the command of Major W. Gustafson, and with 
navigator Captain George Freyer, were both co-oper- 
ative and skillful in flying the aircrafts. 


APPENDIX I. MEASUREMENT OF THE NEUTRON 
CAPTURE ABSORPTION IN THE ATMOSPHERE 


Since the slow neutrons do not attain thermal equilibrium? 
(most probable energies of ~0.02 ev) but have average energies 
the order of 0.2 ev, the measurement of the absolute neutron 
flux becomes difficult. However, as first pointed out by Mont- 
gomery and Montgomery,“ measurement of slow neutron absorp- 
tion by a detector using boron-10 is not dependent on the form 
of the slow neutron energy spectrum because both nitrogen and 
oxygen, as well as boron, have cross sections which follow the 
1/v law. Measurements of the absolute rate of absorption of slow 
neutrons by the air nuclei have been described by Bethe, Korff, 
and Placzek? and more recently by Yuan.* (See also Staker® 
and Davis.“) 

An attempt was made to convert the relative distribution of 
Fig. 2 into the absolute distribution for neutron capture by 
cadmium difference measurements using BF; proportional 
counters in B-29 aircraft.* This has been shown to be equivalent 
to free-atmosphere measurements.®*** As indicated in Sec. VI, 
only measurements below approximately latitude 40° avoid the 
serious time dependent intensity changes found at high latitudes. 

Independent measurements in summer and winter at the geo- 
magnetic equator under 312 g-cm~ of air are given in Table XI. 
No significance has been attached to the difference in these two 
measurements. 

Since each counter had the same rate of production of nuclear 

“C. G. Montgomery and D. D. Montgomery, Revs. Modern 
Phys. 11, 266 (1939). 

#L. C. L. Yuan, Phys. Rev. 77, 728 (1950); Phys. Rev. 81, 
175 (1951). 

# W. P. Staker, Phys. Rev. 80, 52 (1950). 

“W. O. Davis, Phys. Rev. 80, 151 (1950). 

“6 The tail gunner compartment was removed and only a thin 
aluminum tail piece surrounded the region of the detectors. 

*L.C. L. Yuan, Phys. Rev. 76, 1268 (1949). 
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disintegrations and recoils, the “cadmium difference” measure- 
ments eliminated these background counting rates. An approxi- 
mate upper limit for this background effect may be obtained 
from the data in Sec. III(c). At A=0° and under 312 g-cm™ 
air the background of a single slow neutron counter is +6 counts 
per minute after correcting for the differences in geometry of 
the fast neutron detectors used to obtain the data in Sec. III(c) 
and the slow neutron detectors. This shows that an unshielded 
BF; counter cannot be used to determine the slow neutron 
density. 

The detectors were calibrated at thermal neutron energies using 
a standardized neutron source and the calibrated counters used 
by Yuan.’ The thermal neutron cross section of the unshielded 
counter was equivalent to 8.8 cm*. At thermal energies the 
reported value* for the thermal neutron absorption cross section 
of a nitrogen atom is 1.710% cm*. Thus, taking into account 
the ratio of Nz to O; in air, one gram of air has an absorption of 
0.055 cm*. Hence, the unshielded counter has a thermal neutron 
cross section equivalent to 8.8 cm* and a neutron absorption 
equivalent to 160 g of air. 

An energy distribution has been assumed for the slow neutrons, 
which follows the work of Bethe, Korff, and Placzek? but is based 
on more recent data and includes fast neutrons.“ The average 
energy of the slow neutrons is assumed to be near 0.2-0.3 ev. 
This requires that for cadmium difference measurements the 
cadmium-covered counter response® must be calculated using 
the energy :lependence of the measured cross sections for neutron 
capture in cadmium.” With these assumptions the neutron absorp- 
tion for cadmium difference measurements is equivalent to the 
absorption of ~43 g of air. 

The average value of the measurements at A=0° and under 
312 g-cm™ air using cadmium difference corrections is (3.2+-0.5) 
X10-* slow plus fast neutrons captured g™-sec '. Accordingly, 
the tentative conversion factor for the neutron intensity distribu- 
tions in Fig. 2 is 1.6X10~*. These measurements are in disagree- 
ment with the early measurements of Yuan® but are in better 
agreement with his recent measurements® at 52°, provided his 
data on undisturbed days are used." It should be noted that abso- 
lute neutron capture rates, particularly those given in Table 
XI, are subject to large errors because of uncertainties in the 
necessary assumptions which are made when using BF; detectors. 
When new measurements of absolute neutron capture become 
available, the normalizing point for the fast neutron data may 
be changed. 


TasBLe XI. The measurement of slow plus fast neutron capture 
in the atmosphere at the geomagnetic equator and at 30,000 ft 
pressure altitude using BF; proportional counters. 








Neutron 
capture 
“Cadmium 
difference” 
in neu- 
trons per Cadmium under 312 
minute ratio g-cm™ air 


Events 
per 
minute 


Date Counter 


1949 
January Cadmium covered 
January No cadmium 
August Cadmium covered 
August No cadmium 


7.640.6 
8.9+0.7 


2.040.1 
2.2 40.1 


2.9X10" 
3.4 X10-* 








*? The author is indebted to Dr. Yuan for loaning his calibrated 
counter for comparison with the calibrated counters used in the 
above measurements, and to the Argonne National Laboratory 
for the use of the neutron source. 

“s ——— Ibser, and Feld, Revs. Modern Phys. 19, 259 
(1947). 

** E. Melkonian, Phys. Rev. 76, 1750 (1949). 

5° Rainwater, Havens, Wu, and Dunning, Phys. Rev. 71, 65 
(1947). 

5! L. C. L. Yuan, J. Geophys. Research 53 (1948) ; 54, 661 (1949); 
54, 295 (1949). 
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Fic. 11. The vertical charged particle intensity of the total component and mesons detected under 20 cm lead. 


APPENDIX II. THE LATITUDE AND ALTITUDE 
DEPENDENCE OF THE PENETRATING 
PARTICLE AND THE TOTAL CHARGED 

PARTICLE INTENSITY 


In order to confirm measurements of the latitude dependence 
of the charged particle components and to compare the cross 
sections for production of these components and the low energy 
nucleonic component, two vertical, three-fold G-M counter 
telescopes were carried in the aircraft in the January-February, 
1948 flights. Penetrating particles, principally u-mesons of mo- 
menta greater than 4X 10* ev/c, were selected using a 20-cm Pb 
absorber. The maximum angle from the vertical with which a 
particle could enter either telescope was +13°. The counters 
were 3.8 cm in diameter. 

For the total charged particle intensity measurement the 
absorbing material included a plastic window above the telescope 
(1.0 g-cm~) plus the total mean wall mass (3.8 g-cm~ of brass). 
The diode coincidence circuits had a resolution better than 
5 10-* sec. No corrections were made for side showers, since 
their latitude dependence is small and only relative measurements 


were required. Knowing the counting rates of the individual 
counters, corrections for accidental counts in the three-fold 
telescopes were applied. The data are shown in Fig. 11 with their 
standard deviations. The classical so-called ‘“soft-component”’ 
was determined by subtracting the penetrating particle intensity 
from the total charged particle intensity. The form of the altitude 
curves has been represented by exponentials below 15 cm Hg. 
The altitude dependence of the penetrating particles at 4=0° 
and A=53° is in agreement with the measurements of Gill, 
Schein, and Yngve* and both the penetrating and total vertical 
intensity altitude dependence are in fair agreement with the 
recent work of Biehl, Neher, and Roesch.”* 

The latitude dependence of the vertical intensity measurements 
at A=0° and A=53° are approximately equal below about 22 cm 
Hg indicating that both the penetrating and nonpenetrating 
charged particles have nearly the same latitude dependence. 
This is also the conclusion of Biehl, e¢ a/. from their more extensive 
measurements. 


® Gill, Schein, and Yngve, Phys. Rev. 72, 733 (1947). 
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The Fourth-Order Contribution to the Self-Energy of the Electron* 


R. M. Franxt 
Department of Physics, Cornell University, Ithaca, New York 
(Received February 26, 1951) 


The self-energy of a free electron is calculated to order e*. The modification of quantum electrodynamics 
suggested by Feynman is used to make the matrix elements finite. After mass renormalization, using the 
self-energy to order e*, there remain four Feynman diagrams whose matrix elements must be calculated. Two 
of these represented the two ways in which two virtual quanta may be emitted and absorbed by the electron, 
both quanta being present at the same time. The third diagram represents the emission of a virtual quantum 
which creates a virtual pair, the quantum produced by the pair annihilation being absorbed by the electron. 
The last diagram corresponds to the emission and absorption of a virtual quantum accompanied by a mass 


renormalization. 
The matrix elements involve an integration over the momenta of all virtual quanta present in each dia- 


gram. These integrals are approximated by assuming that the Feynman cutoff, \, is large compared to the 


electron mass. 
It is found that the result depends upon (Ind)?, but it is not the square of the second-order self-energy. 


I. INTRODUCTION Il. THE MATRIX ELEMENTS 


HE modification in interaction between charges The eight Feynman diagrams representing the process 
proposed by Feynman! yields, as he has shown, of emission and reabsorption of two virtual quanta and 
a convergent result for the self-energy to order e*. This the necessary mass renormalizations reduce to the four 
result used as a, mass correction for real processes pro- shown in Fig. 1 by use of the methods of A, Sec. 6. 
duces finite matrix elements insensitive to the cut-off The matrix elements representing these four processes 
width. While it is unlikely that any calculations on real are to be computed between states @ and x for a free 
processes will be made to such order that the mass_ electron. This means that pu=mu and ap=mi, from 
correction to order ¢ will be necessary, still it was the Dirac equation.5 It follows also that p?=m*. 
thought useful to calculate the self-energy to this order. Since the matrices will diverge, we introduce the con- 
One purpose of the calculation was to determine how _ vergence factor C(#*)= —*/(k®—*) for each quantum 
much more complex and difficult the integrals encount- and imply an integration over \ with weight factor 
ered in higher order processes are likely to be, and what G(A) after Feynman. 
methods of solution will prove advantageous. The The desired matrix element is found by taking the 
self-energy, being the simplest of the processes, is the sum of the individual elements for diagrams (a), (b), 
logical one to attack first. and (c) and subtracting the element for diagram (d) of 
Furthermore it is interesting to see how this order Fig. 1. 
compares to the e® order self-energy and to find the In evaluating the matrix elements we shall use the 
dependence upon the cut-off width X. methods outlined in A (Appendix) especially Eqs. 
It was found that the integrals are indeed consider- (1a) through (20a). We shall refer to these as A (1a), etc. 
ably more difficult than those encountered in the lower 
order terms; and, therefore, the calculation was carried Il. MATRIX ELEMENT A. DOUBLE SELF-ENERGY 
out only to order Ind. An unknown constant is there- The matrix element corresponding to diagram 1(a) 
fore to be added to the results given in this paper. is the element between @ and wu of the matrix: 





(1) 


of oy ee f-+m)y.(p—f—3+m)y,(p—f+ m)7,C(R)C(J*) 
e C(p—k)*— mI (p—k—J)?—m* I (p— kh) — me OP 





The numerator after simplification by use of A (4a) be- siderably. The integrals involved after this simplifica- 
comes 8m'+8m?3—4m3f—4mf3+8mP+4Epf+49fF tion is made are elementary. There is, however, one 
—4ff. The integration over J and then R can be per- _ point which bears discussion. 

formed upon each of the terms by the methods of A (1a) From the integration on J there results a term con- 
to (20a). Use of \*>m? simplifies the calculation con- taining In{{m?—(p—k)*]/m*}. In order to make this 


*This work was submitted to Cornell University in partial ‘t¢rm of a form suitable for integration over k, we let 


fulfilment of the requirements for a Ph.D. degree. oreeeneenine 
t Now at Florida State University, Tallahassee, Florida. 5 We shall use the following notation: Three-vectors are repre- 
1R. P. Feynman, Phys. Rev. 74, 939 (1948). sented in boldface roman; four-vectors are represented in bold- 
2 R. P. Feynman, Phys. Rev. 74, 1430 (1948). face italics; and if @ is any four-vector, then lightface German 
3R. P. Feynman, Phys. Rev. 76, 749 (1949). O= Oy Vp = Oe7¥4— 4171 — A2x¥2—Gr7y3. We use natural units through- 
*R. P. Feynman, Phys. Rev. 76, 769 (1949), hereafter called A. out (i.e., A=c=1). 
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where m?<X<)? and make the appropriate approxima- 
tions in each section. In order to avoid the infrared 
catastrophe we replace k® by k’—Xmin? in the denomi- 
nator where necessary. The dependence upon Amin? of 
the result is not important as this term is canceled by a 
term from diagram 1(d). We obtain for Eq. (1) the 
result 


——— In? -- 
8 m> 


é jn" Xe 
4r° 
sage bEa3 © Ell 


— In— n——-+—-In—}. (2) 


Fic. 1. The fourth-order self-energy, momentum space. 
3 ’ 2 mm Aan: 4 2? 


d. Ea. 16 3m 3m m Ym 
[eet] 

m?= x and differentiate with respect to x. After integra- 

tion over k we then integrate the result over x from © 

to m®. This latter integration is simplified by splitting The matrix element corresponding to diagram 1(b) 

the range of integration into ms x=X and X=x=~, is the element between states @ and u, of the matrix: 


IV. MATRIX ELEMENT B. CROSSED SELF-ENERGY 





ee EE ant ia ehh AL EG BD AS Re AA ED SR (3) 


((p—k)?—m* |[(p—k—J)?— mi? T(p— J—m* IRS 
Making use of A (14a) and A (15a), we may write 


S few fees yulp—b+m)y,(p—f£—I3+m)y7,(p—I+m)y, CRC (F) 





Rk 


(4) 


ef pdtk oi vu(p—f+m)y,(p—f—3+-m)7,(p—I+m)y, 
[=< =o) f ax f 2eds “ 
T 0 


“[(J—2p-J)(1—(1—2)s) + (8 2p-B)(1— az) + 2J-R(1—2) P 


The integration is somewhat simplified by splitting this into two terms, the first containing the (p— +m) of the 
middle factor, the second the (—f) thereof. Now the first is integrated over k and then over J, while in the second 
the order is reversed. Making the change of variable ‘=(1—z)y, y=(1—-xz)~', in the first and ‘=(1—2)y, 
y=(1—(1—2)z)~ in the second allows us to recombine after integration. Use of the relation 


vu(A+a)y(B+)y,(O+d)y,= —8A-DB+4aDB+ 46DA+ 4d BA + 40bD + 40dB+ 4bdA — 8abd 


then reduces Eq. (4) to 


x 1 1 1 
(e*/4n”) f dy f dt ‘f dz f wdu 
1 0 0 0 


x | [mA /4f ]C(m2h?w® f+ 2(1—w) f+ m?sw)-! — (mh? f+ 21 — w) f+ m?2w+ (1 —2) w/z) 


+- (m*h?w* f+ (1 —s)/2 w+ msw) — (m*hw* f+ mew) | 
Fl xia NL (1—2)/s jor" (l—w); f+ m?cw m*hPw? f+ m*cw } ) 
s 5 





as 
mh?w? f+-m?zw+ d* (1- —z)w/z mhw* f+-m’sw+ 7(1—w) f 





9 


where 


f=y—1+t—tz, h=1—[t2(1-—d) )/Ly—14+1(11-—242) ], 
A=8— 42+ 4hwat—12hw—12hwe—8h?w*+-12h?w*st+ 16h?w*s— 16h* wit, 
= — 16— 162+ 96hwst. 


Since h, w, z, and ¢ must all lie between zero and one, A and B are both of order one. A detailed examination of the 
terms in the first bracket shows that they can contribute at most to order constant in A”. Similarly, the first loga- 
rithm term will contribute, at most, a constant. 

The interesting part of this matrix element then comes from 


x 1 1 1 hw? f+-sw 
(e art) f ay f a f as f wdw[m(—16— 162+ 96hwzt)/8f?] In ‘ (6) 
, ° ° 0 hw? f+-sw+ (1—w) f/m? 
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In order to perform the integrations of Eq. (6), we first neglect h*w*f in both numerator and denominator of the 
logarithm. This will alter the result by at most a constant. After this change the integration over y can be per- 
formed. Putting (m?/d*)=a, we obtain 


em f' 1 i 2(1+2)—12wst azw+(t—Ffz)(1—w) 
—f a f a: f wdw In 
4rd, 0 0 t(1—tz) azw 


l1—w asw+(i-Ff *#)(1—w 
+[2(1+32)— 12w2é}—— In—________ 
azw (t—Fz)(1—w) 


e’m we ca +asw 
Hm fa fa foie ne 


(t—Pz)? azw 





1—w (1—w)? (¢(—fz)(1—w) 
+ 6w2??(1— | a+ In |} 
asw(t— 2) au? azw+(t—Ffz)(1—w) 


In the first integral replace ¢ by s=2t and then let r=s/s; in the second, replace z by s=/z and let r=1/t. Next 
perform the integration over w, then Eq. (7) becomes 


1+<sr i—s (1—s)? Teast 
Salo 

1—sLasr? (i—s) "Case “G-oP. yg Na 

[a 4s | (1—s)? (i—s)' asr® 


“(1s i-s Tes*—(i—s)}_ [asr?—(1—s)} ‘ras (1 (i—s)} 85" 





1+sr—6s asr* a’s*r4 asr? 4 2(r— 1) 
Stl i ENE SI 


asr” asr’-—(1—s) [asr?— (i—s)P 1—s ar? ar 





asr* a®s*r4 a's*76 asr* (r—1 \)s 
| = =~ — In fe 
2[asr?—(1—s)] [asr?—(1—s)? [asr?-—(1i—s)? (1—s) 
The last term yields (1/a)(}x’—}) when integrated. To integrate the balance of Eq. (8), we replace s by u=r*s/ 
(1—s), having first changed the order of integration. If we now again change the order of integration, we have to 


perform integrations over 


ai~s) 


§ [a + (ue? - 
a af in fr iw f 
§ [ua —(u? —4m) 4) 


Performing the integration over r leaves 


em fr” 3 Inau 
— f 2 tan~'u!+ “ -[_—— 
4x? Jy 2(u+ 1) au—1 (au—1)? 


u—1 1 1 Inau u+6 
+ tan-'4+4— ——+ In(u+1)—2 fa —___—_-++-—_—— =] -a tan—'4!-+ ——— 
u+1 2(au—1) (au—1)? (au—1)8 2(u+1) 


1 au 2 1 1 
x(-——+ — Bick § tan—'s!——_—_—_— ———— In(u+1) 


au—1 (au—1)? pr wet a’u(u+1) au? 


2 1 au} 
tpn eget “eta -— —__ — ———_—-+ Ina 
au? a’u(u+1) au? u—1 (ou— 1 )? Ge 1)3 


em fr” (u—4)! (2-4)! 1 Inau 
-—f auf tan“— +— —|—-- | 
r 4 2 2u au—1 (au— 1)? Continued on following page. 
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u—4)} 
—3(1—4/u)!+ln 





a] 1 1 


( Inau 
+] «-} tan _-— + 
1—(1—4/u)*53L2(au—1) (au—1)? (au—1)* 


(u—4)! 





(1—4/u)! 1 au 
|- + ina | 
2 au—1 (au—1)? 


1+(1—4/u)! 


——- In maa 


1—(1—4/u)}! 


Ki (u—4)! au 
tan“ |- -—_—__——_+-— 
a 2 2(au—1) (au—1)? (au—1)* 


+ | —2u- tan— 





2u-4 (u—4)! 3(1—4/u)' 1 
+[— tan“ + 
a 2 ay? au? 


a u anu 











nau ; (9) 
These integrals may be evaluated by choosing a value matrix 
L>1 such that aL<1. We take the corresponding terms aLr*yaah ae. (acres S 
from both integrals together and in the region L=u= <f- sernah akan ce (k yelp E+ m)Ys 
expand the first square bracket in each case, while for * mi [(p—k)?—m* ]k! 
0=u=L we expand the second square bracket. This where (2) is the vacuum polasisati t 
procedure yields elementary integrals throughout. The “4 ; P ee 
value Z disappears after combining results from both 
regions. The matrix element thus obtained is 


(e4/4x*) {$m In(d2/m?)+4m In?(d2/m?)}. (10) o 2 (2—4y)R 
V. MATRIX ELEMENT C. VACUUM POLARIZATION pte J (1 —9)[R—4m?/(1—y)] 


Inserting Eq. (12) into Eq. (11) and using A (4a), (14a), 
and (20a), we obtain for Eq. (11) 





» (il) 


x(k) = (e2/2n) f dy(1—y*) In[1— (K/4m?)(1—3)] 


(12) 





The matrix element corresponding to diagram 1(c) 
is the element taken between states @ and u of the 





Ns 1+2—x2 


— (¢/4n2)2m f Ciy*—4y)/(1— 9") ey f dx f (s—1)ate— (13) 





m* [2°(1— x)? (4a2/1—9*)-+04(1—2)/m? 
Here again we resort to an approximate solution assuming \*>>m*. We write Eq. (13) as 
1 1 1 
— (e4/4*)2m(d?/m?) f (e—Iydy f ax f 2(1+2s—«z)dz 
0 0 0 


1 4xz 





x|— heen . (14) 
4xz+ *(1—2)(1—y*)/m? [4x2+d*(1—2)(1—y)/m? P 








Now it is clear that unless y or z is near unity, neither VI. MATRIX ELEMENT D. MASS RENORMALIZATION 
of these terms will contribute anything of higher order 
than a constant. Hence, we choose constants 8 and 7 
such that 


The matrix element corresponding to diagram 1(d) 
is the element between @ and u of the matrix. 


((p—k)?—m? Pe 


[A\2/m?]nB>1 and B<1; <1. 


Now we need only perform the integral for values of y in 


’ 


é —- E+ m)Am(p—f+ m)y,C(R*)d*k 


wi 


the range 1—8 to 1, z in range 0 to 1—7, or y in the 
range 0 to 1—8, z in the range 1—7 to 1, or y in the 
range 1—§ to 1, z in the range 1—7» to 1, since for 
y<1—£ and z<1—7 the integral contributes at most a 
constant to the result. The integration over the three 
ranges above mentioned is elementary after the obvious 
approximations are made. The result is to find for the 
matrix element here 


(me? /4n*) { § In?(A*/m*) — (5/3) In(A?/m?*)}. (15) 


where 


(17) 





2 cy(p—I+m)y,C(P)d 
am=— f ; 
[(p—J)°— m0 


ri 
The integrations here are simply carried out using the 
results in A (Appendix) yielding for this matrix element 


(e4/4m*)[2 In(A?/m?)+-1n(Amin®/m?) | 


X [$m In(?2/m?)+2]. (18) 
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Now recalling that this term (18) is to be subtracted 
from the others including Eq. (2), we note that the 
term involving In(Amin?/m*) in these elements will 
cancel. The reason for this is clear: in both elements the 
infrared terms come from the emission of long wave- 
length (small Rk) quanta. For small k the intermediate 
state p—k is very nearly a free particle state and the 
self-energy operator 


fcnarro-t-S+m)/O—k- Jim 


arising in Eq. (1) is very nearly Am appearing in (16). 
VII. THE FOURTH-ORDER SELF-ENERGY 


The fourth-order contribution to the self-energy is 
found by adding Eqs. (2), (10), and (15) and sub- 
tracting (18) from the result. We find for the self- 
energy 


m(e*/4n”) { — (19/8) 1n?(\?/m*)+- (7/12) In(A?/m?)}. (19) 


It is encouraging, from the point of view of the theory, 
that this result behaves as In?(\*/m?) in the leading term, 
and no stronger dependence upon \ exists. However, 
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there is no cancellation between terms which would 
make the fourth-order self-energy finite, independently 
of \. The contribution from the vacuum polarization 
term is quite strong; and it must therefore be taken 
into account here, and presumably therefore in any 
processes involving virtual quanta. 

It has been suggested® that the self-energy might 
be represented as a summable series in Am [second- 
order self-energy, Eq. A (21)] which would converge 
for large . Neither the relative signs nor the sizes of 
the coefficients of our result (19) seem to indicate much 
hope of this. 

The statement made by Feynman just before Ap- 
pendix A of reference 4 seems fully justified. The ex- 
treme complexity of the integrations required in any 
but the simplest higher order processes is apparent by 
comparison to those evaluated here. 

The author is deeply indebted to Professor H. A. 
Bethe for his invaluable help during the calculation and 
his careful reading and criticisms of the manuscript. 
He is also grateful to Professor R. P. Feynman for sug- 
gesting the problem and for many very helpful sug- 
gestions. 


® G. Racah, Phys. Rev. 70, 406 (1946). 
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On the Origin of the Cosmic Radiation 


GrusEpPE Cocconi 
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(Received June 5, 1951) 


Experimental evidence of the isotropy of the cosmic radiation of energy above 10" ev is given. The inter- 
pretation of this result leads one to infer that the more energetic particles of the cosmic radiation are not of 
solar origin, but come from the whole galaxy. On the other hand, a local origin seems necessary for the 


particles of moderate energy (10°-10" ev). 


URING the months from August, 1950, to Feb- 
ruary, 1951, experiments have been performed in 
a salt mine, at a depth equivalent to 1600 m (geograph- 
ical latitude 42°N) in order to study various properties 
of the cosmic radiation underground.' The ionizing 
particles were detected by the fourfold coincidences of 
a vertical telescope shielded by 14-in. Pb (sensitive 
surface of the counters 30 X 30 sq. in., maximum distance 
between counters 22 in.). The temperature inside the 
mine is constant throughout the year within a few 
hundredths of a degree. The operation of the apparatus 
was excellent; no counters had to be replaced during 
the experiment. 
In 4154 hours of effective running 20,450 coincidences 
have been recorded (average rate 4.92 per hour) on a 


1 A preliminary report of these experiments has been given at 
the New York meeting of the American Physical Society. See 
Phys. Rev. 82, 294 (1951). 


running tape, and their time distribution has now been 
analyzed in correlation with the solar time and the 
sidereal time. Within the statistical errors (~3 percent), 
no correlation of the rate of coincidences with either the 
solar time or the sidereal time has been found. 

This result can be of interest in connection with the 
problem of the origin of the cosmic radiation. In 
fact, our experiments have indicated that the ioniz- 
ing particles observed underground are mu-mesons 
produced in the atmosphere by primaries of energies 
from 10'* to 10'* ev; the absence of time correlation for 
the mu-mesons provides, therefore, experimental evi- 
dence of the isotropy of the more energetic particles of 
the primary cosmic radiation.?~* The statement about 


( 3 oa Daudin, Denisse, and Daudin, Compt. rend. 228, 1116 
1949). 
* A. Daudin and J. Daudin, J. phys. et radium 10, 394 (1949). 


*A variation with sidereal time of the frequency of the 
extensive showers at mountain altitudes has been reported by 
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the nature of the particles underground and their corre- 
lation with the primary radiation is based on the fol- 
lowing facts: (a) the absorption in lead of the particles 
underground is equal to the absorption deduced from 
the well-known intensity versus depth curves. This 
shows that the particles observed underground arrive 
there losing energy all along the way mostly by ioniza- 
tion, and leads one to infer that they were produced with 
an average energy of about 10” ev; (b) all the ionizing 
particles underground are accompanied above ground, 
in the air, by extensive showers containing at sea level 
on the average 500 to 1000 electrons each. Hence, the 
production of the particles observed underground must 
be due to primaries having energies of the order of 
10'* to 10'* ev per nucleon, since otherwise the accom- 
panying shower would not reach the surface of the 
earth. A primary energy per nucleon of at least the 
same order of magnitude is obtained, if one accepts the 
energy-multiplicity relation in the nucleon-nucleon 
collisions predicted by Fermi.5 

We can thus make the statement that the particles of 
the primary radiation with energies from 10"* to 10 ev 
arrive at the earth isotropically, within an accuracy of 
about 3 percent. 

Not considering the possibility of an isotropic source 
of cosmic radiation spread uniformly over the whole 
galaxy, the only known mechanism which can give rise 
to the isotropy of such particles in space is their curling 
due to the action of irregular magnetic fields, extended 
over regions larger by some order of magnitude than 
the radius of curvature, p, of the path of the particles, 


p= E/300H cm (energy E in ev, magnetic field 
H in gauss). 


An upper limit for the intensity of a magnetic field sur- 
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rounding the solar system is believed to be H=10-° 
gauss. This gives p=10'* to 10” cm. The average 
distance between the stars in the region of the galaxy 
in the neighborhood of the sun is several light years, 
10'8 to 10"® cm, i.e., of the same order of magnitude as 
the distance which the particles of 10'* to 10' ev have 
to sweep in order to be sufficiently stirred by a field of 
10-° gauss. Therefore, it seems likely that at least the 
more energetic particles of the primary cosmic radiation 
are not confined to the solar system, but come also from 
other stars. Possibly the whole galaxy contributes to 
their production. A galactic origin of the more energetic 
band of the cosmic radiation, say, above 10" to 10" ev, 
very likely implies that the length of the path of these 
particles in the galaxy is at least of the order of 10*5 to 
10% cm. If the density of the interstellar matter is 
equal to 10-** g cm~-*, this length corresponds to a 
thickness of at least 10 to 100 g cm~. 

Assume that the galaxy is a sphere of radius R and 
that cosmic rays are produced at its center by a 
source of strength S.° The effect of the curling of the 
paths of the charged particles by the irregular magnetic 
fields is equivalent to the effect of an isotropic elastic 
scattering with mean free. path A~p. The diffusion 
equation in this case is the Laplace equation: 


$d0V2n+S5(r) =0, 


where 1 is the velocity and m the density of the particles 
at a distance r from the center of the galaxy. With the 
condition that »=0 when r=R, the solution is 


» foes | 
n=4(--—), 
eR 


where A is a constant. To find the ratio 


I(0) intensity of the radiation coming from the center of the galaxy 





are = 


I(x) 


assume that the flux per unit surface and unit solid 
angle of the particles at a point at a distance r from the 
center is given by the expression, 
F(0)= f+g cos6, 

where @ is the angle between the tangent to the tra- 
jectory of the particle at the point considered and the 
line connecting that point to the center; g represents 
the anisotropy of the radiation at the distance r. Thus, 


1+a=(f+g)/(f—g)= ~1+2(¢/f) 
a=2g/f. 


n=4rf/v. 


Auger ef al. (see reference 2). Later (see reference 3), the same 
group found that the fluctuations observed could be correlated 
with the fluctuations of the temperature of the atmosphere, hence 
did not provide evidence for a sidereal effect. 

5 E. Fermi, Prog. Theor. Phys. 5, 570 (1950). 


and 


Furthermore, 


intensity of the radiation coming from the opposite direction 





The net outward flux, 1(0)—I (3) can be obtained both 
from the expression for the flux, F(@), and from the 
diffusion equation. In the first case, 


. 4a 
1(0)—1(n)=2x f g cos*é saeatsll ts 
0 


In the second, 


1 1 A 4r R 
1(0)—I(x) = —-oVn=-\vo—=—-f- : 
3 3 Pf 3 (R—1) 


Equating the two results one obtains 


g/ f= (A/r)R/(R—-1) 


® This is not an oversimplified picture, since most of the galactic 
matter is concentrated near the center of the , and the sun 
is quite far from it. See, for example, A. Unsdld, Z. Astrophys. 26, 
176 (1949). 
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and finally 
d\/r=(a/r)(1—r/R). 


The number of “collisions” a particle must suffer before 
diffusing through a distance r is 


N=(r/d)3, 


hence, the length of the path of the particle in the 
galaxy before reaching the distance r from the center is 


$= 2e\N = 2er(r/d) =4ar/[a(1—r/R)]. 


From our measurements, a< 3X 10-*, and assuming for 
r the value of the distance of the sun from the center of 
the galaxy, r=3X10" cm, and r/R=0.5, one obtains 


A<2K10"% cm and s>3X10% cm=30 g cm?’ 


If, among the primary particles, there are heavy ions, 
their probability of colliding with the interstellar 
matter will be quite high, their mean free path for 
nuclear collision being of about 20 g cm~*. This means, 
first, that the number of heavy ions which reach the earth 
is much smaller than the number of ions formed at the 
center of the galaxy; second, that the charge spectrum 
of the ions is a continuous one, because in the inter- 
actions with interstellar matter all kinds of fission 
nuclei are formed. The first argument does not apply 
to the protons, because even if they lose some energy 
in each collision they will gain energy in the interaction 
with the irregular magnetic fields, as shown by Fermi.® 

If this picture is true, we can anticipate that the 
charge spectrum of the high energy band (above 10** to 
104 ev) of the cosmic radiation is very different from 
that observed for moderate energy particles (10° to 10° 
ev). Namely, it will not show the deficiency of Li, Be, 
B atoms observed by Bradt and Peters,® and the rela- 
tively high abundance of heavy ions. 

This point needs experimental check. No data are 
thus far available. 

The value found previously for \ determines a lower 
limit for the intensity of the irregular magnetic fields 
in the galaxy: 


A min= 10'eV /300A= ~ 10-* gauss. 


The isotropy observed could be considered as a proof 
of the existence of such fields in the galaxy. 

If these fields exist, the particles of the cosmic radia- 
tion of moderate energy, e.g., 3 10° ev, will move along 
orbits with a radius of curvature 


p=10" cm=),, 


and if they too come from the center of the galaxy, the 
length of their path before reaching the earth will be at 


7 Smaller values for \ and larger values for s would be found if, 
instead of a spherical galaxy, one assumed a disk-like one, as it 
actually is. 

* E. Fermi, Phys. Rev. 75, 1169 (1950). 

°H. L. Bradt and B. Peters, Phys. Rev. 80, 943 (1950). 


least 
$1= 2nr(r/d1) = ~ 10" cm = 10° g cm. 


On the other hand, the fact that the cosmic radiation 
of moderate energy has a charge spectrum quite rich 
in heavy nuclei and probably very poor in Li, Be, B 
nuclei strongly suggests, as shown by Bradt and Peters,® 
that these particles have not crossed a thickness of 
material larger than ~1 g cm™~*. The only way out 
seems to be to assume that the moderate energy par- 
ticles do not come from very far, but are locally gene- 
rated by the sun. It may be that they are mostly 
trapped in the closed orbits of the magnetic field of the 
sun: in this case their life-time, as shown by Kane, 
Shanley, and Wheeler,’® would be of the order of 10* 
years, and the thickness of matter crossed smaller than 
1 gcm~. 

In conclusion, the picture we propose is the following. 
The less energetic particles of the primary cosmic radi- 
ation, up to energies of about 10'° ev, come from the 
sun. They are mostly captured by the planets, with a 
lifetime of 10‘ years. Their charge spectrum reflects 
the composition of the region of the sun in which they 
were produced. Their isotropy is insured |,y their inter- 
action with the magnetic fields of the sun, the earth, and 
possibly of the planets, as shown by Kane, Shanley, 
and Wheeler.'° 

The more energetic band of the primary cosmic radi- 
ation (energies above 10'* to 10" ev) is not produced 
in the solar system, but comes from the whole galaxy. 
It consists of the particles which have leaked out from 
the trapping fields of the producing stars and have 
possibly undergone further acceleration in the cosmic 
space. These particles disappear, partly destroyed by 
collisions with interstellar matter, and partly by dif- 
fusing out of the galaxy; anyway their lifetime is at 
least of the order of 10° years and their charge spectrum 
does not maintain the peculiarities of the composition of 
the stars from which the particles come. 

An intermediate region of energies must be present, 
whose characteristics are intermediate between those of 
the two extreme bands. 

With a picture of this kind, the density 6 of the 
energy of the cosmic radiation in the galaxy would 
essentially be the density of the energy of the particles 
with energy above, say, 10"* ev; with the usual 1.8 
power spectrum, 6=6X10-" erg cm~*; with a lifetime 
of 10° years this corresponds to an output of power 10° 
times smaller than the power going into electromagnetic 
radiation. The argument of Richtmeyer and Teller" 
against a galactic origin of the cosmic radiation thus 
loses some of its weight. 

The author is grateful to Professor H. A. Bethe and 
Dr. S. Hayakawa for helpful criticism and suggestions. 


” Kane, Shanley, and Wheeler, Revs. Modern Phys. 21, 51 
(1950). 
" R. D. Richtmeyer and E. Teller, Phys. Rev. 75, 1729 (1949). 
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Absorption by Aluminum in the Soft X-Ray Region* 


D. H. TomBouian anv E. M. PELL 
Cornell University, Ithaca, New York 


(Received June 8, 1951) 


Measurements on the absorption by aluminum in the spectral range extending from 80A to 600A have 
been carried out by the use of a grazing incidence spectrograph. The investigation has revealed that the 
strong absorption band centered at 129A is a “surface” phenomenon which takes place in the metal-substrate 
interface of absorbers prepared by evaporation. Thin metallic foils without a substrate do not show this 
absorption band. The present data have yielded consistent results for the mass-absorption coefficient, whose 
value ranges from 1.0X 10‘ cm?/g to 2.8 10‘ cm?*/g in the above spectral region. As observed previously 
in connection with the K edge, a secondary structure is also present on the short wavelength side of the Z,,3 


edge. The L; absorption limit has not been detected. 





INTRODUCTION 


HE soft x-ray emission spectra of many crystalline 
metallic and nonmetallic elements of low atomic 
number have been investigated rather thoroughly.!? 
The emission spectra referred to are due to electron 
transitions from the valence band to vacant K or L 
levels. Since the width of these inner levels is relatively 
small, the observed intensity distribution in the emission 
spectrum furnishes information concerning the level 
density of the populated states of the crystal lattice. 

Measurements on the absorption by the light ele- 
ments are less extensive. Since the absorption process 
involves the transition of electrons into unoccupied 
levels such measurements yield additional information 
concerning the level structure. If the absorber be 
irradiated by photons of energy greater than /v,, where 
v, is the frequency corresponding to the g absorption 
edge, the incident photon may be absorbed by an elec- 
tron in the g level. If the photon energy is less than hv, 
the absorption does not involve the g level. For example, 
in the case of aluminum, the absorption of photons of 
energy somewhat greater than Av, involves primarily 
an L electron; while photons whose energy is less than 
hv, may only be absorbed by electrons in the conduction 
band. Thus, the absorption on the short wavelength 
side of the edge reflects the characteristics of the 
unoccupied levels, while that on the long wavelength 
side portrays the combined features of filled as well as 
unfilled levels. 

Measurements on various metallic elements whose 
absorption edges lie in the soft x-ray region have been 
reported by several investigators.*~’ These observations 
deal with the K-edge of Li; the Z23 edges of Na, Mg, 
and Al; and the M23 edges of Ni, Cu, and Zn. A sum- 
mary of the numerical absorption data for the foregoing 


* Work supported by the ONR. 

‘1H. W. B. Skinner and H. M. O’Bryan, Trans. Roy. Soc. 
(London) 239, 95 (1940). 

2 W. M. Cady and D. H. Tomboulian, Phys. Rev. 59, 381 (1941). 

3 V. H. Sanner, Z. Physik. 94, 523 (1935). 

4H. M. O’Bryan, Phys. Rev. 49, 944 (1936). 
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elements (except Na) are given in reference 6. Although 
the K-edge of Be and B; and the L-edges of Si, P, and 
S also fall in this region, no measurements seem to have 
been carried out on these elements as yet. 

A survey of the results obtained previously leads to 
the following summary with regard to the characteristic 
features of the absorption curve in the neighborhood of 
the K or L limit. 

(1). The metals Li, Na, Mg, and Al show a well- 
defined K or L2,3 absorption edge. A somewhat diffuse 
I, edge should also appear in the spectra of the last 
three metals. The observations yield no conclusive 
evidence of the presence of this edge, though it should 
lie in the wavelength range investigated. 

(2). In the M-absorption spectra of Ni, Cu, and Zn, a 
somewhat diffuse M23 edge is established, though the 
M, limit is not observed definitely. 

(3). The absorption curves in general show secondary 
structure. On the short wavelength side of the K edge 
in Li and of the Z2 5 edge in the case of Mg and Al, there 
appears a surprisingly intense absorption band. A 
correspondingly strong absorption is not observed near 
the K edge of the latter elements. 

(4). The reported measurements indicate the pres- 
ence of large discrepancies in the values of the absorp- 
tion coefficient as arrived at from absorbers which 
differ in thickness. 

The experimental procedures in the 50 to 500A 
region, are subject to difficulties. Of prime importance 
in making reliable absorption measurements is a source 
of strong more or less continuous radiation. Such a 
source does not exist. The continuum emitted by x-ray 
targets is extremely weak in this region. One is therefore 
limited to the use of line spectra emitted by highly 
excited atoms in a condensed spark discharge. Aside 
from the discontinuous nature of such a source, meas- 
urements become less reliable due to the variation in 
the relative intensities of lines and due to the presence 
and overlapping of higher order spectra. 

A second difficulty lies in the preparation of suitable 


t Note added in proof: Preliminary measurements on Be were 
reported by D. H. Tomboulian and R. W. Johnson at the Wash- 
ington meetings of the Am. Phys. Soc., Phys. Rev. 83, 220 (1951). 
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absorbers. For this purpose one needs uncontaminated 
metallic films preferably of known thickness not exceed- 
ing 5000A. Usually such absorbers are made by evapora- 
ting the substance on a transparent supporting film or 
on a backing layer which can be removed. Samples 
prepared in this manner may contain traces of impuri- 
ties or may not be crystalline in character, Furthermore, 
if absorption coefficients are to be evaluated, one has 
to contend with the problem of ascertaining the thick- 
ness of the absorber with some degree of precision. 

Finally, there are the limitations in intensity measure- 
ments imposed by the photographic method. This 
method is at present the one generally used for the 
comparison of intensities although recent techniques 
involving photomultipliers show promise. 

The foregoing troublesome experimental features are 
to a large extent responsible for the scarcity and lack 
of refinement in absorption measurements in the far 
ultraviolet region. 

It was considered worthwhile to select an absorber, 
such as aluminum, which is convenient to work with 
and to re-examine the various features of the absorption 
curve in the neighborhood of the Z limit. In particular 
the investigation was undertaken (1) to institute a search 
for the LZ; edge, whose location had more recently been 
predicted® on the basis of radiative transitions within 
the Z shell; (2) to investigate the intense selective 
absorption on the short wavelength side of the edge as 


indicated by previous measurements; (3) to extend the 
range of measurements and if possible to arrive at more 
definitive values for the absorption coefficient. 


EXPERIMENTAL 


The source of radiation was a condensed spark dis- 
charge in a glass capillary. Such a source produces an 
intense line spectrum superimposed on a relatively 
weak continuum. The lines emitted by this source are 
due primarily to ionized atoms of oxygen, nitrogen, 
silicon, and sodium, and except for the very short 
wavelengths are sufficiently densely distributed over 
the range of interest. The intense lines of this spectrum 
are classified and their wavelengths have been deter- 
mined accurately by Edlen.* A large number of tests 
have established the fact that if operated under care- 
fully controlled conditions, the relative intensities of 
the lines from the capillary discharge do not differ by 
more than a few percent from one exposure to another 
though the absolute intensities for a dozen or more 
sparks are subject to somewhat greater variation 
(about 5 percent). 

The dispersing instrument was a grazing incidence 
spectrograph which in the neighborhood of 200A had a 
dispersion of 1A per mm. For photometric purposes a 
slit width of 0.10 mm was used, and for this slit width a 
practical instrumental resolving power of 400 was 

8’ D. H. Tomboulian, Phys. Rev. 74, 1887 (1948). 


®*B. Edlen, Nova Acta Regiae Societatis Scientarium Up- 
saliensis 9, No. 6, (1934). 
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readily attainable for the wavelength region specified 
above. 

Several types of absorbers were utilized. The thickest 
sample consisted of rolled aluminum foil while the 
thinner ones were prepared by condensing the metal on 
thin backing films of zapon. Two samples of inter- 
mediate thickness were prepared by careful etching of 
the rolled foil. Foils whose thickness was in excess of 
6000A practically absorbed all the wavelengths shorter 
than that of the edge, while those of only several 
hundred angstroms in thickness were almost equally 
transparent on either side of the edge. Calculation’® 
indicates that the optimum thickness of the absorber 
should be about 1500A. The present measurements 
were conducted with absorbers whose thickness ranged 
from 200 to 6500A. The backing films used had a trans- 
mission of 50 percent in the vicinity of 300A and were 
considerably more transparent at shorter wavelengths. 
The absorption by the backing film varied only slowly 
with wavelength and was free from selective effects. 

For the rolled foils, the absorber thickness was arrived 
at by weighing samples on a microbalance, successive 
weighings being in agreement within } percent. The 
samples selected were tested for uniformity in thickness 
by placing a large sample in the path of the incident 
beam and by comparing the absorption produced by 
different regions of the foil. The thickness of the etched 
foils was determined indirectly by a scheme to be 
mentioned later. In the case of evaporated films the 
sample thickness was estimated" by distilling a known 
weight of the metal from a battery of tungsten evapora- 
tors so arranged as to insure a uniformly deposited 
layer. The thickness so calculated was checked by weigh- 
ing a deposit of known area. The two results differed 
by about 1 percent. It is known" that in this procedure 
the evaporated Al film is not contaminated by tungsten. 
Extreme precautions were taken to maintain cleanliness 
of the apparatus and good vacuum conditions within 
the distilling chamber. The absorbers of different thick- 
nesses were prepared under as reproducible conditions 
as possible. 

Electron diffraction experiments by Stahl"* seem to 
indicate that if the evaporation is carried out in an 
interrupted fashion, the deposits obtained consist of 
sandwiched layers of the pure metal and its oxide. Such 
studies indicate further that an amorphous deposit may 
be present on the outer surface and that on exposure to 
air the fresh surface layers become oxidized only to a 
depth of 50A. The present measurements gave no 
evidence that samples prepared by continuous or by 
interrupted evaporation were sufficiently different in 
structure as to affect the character of the observed 
absorption curves. In all but the thinnest absorbers 

0A. Sandstrom, Nova Acta Regiae Societatis Scientiarum 
Upsaliensis Ser. IV 9, No. 11 (1935). 

UR. C. Williams, J. Appl. Phys. 20, 98 (1949). 

2 J. Strong, Procedures in Experimental Physics (Prentice-Hall, 


Inc., New York, 1946), p- 173. 
8H. A. Stahl, J. Appl. Phys. 20, 1 (1949). 
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Fic. 1. Absorption curve in the neighborhood of the L,,3 edge 
of aluminum. The absorber was prepared by depositing a 1000A 
layer of the metal onto a zapon substrate. 


used, the influence of the oxide layer was considered 
to be negligible. 


PROCEDURE 


For the actual runs, two mountings were prepared 
from the same zapon film. These two supporting layers 
received identical treatment with regard to aging and 
exposure to vacuum conditions except that one of them 
was coated with the desired thickness of aluminum. The 
two specimens were then mounted on a rotary shaft 
behind the spectrograph slit, and as close to the slit as 
possible. This should minimize fogging and deterioration 
of the image due to radiation which is scattered by the 
foil and falls on the grating at angles other than those 
necessary for focusing. By means of external controls, 
it was possible to rotate the specimens in the interval 
between sparks so that either the bare zapon film or 
the one coated with aluminum was introduced in the 
path of incident beam. The arrangement of the plate 
holder was such that it could also be raised or lowered 
quickly behind an occulator without disturbing the 
vacuum. Two juxtaposed spectra could thug be ob- 
tained on the same plate, one representing the absorp- 
tion by the bare zapon film and the other that due to 
the metal and zapon films in combination. In order to 
smooth out the effect of fluctuations in the intensity of 
individual sparks, intermingled exposures were made 
on the same plate by inserting the coated and uncoated 
films alternately in the path of the beam. 

The ratio of the total number of sparks used for the 
individual exposures was adjusted so as to obtain 
comparable photographic densities in the adjacent 
spectra. This ratio was varied from 2 to 20 depending on 
the thickness of the absorber and no exposures were 
made in which the total number of sparks was less than 
10. The photographic plates (Ilford QI) were calibrated 
by utilizing the Z-emission band of aluminum? and also 
by a procedure described by Skinner and Johnston.° 
Calibration curves were obtained over the required 
wavelength range by the latter scheme, which assumes 
the constancy of the intensity ratios of lines in two 
spectra taken with different number of sparks. Over the 
region of overlap, the two methods gave results which 
were in good agreement. 
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RESULTS 


A typical absorption curve obtained by the use of 
evaporated samples of aluminum is reproduced in Fig. 1. 
(For the given curve the thickness of the deposit was 
1000A.) In the quantity plotted as the ordinate, /» 
represents the intensity of the radiation emergent from 
the uncoated -zapon absorber, while J stands for the 
intensity of the beam after passage through the ab- 
sorbing layers of aluminum and zapon. In accordance 
with the relation —yx=2.30 logio(Z/Jo) the ordinate 
corresponding to a given wavelength ) is proportional 
to the linear absorption coefficient » since x, the 
absorber thickness, is fixed. The experimental points 
represent averages determined from six to ten plates 
taken with varying exposure ratios. The general 
features of the absorption curve, such as the L» 4 limit 
at 170A, the intense absorption band centered at 129A, 
and the secondary structure were also observed on 
similar curves obtained with five different samples of 
deposited layers whose thicknesses ranged from 500A to 
2500A. 

It follows from the aforementioned relation that for a 
given wavelength, the quantity logi(Jo/Z) should be 
directly proportional to the absorber thickness x. 
When the measurements on evaporated samples were 
tested for this consistency, it was found that, for wave- 
lengths in the neighborhood of the edge, the expected 
regularity was valid within the limits of experimental 
uncertainty. It must be mentioned that reproducible 
values of logio(Jo/Z) were achieved only through the 
maintenance of scrupulous cleanliness in the evapora- 
tion process. However, over the general region of the 
selective absorption band (110 to 150A) the data failed 
to follow the expected linear relation. Examples of this 
behavior are shown in the plot of Fig. 2 for the three 
wavelengths indicated thereon. The data represented 
by circles are based on absorbers prepared by distilla- 
tion. The estimated error in logio(Jo/J) and that in x is 
indicated by the sides of the rectangles. The two points 
designated by triangles (A\) were obtained from meas- 
urements on rolled metal foil, whose thickness was 
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Fic. 2. A plot of logio (Jo/Z) versus x, the absorber (Al) thick- 
ness. The data for absorbers with zapon substrate are designated 
by circles. The data for the absorbers thicker than 3000A were 
obtained by the use of foils without substrate. 
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determined by weighing. The determinations repre- 
sented by crosses (X) will be commented upon in the 
discussion which follows. 

The discrepancy observed in connection with the 
plot of Fig. 2 suggested the desirability of testing 
absorbers free from zapon backing and led to the use 
of self-supported metallic foils. When rolled foils were 
used the intensity transmitted on the high energy 
side of the edge was too feeble for reliable measurements. 
It was therefore necessary to reduce the thickness of 
such absorbers. This was accomplished by etching the 
foils gradually until samples of sufficient transparency 
were obtained. The absorption curve of the thinnest 
sample of this type is reproduced in Fig. 3. Here Jo 
represents the intensity of the radiation incident upon 
the foil and J is the intensity emergent from it. A 
comparison of the shape of this curve with that of the 
one shown in Fig. 1 reveals the striking fact that the 
intense absorption band, which is invariably present in 
the observations made on evaporated layers, no longer 
exists when etched foils free from a substrate are used 
for absorbers. Since the absorption on the long wave- 
length side of the edge seemed to be linear with x in 
each case, the thickness of the particular etched sample 
was determined with the aid of the linear relationship 
between logio(Zo/Z) and the absorber thickness given 
in Fig. 2. Thus, from the value of the ordinate of the 
curve in Fig. 3 at a wavelength (175A) selected pre- 
viously for one of the linear plots in Fig. 2, the thickness 
of the etched absorber was found to be SO00A. As a 
check the value of logio(Jo/Z) at a second wavelength 
(170A) was plotted in Fig. 2 against the absorber thick- 
ness arrived at in the manner just described. Such 
points, corresponding to the two etched samples, are 
indicated by crosses in Fig. 2. Unfortunately, due to 
the extreme fragility of the etched absorbers, it was not 
practical to prepare thinner specimens. 

As a possible cause for the large dip observed in the 
absorption curves of samples prepared by evaporation 
one may consider the introduction of impurities, the 
formation of oxide layers, or the properties of the sup- 
porting film. Or, the effect may arise from peculiarities 
inherent in the crystalline structure of the evaporated 
film. A similar dip in the absorption is also present in 
the curve obtained by Johnston® who used foils prepared 
by vaporizing aluminum from a molybdenum crucible 
under electron bombardment and condensing the 
metal onto thin backing films of celluloid. Since the 
absorbers used in the present measurements were 
prepared by a different procedure, it is unlikely that 
the effect is due to peculiarities of the distillation 
process, such as the presence of impurity atoms of 
tungsten or molybdenum. Absorbers prepared by in- 
terrupted evaporation and presumed to contain sand- 
wiched layers of the oxide” did not behave differently 
from other absorbers. The effect cannot arise from the 
unavoidable surface layer of oxide since the latter must 
also be present in the case of etched foils which show 
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Fic. 3. Absorption curve for aluminum in the region of the 
L,,3 edge. The absorber consisted of a metallic foil (no substrate) 
5000A in thickness. 


no selective absorption. In addition, the absorption 
curve of pure Al,O; was determined for comparison 
purposes. No similarities were found between the ab- 
sorption curve of the oxide and that of the evaporated 
metal. 

It is possible to determine the thickness of evaporated 
films very precisely by the methods of multiple-beam 
interferometry.“ Such thickness determinations in con- 
junction with microchemical techniques indicate that 
thin films (100 to 500A) of Al, Cu, and Ag have densities 
which are very nearly the same as those of the bulk 
metal. Furthermore, an electron diffraction pattern of 
one of our samples has confirmed the crystalline nature 
of the deposit. Thus, one is led to believe that thin Al 
films possess the characteristic structure of the metal 
lattice. 

In the present tests both zapon and polystyrene sub- 
strates were used and Johnston used a celluloid backing 
film in his experiments. The absorption by these 
materials has been studied over the spectral range 
concerned and is found to be quite free from large 
fluctuations. When metals are deposited on thin films of 
these plastics the extra absorption is present in all 
cases and does not seem to be influenced by the chemical 
nature of the supporting film. 

From the plot shown in Fig. 2, it is seen that, in 
particular, the 129A radiation is more strongly ab- 
sorbed in the first 500A of Al than it is in the rest of the 
sample. By reference to the slope of this curve it is 
seen that the absorption beyond this thickness is about 
the same as at 170A, as it should be if the peculiar 
absorption structure were absent. This suggests that 
the strong dip in the absorption curve centered at 129A 
arises from some sort of “surface” effect limited to a 
depth of about 500A taking place in the region of the 
aluminum-substrate interface. 

Although the unexplained absorption seems to be 
associated with the metal-backing interface, the mecha- 
nism that accounts for it is not known. The absorption 
may arise from transitions between energy levels in the 
metal and levels in some element common to the dif- 
ferent substrates used. Or it may be due entirely to the 


“4S. Tolanski, M lary Interferometry (Clarendon Press, 
Oxford, England, 1948), p 
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Fic. 4. The effect of substrate on absorption. A comparison 
of the results shown in Figs. 1 and 3. 


metal, the substrate serving only to change the metal 
lattice near the surface or perhaps serving as a medium 
into which metallic atoms or ions can diffuse. 

That the absorption is characteristic of the metal 
and not of the substrate appears to be confirmed by the 
results obtained by Skinner and Johnston® who used 
lithium and magnesium deposits on celluloid. Un- 
explained dips are present in .heir results. But in the 
case of lithium there are two‘dips instead of one and 
the distance of either to the absorption edge is appreci- 
ably smaller than in the case of Al or Mg. If the absorp- 
tion is due to an energy level provided by a common 
element in the substrate, one would not expect an 
additional absorption band to show up merely through 
the use of Li instead of the other metals. 

It is likely that in the condensation process the metal 
atoms penetrate the body of the substrate thus forming 
an interface region several hundred angstroms thick. 
Only at the pure aluminum boundary is the lattice 
characteristic of the metal. In the transition region, 
each metal atom is surrounded by substrate atoms in 
neighborhood configurations that vary greatly for dif- 
ferent metal atoms. Upon the absorption of a photon, 
the Zs electron is ejected from the metal atom and 
goes to an outer level which is essentially atomic in 
origin and character. Such a selective transition would 
give rise to a rather sharp absorption line or lines. But 
because of the difference in the immediate surroundings, 
the sharp lines may overlap in energy positions and 
thus give rise to the observed band or dip in absorption. 

The wavelengths of the positions of the absorption 
dips are all within a few electron-volts of the wave- 
lengths corresponding to certain atomic transitions in 
the metallic ions stripped to their rare gas cores. It may 
be proposed that the metal might diffuse into the 
substrate, there forming an ionic structure with the 
cation stripped of all its valence electrons. This seems 
possible energetically. Estimates indicate that even if 
the initial state is strongly localized in the neighborhood 
of the positive ion, the final state in the absorption 
process would probably overlap with neighboring nega- 
tive ions. The energy of the final state would therefore 
be affected by coulomb and exchange interaction, as well 
as by the change in the Madelung potential. It is con- 
ceivable that these factors might compete with each 
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other, in such a way that the energy would be changed 
only slightly relative to what it would be in the gaseous 
ion. No calculations have been made to prove or dis- 
prove these hypotheses and such explanations must be 
regarded as pure speculation. 

The lower curve in Fig. 5 is a plot of the present 
measurements showing the secondary structure on the 
high energy side of the Z23 edge. The data for this 
curve were derived from a study of etched-foil absorbers, 
though many of the characteristic peaks and valleys 
were also present in the measurements made on ab- 
sorbers prepared by evaporation (see Fig. 4). It is in- 
teresting to note that appreciable structure is observable 
to within a few electron-volts of the L-edge. The upper 
curve in Fig. 5 is reproduced from a study" of the struc- 
ture in the neighborhood of the K-limit (7.95A). The 
vertical scales in Fig. 5 are arbitrary. The curves are 
drawn so as to match the positions of the K and Z limits 
approximately. The secondary structure observed in 
these experiments falls within 75 ev of the edge and 
theerfore cannot be accounted for on the basis of Kronig’s 
theory.'® The structure in this energy region is usually 
regarded"’ as atomic in character. The positions of the 
observed maxima and minima, the shapes of the peaks 
and valleys should be dependent on the initial state of 
the photoelectrically ejected electron (s electron from 
the K shell and # electron from the Z sheil). 


COMMENTS ON THE L, EDGE 


Studies in the soft x-ray spectra of the light metallic 
elements have been unsuccessful in detecting the 
emission band which should be observed when conduc- 
tion electrons make transition into a vacated J; level. 
The absence of such an emission band is ascribed to the 
operation of other processes whereby an excited atom 
may leave the LZ; state by a radiationless transition 
(Auger effect) or by a radiative transition within the 
I-shell. Because of such competing transitions the 
intensity of the Z; emission band is so weakened and/or 
broadened as to escape detection. However, in ab- 
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Fic. 5. Secondary structure on the short wavelength side 
of the ZL, 3 absorption edge of aluminum. 
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sorption the ZL; edge should have a better chance of 
being observed, since it is expected that in the absorp- 
tion process the transition probability from an LZ; to 
empty conduction levels (sp) should compare favor- 
ably (in the ratio 4 to 11° by calculation'’) with those 
from L23 into empty valence levels (ps). Previous 
investigations® * in the absorption spectra of Mg and Al 
have clearly revealed the position of the Le 3 edge. The 
L, edge should be greatly broadened relative to the 
L2,3 edge, because of the above factors reducing its life 
time. And in fact, the location of the Z, edge cannot be 
regarded as experimentally established. 

In two previous reports'*.”° experimental evidence has 
been presented for the existence of radiative transitions 
within the Z-shell of the four light elements Na, Mg, 
Al, and S. On the basis of such identifications, the Z; 
edge in Al should appear at about 105A. Unfortunately, 
the present measurements do not show evidence of an 
absorption edge at the predicted position. Presumably, 
the secondary structure associated with the Ls; edge 
masks the Z, absorption edge which is expected to be 
somewhat weak and very diffuse. 


ABSORPTION COEFFICIENT AS A FUNCTION 
OF WAVELENGTH 


The available experimental data on (7/p) the mass 
absorption coefficient for aluminum over the region 
1A to 600A are summarized graphically in Fig. 6. The 
data in the region of the K limit are taken from the 
papers by Allen and Hill,!* while those in the region 
of the L-edge are based on the present measurements. 
The experimental determination of the mass absorption 
coefficient includes the effects of scattering and reflec- 
tion in addition to the photoelectric absorption which 
predominates. No direct determination of the scattering 
is available above 1.6A; and the effect of scattering is 
assumed to be negligible. 

Sabine’s* measurements on evaporated films of Al 
indicate that the reflectivity of the metal is less than 
3 percent below 600A. Hence the effect of reflection may 
also be ignored, and the measurements in the region 
concerned essentially represent the photoelectric ab- 
sorption only. 

A discussion of the photoelectric absorption for x-rays 
is given by Hall.” By the use of the expression for the 
dependence of (7/p) on frequency, as given by Eq. (6) 
in Hall’s paper, the theoretical values of the mass- 
absorption coefficient on the short wavelength side of 


1% R. D. Hill, Proc. Roy. Soc. (London) Al61, 284 (1937). 

19D. H. Tomboulian and W. M. Cady, Phys. Rev. 59, 422 
(1941). 

20D. H. Tomboulian, Phys. Rev. 74, 1887 (1948). 

"S. J. M. Allen, Phys. Rev. 27, 266 (1926). 

2G. S. Sabine, Phys. Rev. 55, 1064 (1939). 

*% H. Hall, Revs. Modern Phys. 8, 358 (1936). 
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Fic. 6. A plot of the mass absorption coefficient as a function 
of waveinaths The spectral region extends from 1A to 600A. The 
present measurements cover the region on either side of the 
las edge. 


the K edge were calculated for the ideal absorption 
limit \’=5.40A. Similar calculations were carried out 
for the long wavelength side of the K edge utilizing the 
general functions listed in Table II of Hall’s article. 
In the latter computation, \”’, the hypothetical wave- 
length of the £ edge was determined using the screen- 
ing constant for the Z-shell as given by Slater. The 
numerical value of \” turns out to be 46.6A. 

A more refined value of the wavelength correspond- 
ing to the K edge may be predicted on the basis of a 
formula derived by Kennard and Roess.”* This relation 
yields the value of 8.20A for the position of the K edge. 

The results of the theoretical calculations mentioned 
above are indicated on Fig. 6 by the solid limes. The 
agreement with the experimental measurements is 
satisfactory as far as the short wavelength side of the 
K edge is concerned. The departure on the long wave- 
length side of the K edge is not surprising since the 
theory ignores the eifect of the crystal lattice of the 
absorber. So far as the authors are aware, the present 
measurements constitute the only attempt to extend 
the determination of absorption coefficients into the 
very soft x-ray region. It is gratifying that the Z-region 
coefficients are not seriously out of line with an ex- 
trapolation from the K-region measurements and 
calculations. 
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The beta-gamma angular correlations in the decay of a number of nuclides have been studied as a function 
of the beta-ray energy. Isotropic correlations were found in the decay of Co*®, Co®*, Co®, Na®, Na*™, Cs™, 
and I™, Non-isotropic correlations have been measured in the decay of Rb**, Sb'*4, and ['**, The interpre- 
tation of these results in terms of the properties of the emitted radiations and the nuclear energy states is 
discussed. A non-isotropic conversion electron-gamma-angular correlation was found in the decay of Mo”. 


1. INTRODUCTION 


N recent years angular correlation measurements 

have taken their place with the measurement of 
internal conversion coefficients, lifetimes, and spectral 
shapes in the determination of the angular momentum 
and parity of nuclear levels.' In this paper we shall 
describe measurements of beta-gamma and conversion 
electron-gamma correlations. 

The theory of >eta-gamma angular correlation has 
been dealt with most extensively by Falkoff and 
Uhlenbeck? who have calculated explicit beta-gamma 
correlation functions for all possible cases involving an 
angular momentum change of one or two for the beta- 
ray and the gamma-ray, assuming a zero nuclear charge 
and assuming a single nuclear matrix element is re- 
sponsible for the beta-transition. Lennox and co-workers* 
have calculated explicit correlation functions for some 
special cases assuming a finite nuclear charge and mix- 
tures of matrix elements. The theory of conversion 
electron-gamma angular correlation has been studied by 
Ling and Uhlenbeck.* They have computed these cor- 
relations for K shell conversion using various approxi- 
mations for the atomic wave functions. 

In all of these theoretical studies it is assumed that 
the lifetime of the intermediate state of the nucleus is 
so short that no appreciable reorientation takes place 
before the emission of the second radiation. It is also 
assumed that the efficiency of the radiation detectors 
are polarization and spin insensitive. Goertzel®’ has made 
a theoretical study of the effect of reorientation of the 
nucleus by the atomic magnetic field and by externally 
applied magnetic fields. 

Some general conclusions of the theoretical studies 
which apply to all types of angular correlations dis- 
cussed in this paper are stated here: 


* This work has been supported in part by the joint program 
of the ONR and AEC. 

1 E. L. Brady and M. Deutsch, Phys. Rev. 78, 558 (1950). 

2D. L. Falkoff and G. E. Uhlenbeck, Phys. Rev. 79, 334 
(1950). 

3M. Fuchs and E. S. Lennox, Phys. Rev. 79, 221 (1950); E. S. 
Lennox, private communication. 

*D. S. Ling, thesis, University of Michigan (1948), unpublished. 

5 G. Goertzel, Phys. Rev. 70, 897 (1946). 


1. The correlation function will always be of the form: 
W (0) = 1+ a, cos*6+ a2 cos*0+ ---. 


Only even powers of cos@ appear. 

2. The coefficients a1, a2, etc., depend on the angular 
momenta of the three nuclear states involved and on 
the nature of the transitions. For a gamma-transition 
the coefficients depend on the multipole order of the 
transition but not on parity change. For a beta-transition 
the coefficients depend on the particular matrix element 
responsible for the transition. The conversion electron- 
gamma-correlation coefficients depend on the atomic 
shell in which the conversion takes place and on the 
multipole order and parity change of the transition. 

3. No higher power of cos? can appear than 22, 
where L is the smaller of the angular momenta carried 
away by the emitted particles. 

4. No higher power of cos@ can appear than 2/, where 
J is the angular momentum of the intermediate state. 
For example, if J=0 or J =} there will be no correlation. 

Some further theoretical conclusions applicable only 
in the beta-gamma case should also be given here: 

1. If the beta-transition is allowed there will be no 
correlation. 

2. If the beta-transition is forbidden but the shape of 
the spectrum is strictly identical with the allowed shape 
there will be no correlation. 

3. For the axial vector and tensor interactions the 
highest power of cos@ that can appear in 2F where F is 
the degree of forbiddenness. For example, for first-for- 
bidden axial vector or tensor interactions cos‘@ terms 
do not appear even though these transitions may 
involve an angular momentum change of two. 

4. The beta-gamma angular correlation depends on 
the maximum energy of the beta-spectrum involved. If 
beta-rays of all energies are detected the so-called 
integral correlation will be observed. If beta-rays of a 
particular energy only are detected the so-called dif- 
ferential correlation will be observed. The differential 
correlation depends on the energy of the beta-rays 
being observed and vanishes as the energy of the beta- 
rays being observed tends to zero. 

5. The correlation computed assuming the actual 
value of Z for cases where matrix elements like f¢Xr 
are involved is substantially lower in absolute value 
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Fic. 1. Apparatus for observing beta-gamma angular correlations. S is the source, A is the thin anthracene crystal of 
the beta-counter, and B is the Nal crystal of the gamma-counter. 


than that computed from the Z=0 approximation. 
When matrix elements like B;; are involved the corre- 
lation is nearly independent of Z. 


2. EXPERIMENTAL PROCEDURE 


The simplest experimental arrangement would consist 
of a source set up between a beta-counter and a gamma- 
counter, one of which could be rotated around the 
source. Appropriate electronic equipment to operate 
the counters and record the coincidences would also be 
needed. Several such experimental arrangements have 
been described recently.* In these arrangements the 
energy of the beta-particles being observed is fixed by 
the amount of absorber in front of the counter and if a 
scintillation counter is used by the height of pulse 
accepted by the counting equipment. For this research 
this simple arrangement was modified by inserting a 
thin-lens beta-ray spectrometer between the source and 
the beta-counter to select the energy of the beta-rays 
being observed. By selecting beta-particles in a narrow 
range of energy we are able to measure the differential 
correlation. A sketch showing the position of the source, 
counters, and the spectrometer is given in Fig. 1. 

At energies near the maximum beta-energy the dif- 
ferential correlation is expected to be larger than the 
integral correlation and might be easier to find. Fur- 
thermore, if a correlation is found we are able to 
measure the differential correlation as a function of 
energy. This provides additional information when 
comparing the experiments with the theory. 

The use of a lens spectrometer has certain advantages 
from an experimental point of view. Its use allows the 
beta-counter to be placed at some distance from the 
gamma-counter. Since the electrons follow curved paths 
in the spectrometer, the direct line of travel from the 
source to the beta-counter can be filled with sufficient 

*R. L. Garwin, Phys. Rev. 76, 1876 (1949); Grace, Allen, and 
Halban, Nature 164, 538 (1949); T. B. Novey, Phys. Rev. 78, 66 
(1950); R. Stump and S. Frankel, Phys. Rev. 79, 243 (1950); 
S. L. Ridgeway, Phys. Rev. 79, 243 (1950); 78, 821 (1950); 


. R. Beyster and M. L. Wiedenbeck, Phys. Rev. 79, 728 (1950) ; 
, 169 (1950); I. Shaknov, Phys. Rev. 82, 333 (1951). 


lead-absorber to prevent any gamma-rays from being 
counted in the beta-counter. In the decay of a nucleus 
such as Co® where a gamma-gamma correlation exists, 
a spurious beta-gamma correlation might be observed 
if the gamma-ray efficiency of the beta-counter were 
not very small. If the nucleus being studied is a positron 
emitter the possibility of observing a spurious beta- 
gamma correlation is much increased since the two 
gamma-rays emitted when the positron is annihilated 
always come off with an angle of 180 degrees between 
them. In any case eliminating gamma-counts in the 
beta-counter reduces the chance coincidence rate. 
Locating the beta-counter some distance away from the 
gamma-counter also eliminates the possibility of regis- 
tering a coincidence when a gamma-ray is Compton 
scattered from one counter to the other. 

The spectrometer used in this experiment was of the 
conventional thin lens type.” This type of spectrometer 
was chosen because of its simplicity and because it can 
be adjusted so that the angular spread of electrons 
transmitted and the momentum resolution are satis- 
factory for angular correlation experiments. Further- 
more, its use allows both the source and the detectors 
to be placed outside the magnetic field. The coil, wound 
around the center of the spectrometer chamber, is sur- 
rounded by ;;-inch steel plate and the spectrometer 
endplates are made of steel so as to reduce the magnetic 
field at the positions of the counters. This is necessary 
since the amplification of the photomultipliers used in 
the scintillation counters is very sensitive to changes in 
the magnetic field. The spectrometer baffles were set so 
that the momentum resolution Ap/p was about 0.15. 
With this baffle setting the transmission of the spec- 
trometer for electrons of a given energy was about } 
percent. 

The beta-counter consists of a small crystal of 
anthracene about #-inch square and }-inch thick and an 
RCA 5819 photomultiplier. The crystal is mounted on 
the vacuum side of a glass plate which seals a hole in 


7 Deutsch, Elliott, and Evans, Rev. Sci. Instr. 15, 178 (1944). 
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Fic. 2. Decay schemes. References to original work on these may 
may be found in reference 12. 


the end plate. The photomultiplier is mounted outside 
the vacuum (see Fig. 1). The gamma-counter in some 
of the earlier experiments consisted of a cylinder of 
anthracene 1.8 inches in diameter and 1.7 inches high 
and a 5819. Later the ‘efficiency of the counter was 
increased by replacing the anthracene by a cylinder of 
thallium activated sodium iodide. The sides of the 
crystal are protected from stray and scattered radiation 
by j-inch of lead. Sufficient lead is placed between the 
source and the gamma-counter to prevent the detection 
of gamma-rays scattered through large angles near the 
source. Both photomultipliers are surrounded by Per- 
malloy cylinders to reduce the effect of magnetic fields. 
The tubes with their Permalloy shields are placed in 
grounded brass cylinders which serve to eliminate 
electrical pick-up and stray light. 

Pulses from the multipliers are amplified by a pair of 
Model 501 amplifiers. The coincidence circuit consists 
of a pair of blocking oscillators giving pulses about 0.1 
usec long. The blocking oscillator pulses are fed to 
separate grids of 6AS6 coincidence tube. Coincidences 
and the single counts in each channel are recorded simul- 
taneously. 

It is evident that to observe an angular correlation 
we must observe the direction of the particles just as 
they come from the nucleus. Any scattering between 
source and detector will reduce the observed correlation. 
In any angular correlation experiment where gamma- 
rays are involved care must be taken to avoid counting 
Compton scattered radiation since the energy and 
intensity of the scattered radiation is strongly dependent 
on angle. As noted previously we have placed sufficient 
lead in front of the gamma-counter to keep Compton 
scattered quanta out of it. 

The scattering of the beta-particles in the source and 
the source backing is an even more serious problem. 
We have used the thinnest possible sources consistent 
with a reasonable counting rate. Most of the sources 
were vacuum evaporated onto a very thin backing, 


5W. C. Elmore and M. Sands, Electronics; Experimental 
Techniques, National Nuclear Energy Series, V-1 (McGraw-Hill 
Book Company, Inc., New York, 1949), 
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assuring uniform source thickness. A few were made 
by precipitating the source material from a drop of 
liquid. The sources are mounted inside an aluminum 
hemisphere at one end of the spectrometer so that the 
gamma-rays pass through the same thickness of alu- 
minum regardless of their angle of emergence (see Fig. 
1). Except for the source backing there is no scattering 
material within a half-inch of the source. The sources 
were from } to 2 inch in diameter on a backing of } 
mg/cm? aluminum foil or on thinner collodion films. 

The linearity of momentum of the focused electrons 
with current was proved by measuring several conver- 
sion and photoelectron lines of kngwn energy. Some 
departure from linearity might be expected because of 
the steel used for magnetic shielding. Apparently the 
steel is far enough away from the coil to have little 
effect on the field inside the spectrometer tank. 

With an external source of gamma-radiation the 
counting rates in both counters were substantially 
independent of a spectrometer current showing that 
sufficient magnetic shielding was present. Variations of 
about 2 percent in the gamma-counting rate as a func- 
tion of angle were noted. This is attributed to a slight 
misalignment of the source and the axis of rotation of 
the counter and also to scattering by the spectrometer 
end plates. The effect of this variation on the measured 
correlation was corrected for in first order by dividing 
all coincidence rates by the single counting rate in the 
gamma-counter. The angle of the gamma-counter was 
changed frequently during a run to minimize errors 
arising from changing efficiencies, spectrometer current, 
resolving time, etc. The principal proof of the sym- 
metry of the apparatus was provided by the numerous 
symmetrical (or zero) angular correlations observed in 
the decay of various nuclides. 

The angular correlation was corrected for finite 
angular resolution assuming a theoretical correlation 
of the form 1+acos’@. For our arrangement all 
measured values of the angular correlation must be 
raised by 11 percent in absolute value. The energy de- 
pendence of the correlation was corrected for the finite 
momentum resolution of the spectrometer by using the 
observed dependence as a first approximation. 


3. BETA-GAMMA ANGULAR CORRELATION 
RESULTS 


We subtract the chance rate from the gross coinci- 
dence rate at a given angle and divide the result by 
the gamma single rate at that angle to obtain a number 
N(0). We define «=[N(0)—N(90°) ]/NV (90°). Then 
E(0)=Ae+R, where A is the angular resolution cor- 
rection factor which for our arrangement was 1.11, and 
R is a small correction for the momentum resolution 
of the spectrometer. E(@) is to be compared with 
[W(@)— 1] as computed theoretically. Most of our data 
was taken at 180° and 90° and hence we obtain 
E(180°) which is to be compared with the theoretical 
value, (a;+a:+---). In most cases enough data was 
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taken at 135° to show that no large cos‘@ terms were 
present. The errors given in this paper are the standard 
deviation based only on the number of counts. 


A. Rb** 


The decay scheme is shown in Fig. 2. Our results for 
E, plotted vs the energy of the focused electrons are 
given in Fig. 3. The solid points were obtained using 
sources of RbCl 0.5 mg/cm? thick and 1.1 cm in 
diameter vacuum evaporated onto } mg/cm? aluminum 
foil. The source material was made available to us 
through the kindness of Dr. C. S. Wu, who had obtained 
it from Chalk River. Our earlier results obtained from 
sources about 6 mg/cm? thick made from lower specific 
activity RbCl from Oak Ridge are plotted in Fig. 3 as 
open circles. The standard deviations of these points are 
approximately the same as for the solid circles at cor- 
responding energies. It can be seen that at 525 kev 
both sources give the same result while at lower energies 
the correlation measured with the thicker source is 
smaller than that with the thinner sources. We take 
this to mean that at 525 kev and probably also at 330 
kev our thin sources were thin enough to allow us to 
measure the true correlation. Below 300 kev our values 
are probably lower than the true value. 

In all cases the large amount of Cs!‘ present in the 
source material was removed by repeated cesium silico- 
tungstate precipitation. The absence of Cs'* in the 
purified Rb** was proved by noting the absence of 
gamma-gamma-coincidences. 

The integral correlation in Rb** of +0.13 was cal- 
culated assuming an allowed spectrum shape® and a 
differential correlation passing through our observed 
points with the thinner sources. 

The high energy beta-spectrum has a shape corre- 
sponding to the B;; matrix element.®?° Since Sr* is an 
even-even nucleus its ground state is expected to have 
spin zero and hence the ground state of Rb** probably 
has spin two. The low energy spectrum has a shape 
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Fic. 3. Beta-gamma angular correlation of Rb**. Solid circles 
are data obtained with the thin sources. mn circles are data 
obtained with thick sources. Standard deviations in the thick 
source data are approximately the same as for the solid circles 
at corresponding energies. 


®° H. R. Muether and S. L. Ridgeway, Phys. Rev. 80, 750 (1950). 
” Zaffarano, Kern, and Mitchell, Phys. Rey. 74, 682 (1948). 
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Fic. 4. Beta-gamma angular correlation of Sb‘. The solid line 
is the theoretical correlation for spins 3-2-0 and the dotted line 
the theoretical correlation for spins 1-1-0 with the Bj; matrix 
element responsible for the beta-transition in both cases. 


consistent with an allowed transition or with some 
types of first-forbidden transitions. An allowed tran- 
sition is ruled out by the existence of a beta-gamma 
angular correlation. The excited level in Sr** is probably 
one or two. 

The experimental correlation is not consistent with 
any theoretical correlation from reference 2. Lennox 
and co-workers" have been unable to fit the data with 
any correlation calculated assuming a single matrix 
element operative but taking the nuclear charge into 
account. They are currently trying to fit the data with 
mixtures of matrix elements.t 


B. Sb'*4 


Ridgeway,® and Beyster and Wiedenbeck® have 
reported an integral beta-gamma correlation in the 
decay of Sb‘. Our results for Sb!‘ as a function of 
energy are given in Fig. 4. The source material was 
obtained from Oak Ridge. Three different sources were 
used. Each consisted of metallic antimony about 1.5 
mg/cm? vacuum evaporated onto a 3 mg/cm’ mica 
backing. Although no thick sources were made for 
comparison it is felt that the values given in Fig. 4 are 
nearly the true correlation since the high electron energy 
reduces the scattering. Assuming the scheme given by 
Kern ef al." shown in Fig. 2, the correlation above 
1620-kev beta-energy involves only the 2.29-Mev 
negatron spectrum and the 602-kev gamma-ray. Below 
1620 kev a second spectrum begins to contribute beta- 
gamma-coincidences to the measured rate. At about 
this energy the correlation is seen to drop rapidly in 
absolute value presumably because these additional 
coincidences are isotropic or perhaps even have a 


1 E. S. Lennox (private communication). 

+ Note added in proof: M. Fuchs [thesis, University of Michigan 
(1951), unpublished] has fitted our experimental value of the 
correlation in Rb** by assigning an angular momentum of 2 to 
the excited state in Sr®* and using a mixture of the B,;” and {Ba 
matrix elements. 

2K. Way at al., Nuclear Data, National Bureau of Standards 
Circular 499 (1950), 
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TABLE I. Isotropic correlations. 


E@(180°) 


—0.028+0.02 

+0.005+0.017 
—0.023+0.025 
+0.017+0.03 

—0.021+0.027 
—0.005+0.041 
+0.02 +0.019 
+0.026+0.024 
+0.028+0.024 
+0.013+0.02 








Energy (kev) 


111 
252 
277 
467 
277 
436 
1045 
609 
1074 
1074 


Decaying nuclide 





Co® 
Cs'*4 
Na® 


Na*4 
Co*— Co** (source A) 


Co** (source B) 








positive correlation. Langer ef al.!* were unable to 
determine whether or not the 1.69-Mev spectrum has a 
forbidden shape. They found the shape of the 2.29-Mev 
negatron spectrum to correspond to the first-forbidden 
matrix element B;; (AJ=0, +1, +2 and parity change). 
Assuming all beta-transitions eventually lead to the 
602-kev level they find the 602-kev gamma-ray to be 
electric dipole. In Fig. 4 the solid line is the theoretical 
correlation for angular momenta 3-2-0 and the dotted 
line that for 1-1-0 with the beta-transition due entirely 
to the B;; matrix element and zero nuclear charge in 
both cases. As we have said the correlations involving 
only B,; type transitions are nearly insensitive to Z. 
The scheme 3-1-0 with B;; matrix element proposed by 
Langer ef al."* leads to a theoretical value of E(180°) 
= —0.14 at maximum beta-energy and seems definitely 
ruled out by our results. The 1-1-0 scheme would seem 
to fit our data best since we might expect that any 
scattering effects would reduce the observed correla- 
tion. However, in this case the transition direct to the 
ground state of Te!4 would be allowed or first forbidden 
only. The scarcity of these direct transitions could be 
accounted for by assuming that the gamma-transition 
is magnetic dipole and that the L=1 first-forbidden 
matrix elements //8éXr and fa are small compared 
with the B,;; matrix element. The correlation resulting 
from the 3-2-0 scheme nearly fits the observed points 
and this scheme would explain satisfactorily the absence 
of direct transitions to the ground state. Perhaps a 
mixture of matrix elements with only a small amount 
of an L=1 matrix element with the B;; matrix element 
would raise the correlation slightly without changing 
the characteristic B,; shape noticeably. The 3-2-0 
scheme would obviously require the gamma-ray to be 
quadrupole. No other plausible spin assignments with 
unmixed matrix elements and L= 1 or 2 yield acceptable 
correlation functions for Sb. No gamma-gamma an- 
gular correlation has been found in the decay of Sb!* 
by Beyster and Wiedenbeck" or by the present authors. 
A further study is necessary before anything definite 
can be said about the spins and parities of the levels 
involved in the decay of Sb’. 


'S Langer, Moffat, and Price, Phys. Rev. 79, 808 (1950). 
‘4 J. R. Beyster and M. L. Wiedenbeck, Phys. Rev. 79, 169 
(1950). 
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Cc, j{%6 


The decay scheme given in Fig. 2 is due to Mitchell 
et al.'* We have found a beta-gamma angular correlation 
of about 0.13 for 460-kev beta-rays in the decay of I'**. 
The source was made by evaporating a drop of water 
solution of NaI to dryness on a very thin collodion film. 
The average thickness of the source was about 2 mg/ 
cm*. The source material was obtained by an (a,m) 
reaction on antimony in the MIT cyclotron. The decay 
scheme is similar to that of Rb** and from our pre- 
liminary data the correlations of the two nuclides appear 
to be similar. Additional measurements of the I'”* cor- 
relations are being made in this laboratory. 


D. Co®, Co**, Co, Na”, Na*, Cs'*4, y*4 


No beta-gamma angular correlation was found in the 
decay of any of the above nuclides. The results are 
given in Table I. 

The Co® source was vacuum evaporated onto a col- 
lodion backing 30 ug/cm* thick. The source material 
was CoC}: of specific activity 0.77 mc/mg obtained from 
Oak Ridge. The source strength was about 15 uc and 
the area } cm? making the thickness about 60 ug/cm’. 
The beta-spectrum has an allowed shape.'® 

The Cs'*4 source was vacuum evaporated onto a 
backing of } mg/cm? aluminum foil and was about 2 
mg/cm* thick. Waggoner ef al.'* have found some 
evidence that the spectrum deviates slightly from the 
allowed shape. 

The Na”™ source was vacuum evaporated onto a thin 
collodion film and was less than 100 ug/cm? thick. The 
spectrum has an allowed shape.” 

The Na*‘ source was vacuum evaporated onto } mg/ 
cm? aluminum foil and was about 20 mg/cm? thick. 
The spectrum has an allowed shape." 

Approximate decay schemes of Co®® and Co**® are 
shown in Fig. 2. As far as is known the shape of the 
spectrum of Co® is allowed.'* However, Deutsch and 
Hedgran" have obtained data which indicates that the 
K-capture-positron ratio in Co®® is not that expected 
for an allowed transition. Co*® and Co were made 
simultaneously by bombarding iron with deuterons in 
the MIT cyclotron. The purified Co activity was 
vacuum evaporated onto a thin film of collodion. From 
the half-life curve it was estimated that source A con- 
tained about equal activity of Co®® and Co’. A month 
later when all the Co®® had decayed source B was made 
to measure Co*® alone. No correlation was found in 
either case. Only a fairly large correlation due to Co™ 
would have been found in source A because of the 
presence of the Co**. Both sources were less than 10 
mg/cm?. 


8 Mitchell, Mei, Maienschen, and Peacock, Phys. Rev. 76, 1450 
(1950). 


‘6 Waggoner, Moon, and Roberts, Phys. Rev. 80, 420 (1950). 
17K. Siegbahn, Phys. Rev. 70, 127 (1946). 

18 L. G. Elliott and M. Deutsch, Phys. Rev. 64, 321 (1943). 
19M. Deutsch and A. Hedgran, Phys. Rev. 75, 1443 (1949). 





SCHRODINGER EQUATION IN QUANTUM 


The source of I?* (see C) when first prepared 
contained a large amount of I'*4. We found no gamma- 
rays in coincidence with the 2.20-Mev positron spectrum 
of I in contradiction with the decay scheme of 
Mitchell e¢ al."* Preliminary results indicate that coin- 
cidences involving the 1.50-Mev positrons are isotropic. 


4. CONVERSION ELECTRON-GAMMA ANGULAR 
CORRELATION 

A conversion electron-gamma angular correlation 
was looked for in the decay of Hf'*! and Mo, With L 
and M conversion electrons from the 130- and 134-kev 
gamma-transitions of Hf'*' focused in the spectrometer 
we found the electron-gamma coincidence rate to be 
isotropic. The source used was very thick and it is 
probable that any correlation present was obscured by 
the scattering. 
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The decay scheme of Mo” given by Kundu et ai.” is 
shown in Fig. 2. With a strong electron line at 240 kev 
focused in the spectrometer we found a correlation of 
E(180°) = +0.33. Data at angles between 180° and 90° 
indicate that terms higher than cos*@ may be present. 
Interpretation of these results is not possible at this 
time because both K and L conversion electrons were 
counted and because two gamma-rays follow the con- 
version electron. We have measured a gamma-gamma 
angular correlation of about £(180°)=+0.20 in the 
decay of this nuclide. 

It is a pleasure to acknowledge the advice of Pro- 
fessor J. W. Irvine on the chemical separations and the 
collaboration of Dr. J. W. Shearer in the design of the 
spectrometer. 


* Kundu, Hult, and Pool, Phys. Rev. 77, 71 (1950). 
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The Schrédinger Equation in Quantum Electrodynamics 


F. J. Dyson 
Department of Mathematical Physics, University of Birmingham, Birmingham, England 
(Received April 27, 1951) 


Concluding a program begun in earlier papers, this paper is occupied with the analysis of the hamiltonian 
occurring in the Schrédinger equation of quantum electrodynamics in a new representation called the 
intermediate representation. It is proved that the hamiltonian is free of divergences, either explicit or implicit. 
The intermediate representation therefore provides a complete divergence-free formulation of quantum 
electrodynamics, applicable to all physical situations. The divergences which are eliminated are the well- 
known ultraviolet divergences. The hamiltonian is still expressed as a power series in the fine-structure 


constant; the convergence of the series is not proved. 


I. INTRODUCTION 


HIS paper is one of a series' dealing with the 
applications of the idea of renormalization in 
quantum electrodynamics. It is a direct continuation of 
(D), and the notations of (D) will generally be used 
without explanation. The purpose of the paper is to 
prove that, after the state-vector is transformed by the 
unitary operator S(/) defined by Eq. (D35), the 
Schrédinger equation of quantum electrodynamics is 
free of divergences. 
The Schrédinger equation after transforming with 


S(d) is 
ih(d’/dt) = H’ (1), (1) 
H’(t)=S—() (Ai) —ih(d/dt) |S(). (2) 


Here H(t) is given by Eqs. (D10)—(D14). The physical 
meaning of H’(#) is discussed in (E). In this paper Secs. 
II-VI will be occupied with the proof that H’(#) is 


'F. J. Dyson, Phys. Rev. 75, 486 and 1736 (1949); Phys. Rev. 
82, 428 (1951); Phys. Rev. 83, 608 (1951); Proc. Roy. Soc. A207, 
395 (1951). These five papers will be referred to herpeter as (A), 
(B), (C), (D), (E), respectively. References to equations and 
+ sections in them will be made as follows: oe means Eq. 
(35) in (D); Sec. CIT means Section IT in (C 


divergence-free. In Sec. VIII the form of H’(t) will be 
described, and the problems connected with the prac- 
tical use of the Schrédinger equation (1) will be briefly 
considered. 


II. THE STRUCTURE OF THE TRANSFORMED 
HAMILTONIAN 


The series expansion of S(t) given by Eq. (D35) 
depends on / in two ways. First, ¢ appears as the upper 
limit of the multiple integrals; second, ¢ appears in the 
functions g(t—/;), contained in H,(x, x;) according to 
Eqs. (D21)-(D30). The total differentiation with 
respect to / in Eq. (2) can thus be separated into two 


partial differentiations, 
(d/dt) = (0/dt)+(A/ Ad), (3) 


where (4/At) operates only on the g-functions. The 


operation of (0/0) on S(t) gives 


ih(OS/dt) = | fats vast |, 


where the integration with respect to x’ extends over 


(4) 
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3-dimensional space at the time /. By Eqs. (D17) and 
(D21), when x and x’ are points with the same time- 
coordinate, one obtains 


H,(x, x’) =H" (x’). 
Therefore, Eqs. (2) and (4) give 


H'()=S [=o fiat vac’) 


—ih(A/At) hs (6) 


(S) 


H,a(x, x’)=6(t—t’)[Ha(x, x’) +H oo(x, x’) ]. (7) 


Note that in consequence of Eq. (D18), the term H,, 
in Eq. (7) vanishes. The term 2, involves the second 
derivative [g’’(0) ] and does not vanish. It is convenient 
not to use Eq. (D18) at this point, and to leave Eq. (7) 
as it stands. 

Substituting into Eq. (6) the series expansion for S, 
the transformed hamiltonian H’ takes the form, 


oo L n t th tn-1 
H(jj)=-> —) f dxf dx»: - f dx, 
n=0\ hic mS —w —x 


x| tte Xn), [: - [aac 1), 


| Of fete ve’) 
+inca/as |} . ‘| (8) 


Here the commutator [H,(x, 21), (A/Aé) ] is to be inter- 
preted as [(—d/dt)H,(x, x1) ]. With a change in the 
labeling of the variables of integration, Eq. (8) may be 
rewritten 


t 
H'(t)= -(a/o) f dx’ K,(x, x’), 


wo 1 n t’ th tn-1 
K,(x, x’) = >: —) f dss f dx: “ f dxa, 
n=0 \ Ac eS —2 


—® 


XH, (x, Xn); [- x -[H, (x, x1), 
X Hoi(x, x’) ]--- J), 
Hi(x, x’) = H,a(x, x’)+(d/dt)H, (x, x’). 


(9) 


(10) 
(11) 


In Eq. (10), ¢’ is the time at the point 2’. 

Let H’(t) be expanded into its normal constituents 
according to the rules given in Sec. C-II. Let M be the 
coefficient multiplying any particular normal product 
given by Eq. (D41). As in Sec. D-IV, M is a sum of con- 
tributions M(G) from various Feynman graphs G. Each 
G has (n+1) vertices x’, «1, --+, Xn, corresponding to 
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the operator factors in a particular term of the ex- 
pansion in Eq. (10). The vertex x’ now takes the place 
which x occupied in (D); but whereas only a single 
photon line was incident at x in (D), the vertex x’ may 
have two electron lines and a photon line, or two elec- 
tron lines only, or two photon lines only. The operator 
operating at x’ may be any one of the six given by Eq. 
(D58), all of which occur as terms in H,,(x, x’). So far 
as the structure of G is concerned, there is nothing to 
distinguish the special vertex x’ from the others. All the 
graphs obtained from G by permuting the labels 2’, 
%1, ***, Xn Of the vertices will give contributions to M 
together with G. 

The analysis of Secs. D-IV and D-V can be followed 
through for the operator H’(t), with only minor changes 
arising from the substitution of H,,(x, x’) for A,(x). 
Just as the H,(x, x;) were divided into terms Z;,(x, x,), 
given by Eqs. (D46)-(D48), so H,:(x, x’) is now divided 
into terms Z’(x, x’). If Z’ is taken from Eq. (D22), 
(D23), or (D24), then by Eq. (11), 


Z'=Q'e,"'[ (d/dt)(g(t—?’))™ V(x’). (12) 
If Z’ is taken from Eq. (D30), then by Eqs. (7) and (11) 
Z'=Q'e:"'[ (5(t—¢) + (d/dt)) 
X {e'(t—F)(g(t—#)) 4} J¥'"(#"), 
and if from Eq. (D29) 
Z'=Q'e.”'[(5(t—"') +(d/dt)){ (g(t) g(t—¢*) 
+(m! —2)(g'(t—’))*)(gt—¢))”"—*} J¥"(a’). (14) 


Here Y’ is one of the operators listed in Eq. (D58). 
Given a particular graph G, only one term Z’ is 
supposed to operate at x’. Let 


A’=Ty+--- +P (15) 


be the sum of the m’ vectors, [ appearing when the 
functions g, g’, g’’ in Eqs. (12)-(14) are expanded by 
Eq. (D16). Let 


A’=A'+Ait+---+A, (16) 


be the sum of the vectors I arising from all the terms 
Z', Z1, Z2, «+, Zn. The number of these vectors is 


N’=N+nm’’. 


Since T;, ---, I: already appear in Eq. (15), it is con- 
venient to relabel the variables of integration in Eq. 
(D52) so that 


Ait: ++ +An=C wait: ++ +0 y. (17) 
It is now possible to write down the formula for H’(t) 
corresponding to Eq. (D55). Instead of being given by 
Eq. (DS51), Sy is defined by 
Sy=Z O(x’ —x1)- + -O(¢n-1— 20) 
X(¥ a(an), C+ -C¥i(x), ¥’(x’)]---J). (18) 
Let J, and /,,(A, p) be defined by Eqs. (D56) and (D57), — 


(13) 
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with Sy given by Eq. (18), and with the labeling of 
variables in Eq. (D56) altered to correspond with Eq. 
(17). Using Eqs. (9), (10), (12), (13), (14), H’(#) becomes 


ro) (2) noer 
x f ” G(Pu)dT + f ” GPan)dPwrol’, (19) 


She { da! f dpexp[A’:(x—x’)-+ip-2/JE”J,. (20) 


Here E” derives from the factor in square brackets in 
Eqs. (12), (13), (14), and is given by 


E”=Ay’, 

E” = —cTo{ Ao’ —(1/c)d(t—?’)}, (22) 

E" =0{Tqo?+-(m’ —2)T ol} {Ao’—(1/c)8¢—2')}, (23) 

these three equations corresponding respectively to Z’ 

given by Eqs. (12), (13), (14). The vectors I; and Ty 

are any two terms taken from the sum (15); the value 
of H’(t) is independent of the choice of i and j. 


Since J, is independent of x’, the integration over x’ 
can be immediately performed in Eq. (20). This gives 


(21) 


J/= ny f dpss(p) exp(ip-x)[Ac’—ipoJ "EJs, (24) 


where 
E’=Ay, 


_=— cI iol Ao’ — Ao’ + ipo], (26) 
E’ = c*[To?-+(m’ —2)T ol yo [Ao —Ao'+ifo), (27) 


in the three cases corresponding to Eqs. (12), (13), (14). 
In Eq. (24) the 63 denotes an ordinary 3-dimensional 
6-function operating on the first three components of p. 

Consider now the coefficient M(G) in the expansion 
of H’(t) into normal constituents. The formula which 
now replaces Eq. (D59) is 


(25) 


ua= f G(T 0)dT 10: - f G(T'wo)dT' woN (G, A). 


(28) 
The definition of N(G, A) is as follows. Let M(G, A) be 
the momentum-space integral discussed in Sec. D-V, 
only constructed with Y’(x) replacing A,(x) in Eq. 
(D60). According to Eq. (C52), M(G, A) contains as a 
factor the 4-dimensional 6-function 


5(p+2%,). (29) 


Here (2t;) is the 4-vector expressing the difference 
between the total momenta and energies of the particles 
in the final and initial states, in the transition effected 
by the operator Eq. (D41). Let M’(G, A) be M(G, A) 
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with the factor (29) omitted. When the integration over 
p in Eq. (24) is carried out, 


N(G, A)=[63(2t,)] exp(—ipoct) 
X[Ae’—ipo} ErE’M'(G, A). (30) 


In Eq. (30), po is no longer a variable of integration, but 
a constant equal to minus the fourth component of 
(t,;). Thus H’(é) has nonzero matrix elements only for 
transitions in which the total momentum of the system 
is conserved. The total energy, on the other hand, is 
not conserved in transitions effected by H’(#), and the 
quantity (fico) is equal to the energy difference between 
initial and final states. 

Summarizing the results of the analysis so far, the 
general coefficient M(G) in the expansion of H’(#) is 
given by Eqs. (28) and (30), with M’(G,A) defined by 
Eq. (D72). 

The discussion of derivative interactions in Sec. D-VI 
applies without change to H’(#). Only one new point 
arises. It may happen that the operator Hy, given by 
Eq. (D81), operates at the special vertex x’. Then 
either x; or x2 in Eqs. (D83)-(D87) will be replaced by 
x’. Suppose that the two ends of the line A; are x’ and x. 
The contribution M(Gr, A), in which Eq. (D84) occurs 
as a factor, appears in M(G) according to Eq. (30) with 
the additional multiplying factor, 


E’=A¢, (31) 


given by Eq. (25). This factor (31) was not present in 
the analysis of A, (p) in (D). When the line A; is 
removed from Gr and the vertices x’ and x; replaced 
by a single vertex x’, the resulting doubled graph is Gr’. 
In M(Gr’,A) there appears instead of Eq. (31) the 


factor, 
E’=Aq'+Ap, (32) 


which is the sum of all the jo corresponding to both 
the vertices x’ and x; in Gr. Therefore, the singular con- 
tribution to M(Gr, A) derived from Eq. (D87) is no 
longer equal to a multiple of M(Gr’, A). However, there 
is another doubled graph Gr* which gives a contribution 
M(Gr*, A) to M(G); Gr* is the graph obtained by 
exchanging the labels of the vertices x’ and x; in Gr. In 
M(Gr*, A), there appears the factor, 


E’=Ay, (33) 


instead of E’ given by Eq. (31). Apart from the factors 
(31) and (33), the singular contributions to M(Gr, A) 
and M(Gr*, A) are identical. According to Eq. (32), 
when the singular contributions from M(Gr, A) and 
M(Gr*, A) are added together, the result is a multiple 
of M(Gr’, A). 

In this way the conclusions of Sec. D-VI remain 
valid for operators involving time-derivatives operating 
at the special vertex x’. It is correct to calculate H’(é), 
ignoring completely the terms F,4F,4 in Eqs. (D24) and 
(DS8), if at the same time the singular contributions 
are dropped from the momentum integrals M’(G, A). 
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Ill. THE MOMENTUM-SPACE INTEGRALS 


The general structure of M(G) is given by Eqs. (28) 
and (30) of Sec. II. It is necessary now to analyze in 
greater detail the effect of the special vertex x’ upon 
the momentum-space integral M’(G, A) appearing in 
Eq. (30). According to Eq. (D72) the integrand of 
M'(G, A) is a product of factors, one corresponding to 
each internal line A, of G. When ); is a doubled line, 
the corresponding factor in M’(G, A) involves the vector, 


Rj=1;+injAj, (34) 


according to Eq. (D69). Suppose that the shape of the 
graph G is kept fixed, while the label x’ is moved from 
one vertex to another within G; then M’(G, A) will 
depend on the position of x’ only in so far as the vectors 
R; in Eq. (34) depend on the position of x’. 

The definitions of J;, ;, and A; have been given in 
Secs. D-IV and D-V. First, the “tree” formed by the 
doubled lines of G is supposed to have its “root” at «’. 
Each doubled line A; cuts the tree into two parts, a part 
“below” \; containing x’, and a part “above” A, not 
containing x’. According as the “‘down’’ direction in A; 
runs with or against the direction of the arrow, the 
value of n; is defined to be +1. A; is defined as the sum 
of the A; corresponding to vertices x; on the part of the 
tree above A;. And (—n,/;) is defined as the algebraic 
sum of the vectors ¢; and ka corresponding to external 
lines and undoubled internal lines incident at vertices x; 
on the part of the tree above );. These definitions 
depend on the position of x’ in G. 

The sum of the A; corresponding to vertices +; on 
the part of the tree below A; is, according to Eq. (16), 


(4’—A’—A,). (35) 


The algebraic sum of the ¢; and k corresponding to lines 
incident at vertices x’ and x; on the part of the tree 
below A; is 


(—pt+nj;), (36) 
where p=—Dot; is the 4-vector with components 
(0, 0, 0, po). (37) 


Using Eqs. (35) and (36), it is possible to make a new 
definition of R; which no longer refers explicitly to the 
position of x’ in G. Let the vertex x’ be given the alter- 
native name %,41, meaning that it is to be treated on 
the same footing as the other vertices x;. Let Any: be 
defined by 

Angi=A’—A’+ip. (38) 
Then the sum of the A; corresponding to vertices xj, 
including x,4:, on the part of the tree below A, is 

(ip— Aj), 


instead of being given by Eq. (35). 

Irrespective of the position of x’, A; cuts the tree of 
doubled lined into two parts. The arrow in A; points 
away from one of the two parts and toward the other. 


(39) 
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The part toward which the arrow leads, will be said 
to lie “after” \;; the other part will be said to lie 
“before” d,. If n;=-+1, then the part after A; is below 
dj, and the part before \; is above );; if j=—1 the 
reverse relations hold. Let D; be defined as the sum of 
the A; corresponding to all vertices x; lying on the part 
of the tree before ;, including the vertex xn+: if 
nj= —1. Let (—w,) be defined as the algebraic sum of 
the ¢; and k, corresponding to lines incident at all ver- 
tices x; lying on the part of the tree before ;. Then, 
by Eqs. (36) and (39), one obtains 


Dj=njA;+}ip(1—nj), 
wj=1j+3p(1—1)). 
Hence, using Eq. (34), one obtains 
Rj=w;+iD;j. (42) 


Equation (42) gives a definition of the R; which is 
independent of any special property of the vertex x’, 
provided that the vector A’ associated with ’ is replaced 
by Anyi given by Eq. (38). The integral M’(G, A) may 
be calculated, using Eq. (42), as a function of Ai, Ao, ---, 
An+1, in which A,+: occurs in exactly the same manner 
as the other A;. If the shape of G is held fixed and the 
position of the label x’ is changed from one vertex to 
another, the only effect on M’(G, A) is a permutation 
of the vectors Ay, ---, Ans. 

This new definition of the R; will simplify to some 
extent the analysis of the divergences in M(G, A) in 
Secs. VIII-X of (D). The explicit appearance of 9; in 
the formulas will be avoided. A more important ad- 
vantage of the new definition is that it enables the 
analysis of divergences in (D) to be extended im- 
mediately to the integrals M’(G, A) appearing in H’(t). 


IV. DISCUSSION OF DIVERGENCES 


The divergences in H’(t) are of exactly the same 
types? as those which appeared in Ay (p) and were 
discussed in Sec. D-VII. Moreover, the methods of 
Secs. D-VIII-D-X apply unchanged to the analysis of 
divergences in H’(i), and the divergences cancel out 
exactly as before, except when 2’ lies inside that part 
of the graph G which is giving rise to the divergence. 
Henceforth, it will be necessary to consider only the 
divergences in H’(/) associated with vertex and self- 
energy parts containing 2’. 

First consider an ordinary proper vertex part V, with 
(d+1) vertices x’, x2, «++, *a41. This gives rise to a 
logarithmically divergent integral I” defined by Eq. 
(D123). The divergent part of I” is : 


Ip’=Ly%, 


(40) 
(41) 


(43) 


2 This statement is strictly true of all normal constituents of 
H'(t), except the normal constituent H»’ which is a multiple of the 
identity operator. Ho’ is the expectation value of H’(#) in the 
vacuum state of the non-interacting fields, and is not an ob- 
servable quantity. The results of Secs. IV-VI apply to the opera- 
tor H’(é) with the term H,’ ty s00 The meaning of Ho’, and the 

rom 


justification for dropping it H(t), will be discussed in 


Sec. VII 
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according to Eq. (D129), and is unaffected by the 
presence of x’ in V. In M’(G, A) the term (43) is multi- 
plied by an expression which does not involve any of 
the vectors T;, ---, I'a41 associated with the vertices 
of V. According to Eqs. (28) and (30), in M(G) the 
divergence (43) is multiplied by 


[Ao’—ipo}, 


which is a symmetric function of Tj, ---, 'a41, and by 
the factor E’. By Eqs. (15) and (25), in this case, one 
obtains 


(44) 


E’ = Ao’ = Tyo. (45) 
If G is any graph containing V, contributions M(G’) 
will be obtained from all the graphs G’ obtained from 
G by moving the label x’ in turn to each of the (d+1) 
vertices of V. Each of these M(G’) will contain the 
same divergent part, given by Jp” multiplied by Eqs. 
(44) and (45). Because the integration in Eq. (28) is 
symmetrical in the variables Tso, ---, T2410, the sum 
> M(G) of the (d+1) contributions M(G’) has a 
divergent part which may be written in a symmetric 
form as follows. }>M(G) contains the factor (34), multi- 
plied by Eq. (44) and by the factor 


E’=Tywt---+Tasro. 


The total effect of the presence of x’ in V is thus to 
insert the two factors (44) and (46) into the divergent 
term arising from V in H’(#). 

Next consider an ordinary proper electron self-energy 
part W with d vertices x2, ---, xa, x’. This gives rise to 
a linearly divergent integral 7” defined by Eq. (D123). 
As in Sec. D-IX, let A; and dz be the lines adjoining W 
in G, with the arrow in Az pointing towards W. Because 
x’ lies inside W, Eqs. (D134) and (D135) are no longer 
valid. On the contrary, if A; is a doubled line, then it 
follows that 7:=—1; and if Az is doubled, it follows 
that n2=+1. Using the notations of Sec. III and Eqs. 
(40)-(42), the vectors R; and R, associated with \,; and 
2 are given by 


R,=14+iD,, 


(46) 


R.=/+iD:, (47) 


where 


(48) 
(49) 
(50) 


l=w.=h=w,=h+?, 
D2= Az, 
D,= — Ar+ip. 
By Eggs. (49), (50), and (38), the relation, 
D,—D2=Tet+- ++ +TatAnqy, 


holds, replacing Eq. (D135). 

The analysis of Sec. D-IX can now be applied in 
order to separate the divergent part Jp” from J”. The 
same process of symmetrization which led to Eq. 
(D148) now leads to 


Ip"= X+EC(,+i4,)¥—- im], 


(51) 


(52) 
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with the same coefficients X and E° as before, and 
A=}(D,+D:). (53) 


By Eqs. (49) and (50), A and Jp” are independent of 
T:, «++, Ia. Therefore, the graphs G’, obtained from 
G by moving the position of x’ in W, give contributions 
M(G’) to M which can be added together to form the 
sum >-M(G) exactly as in the discussion of vertex 
parts. In }°>M(G), the divergent term Jp” appears 
multiplied by Eq. (44) and by the factor, 


E’=T yt: --+T ao. (54) 


Lastly, consider an ordinary proper photon self- 
energy part W with d vertices x2, ---,x4, x’. Equations 
(47)-(51) are again valid in this case. The quad- 
ratically divergent integrals 7” are to be grouped 
together into the sums /*, exactly as in Sec. D-VIIT. The 
divergent part of J° is given by 

Tp*= B(q- ¢'bas— a9), (55) 
with the same coefficient Bas in Eq. (D113). The vectors 
q, 7 are given by 


g=/+iD.+il;, g=1+iD,—iT,, (56) 
q 


provided that the two end-vertices x; and x; of W, 
adjoining A: and Au, respectively, are different from x’. 
If, however, x’ is the vertex adjoining 2, then it 
follows that 


g=1+-iDe+iAny1; (57) 
and if x’ is the vertex adjoining ),, then it follows that 
gq =1+iD,—tAn41. (58) 


Thus, Eq. (55) is not, like Eq. (52), independent of the 
position of x’ in W. 

In Sec. D-VIII, M(G.) was defined as the sum of 
M(G’) over the graphs G’ obtained by substituting for 
W in G every self-energy part W’ belonging to the 
class C. Let now >> M(G’) denote the sum of the M(G”), 
the summation running over the d graphs G” which can 
be obtained from a given G’ by changing the position 
of the label x’ to any of the d vertices of W’. Let 
>M(G.) denote the double sum obtained by summing 
>M(G’) over the graphs G’ which give contributions 
to M(G,). In H’(t) the M(G) will always occur grouped 
together into sums of the form }>M(G,); thus, it is 
sufficient to prove that the divergences cancel out in 
the sums }>M(G,), without considering each M(G,) 
separately. 

According to Eqs. (55)-(58), the divergent part of 
>M(G.) contains as a factor, 


D1 n°= BE (d—2) (9-9 5ag— Gage’) 
4-9: (I4+iD,—ihnys)8ug—Ge(I-+iD:—ihn:)s 
+ (1+iDe+idnys) 7 bap 
—(4iDrt+idny:)age’), (59) 
with g and q’ given by Eq. (56). In }°M(G.,) there also 
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appear factors (44) and (45). Apart from the three 
factors given by Eqs. (44), (45), and (59), the divergent 
part of >°M(G,.) does not involve the parameters 
T;, -* Ty at all. 

The results of this section will now be summarized. 
Let G be any graph containing the vertex part V. As in 
Sec. D-IX, let Ma denote the sum of the M(G’) ob- 
tained from graphs G’ derived from G by replacing V 
by any ordinary proper vertex part with (¢d+1) ver- 
tices. M, is obtained from > M(G) when I" is replaced 
by a sum J?. The divergent part of J? is 


Ip*=Larn, (60) 


with Le given by Eq. (D133). Besides Eq. (60), Ma 
contains the factors (44) and (46). 

Again, let G be any graph containing the electron 
self-energy part W. Let Mg be the sum of the M(G’) 
obtained from graphs G’ derived from G by replacing 
W by any ordinary proper electron self-energy part 
with d vertices. Mg is obtained from > M(G) when I” 
is replaced by J. The divergent part of J*’ is 


Jot =iKam+EL(,+i3,)y,-im], (61) 


with Kz and Eq given by Eqs. (D152) and (D153). 
Besides Eq. (61), Ma contains the factors (44) and (54). 

Finally, let G be any graph containing the photon 
self-energy part W. Let Md’ be the sum of the M(G’) 
obtained from graphs G’ derived from G by replacing 
W by an ordinary proper photon self-energy part with 
d vertices. M,/ is obtained from M(G,.) when J* is 
replaced by a sum J*, The divergent part of J¢ is by 
Eq. (59) 


Ip*= —Bald(q-¢ bap— Gags’) tig: (Tj—Any1)50p 
—iga(T—Ans1)p—i(Ti—Any1) “9 Sap 
+i(Ti—Anzs)ags'], (62) 


with Bz given by Eq. (D115). Besides Eq. (62), Ma’ 
contains the factors (44) and (45). 


V. REMOVAL OF DIVERGENCES ARISING FROM 
PHOTON SELF-ENERGY PARTS 


Consider the cancellation of divergences arising from 
photon self-energy parts, which was described in Sec. 
D-VIII. The cancellation was brought about by the 
terms of degree ¢;¢ in Hyp, Haga, and H,». These terms, 
operating at a single-vertex photon self-energy part Wo, 
exactly compensated the divergent part of J¢ given by 
Eq. (D114). In H’(t) the compensation occurs in essen- 
tially the same way, but with a few additional com- 
plications. 

If G is any graph containing the ordinary photon 
self-energy part W, with x’ included in W, then Gp will 
denote the graph obtained by replacing W by Wo, with 
the label x’ at the vertex Wo. Let Map, Maa, Ma be the 
contributions M(G»), arising from Go with the term of 
degree ¢;4 in Hy, Ha, Ho, respectively, operating at 
x’. In H’(t), these contributions May,"Maa, Ma will 
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always occur together with the M,' defined in the last 
paragraph of Sec. IV. Thus, only the sum, 


Me=Mi+MigtMatNa, 


appears in H’(?). 
The variables of integration in M,’ according to Eq. 
(28) are 


(63) 


Tio, °° (64) 


where I’; corresponds to x’ and T:, ---, I'g correspond 
to the remaining vertices of W. In May, Maa, Ma, the 
variables of integration are the same, all the vectors 
l,, --+, I'a corresponding to the single vertex x’. Let 
JSGdT denote the (N+1)-fold integration appearing 
in Eq. (28), including the (V+1) functions G. By Eqs. 
(44), (45), and (62), the divergent part of M,’ is 


") T'y+1,0, 


Man'=Ba f Gar (A'—ip}CT'n 


X[—d(g-9'5ap— age’) — #(g: (Ty— An+s) 
—(Ti— Angi) *9/) bap t+i(Ga(T3— Ansi)s 
ca (Ti Ans1) a9’) J. 


Here C is a product of factors arising from the part of 
G outside W, and is independent of T;, ---, Ta. The 
integration /GdI'’and the factors C are identical in 
Mi, Map, Maa, Ma. 

According to Eqs. (D116), (25), and (15), Map is 
given by 


(65) 


May= B. { carta’ ipo} CLT t+ +--+ ao] 
X[0+iDz)-(1+-4D1)b0p—(14+-iD2)a(l-+éD;)p}. (66) 


By Eqs. (D117), (27), and (15), Maa is given by 


Ma= Ba { GarCau'—ips "CLP w+ (d— 2)T nT jo] 


X (Trot «++ +-Tao—Ao’+-ipo |[Sap—Saadpa). (67) 
By Eqs. (D118), (26), and (15), Ma is given by 


Ma= B. { Gar[a.'— ipo] CT wl Tit: --+T ao 
— Ao’ +ipol[Sads— dita]. (68) 


In Eq. (66), the factor [Ti+---+T'ao] can by sym- 
metry be replaced by [dI'10 ]. In Eqs. (67) and (68), Tio 
can be replaced by I). 

When Eqs. (65), (66), (67), (68) are added together, 
many terms disappear as a result of the cancellations in 
Sec. D-VIII. There remains an expression Map, which 
is the divergent part of Mq defined by Eq. (63). After 
some rather lengthy reductions, Map becomes 


Map= Bz { Gér(Dy— Da—TVjoJCT10(Sap—Sasdes). (69) 
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The important feature of Eq. (69) is that the factor 
[ Ao’ —ipo ]~' which appeared in Eqs. (65)-(68) has now 
canceled against a factor (Ao’—ifo) in the numerator. 
Moreover, the factors C and [Diw—D2o—Tjo] in Eq. 
(69) are independent of Iso. Therefore, the integration 
over T';9 can be carried out at once, and this gives 


Map=0 (70) 


in virtue of Eq. (D18). That is to say, Ma given by Eq. 
(63) is free from divergences. 

This completes the proof that H’(#) is free from diver- 
gences associated with photon self-energy parts. In the 
proof, the condition (D18) plays a decisive role. It is 
noteworthy that Eq. (D18) is used nowhere else, in (D) 
or in the present paper up to the end of Sec. VI, except 
at this one point in order to prove that Map given by 
Eq. (69) is zero. If Eq. (D18) is dropped, the operator 
A, (p) is still divergence-free but H’(/) is not. The 
meaning of Eq. (D18) will be further elucidated in Sec. 
VIII. 


VI. REMOVAL OF REMAINING DIVERGENCES 


There remain to be canceled the divergences arising 
from vertex and electron self-energy parts. These are 
given by Eqs. (60) and (61). They will be canceled by 
following the method of Sec. D-X. The addition of 
(Hyq—H,q) to H, produces effects in H’(t) precisely 
analogous to those produced in A, (p). The graphs G 
giving contributions M(G) to H’(t) are made more 
numerous by inserting into all electron lines any 
number of P-vertices and N-vertices, as described in 
Sec. D-X. There are only two new points to be con- 
sidered. First, in any graph G the label 2’ may be 
attached to a P-vertex or to an N-vertex. Second, it is 
necessary now to consider graphs G which consist 
entirely of P- and N-vertices, joined by a single open 
polygon of electron lines with one external electron line 
at each end; such graphs did not occur in the previous 
analysis. 

Consider the effect of a P- or an N-vertex x’, at which 
the term of degree e;¢ in the expansions of H,, or of 
(—H,,) is operating. If G is a graph in which this vertex 
occurs, then the factor contributed by the vertex to 
M(G) is given by Eq. (D162) or (D163) as before; but 
A is now given by Eq. (53), where \; and 2 are the two 
lines adjacent to x’. There also appears in M(G) a 
factor E’ given by Eq. (54). 

The analysis in Sec. D-X of the effects of inserting 
P-vertices, in all possible ways, into the electron lines 
of a graph Gp originally without P-vertices, extends 
immediately to H’(t). As before, the effect of the inser- 
tions is precisely to multiply the interaction operating 
at every E-vertex of Go by the factor (D191). To see 
that this is so, only two observations are necessary. 
First, the identities (D172) and (D181) remain valid 
when one of the vectors Ai, ---, A,, is replaced by Aa41, 
according to the remarks at the end of Sec. ITI. Second, 


IN QUANTUM ELECTRODYNAMICS 


1213 


let G be any graph formed by inserting P-vertices in the 
electron lines of Go; the factor E’ given by Eq. (54), 
which occurs in M(G) when 2’ is a P-vertex, adds 
together with the factor E’ which occurs in M(G) when 
x’ is a vertex of Go, to give precisely the correct factor 
E’ which occurs in M(Go) associated with the vertex :’ 
of Go when the interaction operating at that vertex is 
multiplied by Eq. (D191). 

Consider the effect of the multiplying factor (D191) 
at the vertex x’ of Go, when x’ is an ordinary vertex. 
The term of order e;? in Eq. (D191), by Eqs. (D157) and 
(D160), will give rise to a term, 


—Lavs, (71) 


in M(G»), which is multiplied by a factor, 
E’=Tiot---+T ais 0; 


according to Eq. (25). In Eq. (72) one of the Ijo is 
derived from the interaction H,; originally operating 
at x’, and the remainder come from the multiplying 
factor Eq. (D191). The term (71) multiplied by Eq. 
(72) exactly cancels Eq. (60) multiplied by Eq. (46). 
Therefore, the effect of Eq. (D191), multiplying the 
interaction operating at an ordinary vertex x’, is to 
cancel all the divergences produced by vertex parts 
inserted at x’. That is to say, the cancellation of vertex 
part divergences in Sec. D-X is valid for H’(t). Next 
consider the effect of the multiplying factor Eq. (D191) 
at an N-vertex or an S-vertex, when this vertex happens 
to be x’. The term of degree e;4 in the interaction at 2’, 
as modified by the multiplication by Eq. (D191), 
produces in M(Gpo) a term given by Eq. (D193) or Eq. 
(D195), exactly as before. This term in M(Gp) is mul- 
tiplied by a factor E’ given by Eq. (54). Therefore, the 
sum of Eqs. (D193) and (D195) cancels the divergence 
Eq. (61). The effect of Eq. (D191), multiplying the 
interactions operating at x’ when 2’ is an N-vertex or 
an S-vertex, is to cancel all the divergences produced 
by ordinary electron self-energy parts which contain x’. 
That is to say, the cancellation of electron self-energy 
part divergences in Sec. D-X is valid for H’(t). 

The cancellation of divergences in H’(?) is now com- 
plete, except for the contributions M(Gp) arising from 
graphs which consist entirely of P-vertices. Graphs 
which are composed of both P- and N-vertices give 
contributions which are included in the previous 
analysis; these contributions were used to cancel the 
divergences arising from graphs consisting entirely of 
electron self-energy parts. Only the contributions M (Gp) 
remain uncanceled, and must now be considered 
separately. 

Let Gp be an open polygon with the vertices y;, ---, 
yr4+1, in order reading in the direction following the 
arrows in the lines of Gp. At each y; the term of order 
e:** in Hq is operating. One of the y;, say, ye, is x’. For 
ixk, let A; be the sum of the d; vectors I’; associated 
with y;. Let Ay be written for the vector A,.,1 defined by 


(72) 
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Eq. (38), in this case 
(73) 


A= ip—A,— sh —Ag—-1—Agsi— ee — Api. 
Then in analogy with Eq. (D165), one obtains 
D;=Ay+ ies +A;, Do=0. (74) 


Let / be the momentum vector in the external line at 41, 
and /’ the vector in the external line at y,,;. The defini- 
tion of in this case is 


p=l-!. (75) 


The factors arising in M(Gp) from the lines and vertices 
of Gp are 


K=Carsil Ue +hi(Driaut+Dn))Y¥s—im]F, (76) 
where F is given by Eq. (D166) with each (nA,) replaced 
by D;. Let K” denote the product Ca;Ca2- - -Ca,41, and 
K’ the product of the remaining factors in Eq. (76). 

According to Eq. (D173), summing K’ over the per- 
mutations of Ai, ---, A, gives 


<- K’ =r! f(A (Dest utDn))%u—im], (77) 


making use of the Dirac equation satisfied by the 
incoming particle of momentum /. By Eq. (77), if K’ 
is summed over all permutations of Ai, ---, Ar41, the 
result is 


Drea K’ =r f(r + DLA +d)iDri1n) % 
—(r+1)im]. 
Now by Eas. (73), (74), and (75), one obtains 
I+-iD,41:=l-p=!'. 
Therefore, it follows that 
Devt K’= Fel fl (yu —im)+(2r+1)(1,’y,—im)]. (80) 


When the Dirac equations satisfied by both the 
incoming and the outgoing particles are used, Eq. (80) 
vanishes identically. 

When the contributions M(Gp) to H’(t) are added 
together, the factors M’ will always be grouped together 
in symmetrical sums >°,41 K’. Therefore, the sum of the 
M (Gp) is identically zero. This completes the proof that 
H'(t) is divergence-free. 


(78) 


(79) 


VII. NOTE ON THE VACUUM SELF-ENERGY 


As previously stated in a footnote,” the analysis of 
Secs. IV-VI applies to H’(t) after dropping the constant 
numerical term Ho’. The term Ho’ is a sum of con- 
tributions M(G) from the graphs G which have no 
external lines whatever. It is independent of t, because 
the vector p in Eq. (30) is zero for graphs without ex- 
ternal lines. When the wave function #(¢) is multiplied 
by the numerical phase-factor exp[iHo't/h], the hamil- 
tonian H'(t) in the Schrédinger equation (1) is replaced 
by [4’(#)— Hy’ ]. This transformation corresponds to a 
redefinition of the zero-level of energy, eliminating the 
unobservable constant energy Ho’. Therefore, it is 
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allowable to take as the hamiltonian in Eq. (1) the 
operator H'(t) with the term Hy’ dropped. This pro- 
cedure leads to a divergence-free Schrédinger equation, 
and is certainly the correct procedure to use in practical 
applications of the theory. Nevertheless, it is of some 
interest in principle to formulate the theory in such a 
way that a divergent vacuum self-energy does not arise, 
so that the theory is free even from this very harmless 
kind of divergence. In the following paragraphs an 
alternative treatment of the vacuum self-energy will 
be described, which leads to a divergence-free Schréd- 
inger equation and avoids any arbitrary discarding 
of constant terms. 

The physically correct zero-level of energy is the 
energy of the vacuum-state of the fully interacting 
fields. The energy of the vacuum-state of the non- 
interacting fields lies above this zero-level by an amount 
Hoo. Therefore, referred to the correct zero-level, the 
Schrédinger equation of quantum electrodynamics in 
the interaction representation is 


(81) 


ihl dV/dt]= | fa erdoet tte fe 


This leads to a Schrédinger equation in the intermediate 
representation, 


ih ab/ dt ]=(H’ (t) + Hoo |. (82) 


The hamiltonian in Eq. (82) is equal to the hamiltonian 
previously considered, plus the constant term, 


E,= Ho +H. 


The true vacuum self-energy in the intermediate repre- 
sentation is (— E,). 

Consider the form of the contribution M(G) to Ho’ 
from a graph G without external lines. The vector (3-4,) 
in Eq. (30) being zero, the three-dimensional 6-function 
gives a factor, 


(83) 


(2r)-Q, (84) 


where Q is the volume of the 3-dimensional space over 
which the vacuum self-energy is to be calculated; it is 
obviously correct that Ho’ and Hoo should be propor- 
tional to 2. Thus, by Eqs. (28) and (30), one obtains 


M(G)= (2n)-*0f Gar Erk" (Ae), A), (85) 


where /GdI denotes the multiple integration in Eq. 
(28). The divergences in M’(G, A) arising from parts 
interior to G are supposed all to have been removed by 
the methods of Secs. IV-VI. There remains a divergence 
produced by the integration over the momenta in 
M’(G, A) considered as a whole. This divergence is dif- 
ferent from any which have been previously analyzed ; 
according to the criterion formulated in Sec. B-V, the 
divergence at large momenta may increase with the 
fourth power of the momentum variables. 
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Following the method of Sec. D-VIII, M’(G, A) may 
be separated into a finite part Mp(G, A) and a divergent 
part which is a polynomial P, of degree at most 4 in the 
parameters Ajo. Since all internal divergences are sup- 
posed already canceled in M’(G, A), the vertices of G 
are all ordinary and the parameters Aj are given by 


Ajo= Tyo, j=2, cre, Mn, 


An+1,0= —T20—++-—T no, (69) 
according to Eq. (38). Also, in Eq. (85), one has 
Er=1, E'=T yo, Ao =Tiwt---+T no. 
Therefore, it follows that 


M(G)=Mr(G) 


(87) 


+ f GaT[Po/(Tiet +++ +TPno)JPa(Aa), (88) 


where M,(G) is finite. Now let M(G) be summed over 
the graphs G’ derived from G by moving the label 2’ 
in turn to the m vertices of G. The result is 


x MG@)=>z Mr) 
* f GAT LP o/(Pit +++ a0) JPe(Ay), (89) 


where P,'(Ajo) is a symmetrical polynomial in Azo, ---, 
Ani1,0. Now let the integrand in Eq. (89) be sym- 
metrized with respect to the variables Tyo, --+, T'no; 
this does not affect the value of > M(G). The symmetri- 
cal sum, 


DX TioPs' (Ajo), 


is a polynomial of the fifth degree in the I'jo, which is 
exactly divisible by [T1o+ - - --+ Ino] and which involves 
no pure power (I'jo)* with a@>1. Therefore, it follows 
that 


DX TroPs'(Ajo)=(Tiot:--+TnolQa(Tjo), (90) 


where (Q, is a polynomial of the fourth degree, sym- 
metric in the I'jo and not involving any pure power 
(T'jo)* with a>0. Substituting Eq. (90) into Eq. (89), 
the integrations over the I'jo can be carried out at once, 
using Eqs. (D17) and (D18). The result is 


X M(G)=L Mr(G)+ActBele’O)}, (91) 


where Ag and Bg are divergent constants independent 
of the function g. Summing Eq. (91) over all graphs G 
without external lines, 


Hy’ = Hrot+A+Blg"(0) }, (92) 


where A and B are divergent absolute constants, and 
Hr, is finite and depends on g. 

Now consider the limit in which g tends to 1 and the 
intermediate representation tends to the Heisenberg 
representation. In this limit, all the parameters A; tend 
to zero, and M’(G, A) becomes M’(G, 0). Then Mp(G) 
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in Eq. (88) is zero, and Eq. (92) becomes Ho’=A. But 
the vacuum self-energy in the Heisenberg representa- 
tion, which is the limit of Ho’ as g—>1, is by definition 
(—Hoo). Therefore, it follows that 


= —Hw, (93) 


and so Eq. (92) gives 
E,= Hr,+ Ble" (0) ¥. (94) 


According to Eq. (82), the hamiltonian in the Schré- 
dinger equation, without discarding any vacuum self- 
energy term, is 


(H'(t)— Ho’ }+£,. (95) 


By Eq. (94) this hamiltonian will be divergence-free, if 
in addition to Eqs. (D17) and (D18) the function g 
satisfies the condition, 


g’(0)=0. 


To impose the condition (96), in order to make the 
vacuum self-energy £, finite, is for practical purposes 
an unnecessary luxury. This whole discussion of the 
vacuum self-energy in Sec. VII is intended to be of 
academic interest only, and should be ignored by any- 
body concerned with the practical use of the theory. 


(96) 


VIII. THE USE OF THE SCHRODINGER EQUATION 


It was proved in Sec. D-III that the operator S(é) is 
of the form, 


S(t) =exp(iHot/h)S exp(—iHot/h), (97) 


where SS is time-independent. This has the consequence 
that H’(t) is of the form, 


H(t) =exp(iHot/h)H' exp(—iHet/h), (98) 


where H’ is the time-independent operator defined by 
Eq. (E12). As explained in (E), the equation, 


ih(d®o/ dt) = (Ho+H’)®o, (99) 


with H’ given by Eq. (98), is a divergence-free Schré- 
dinger equation, giving an exact description of the 
behavior of all systems of quantum electrodynamics in 
the Schrédinger representation. To obtain the operator 
H’ from H'(t), it is only necessary to drop the phase- 
factor [exp(—ipoct) ] in Eq. (30). For solving problems 
of quantum electrodynamics involving bound states, 
Eq. (99) will be a possible starting-point. The statement 
that Eq. (99) is divergence-free means that H’ is 
defined by a power-series in ¢,, each term of which is 
individually finite. Equation (99) will be of practical 
use, only if the power-series itself converges. The dis- 
cussion in Sec. D-XII is intended to make it plausible 
that the series is convergent ; to prove the convergence 
is the outstanding unsolved problem in quantum elec- 
trodynamics. In the remaining paragraphs of this 
paper, the convergence of the series will be taken for 
granted. 
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Let H’ be written in the form, 
H’=H'+H/, (100) 


where #7,’ is a first-order term proportional to e:, and 
H,' is of order e;? and higher. Let M; be any matrix 
element of the original interaction, 

H,= 


sis f VWe)r(aA,(x)dex, (101) 


regarded now as a time-independent operator. M; will 
refer to some process in which a photon is emitted or 
absorbed, with conservation of momentum but with an 
energy difference (Acpo) between the initial and final 
states. By Eqs. (28) and (30), H;’ will have a matrix 
element for the same process, given by 


M/= uf G(T) Tol To—ipo } dl 
0 


=M |- f : g’(a) exp(ipoca)da | (102) 


0 


For low frequency processes, when fp is small, Eq. (102) 
shows that M1’ is approximately equal to M;. Thus, H’ 
is approximately equivalent to H; so far as low fre- 
quency processes are concerned. On the other hand, at 
high frequencies when fp is large, [M;’/M;] becomes 
small, and so H)’ differs from H; by a cut-off factor 
which effectively cuts out the high frequency processes. 

To see how strong the cut-off factor is, one may use 
instead of Eq. (102) the asymptotic expansion valid for 


large po, 
=" > ( 1 ) ( (0) 
M; |- n=l poc s 


Thus Eq. (D18) is sufficient to make [M;'/M;] tend to 
zero at least as fast as po~*. If, in addition, Eq. (96) 
should hold, [M;’/M;] would tend to zero at least as 
fast as po*. The strength of the cutoff depends directly 
on the degree of smoothness with which g(a)—>1 as 
a—0. 

The term H,’ represents the effects of the high fre- 
quency processes, which were not included in H’, in the 
form of a higher order radiative correction. H,’ contains 
a great variety of matrix elements, similar in their 
general properties to the radiative corrections which are 
encountered in the Schwinger theory. In particular H,’ 
will include the part of the Lamb shift which arises from 


(103) 
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high frequency virtual transitions, the remainder of the 
Lamb shift being due to the second-order effects of Hy’. 

Every matrix element of H,’ will contain, according 
to Eqs. (28) and (30), a factor giving a cutoff at high 
frequencies like the cut-off factor in Eq. (102). In par- 
ticular, when Eq. (D18) is satisfied, every matrix 
element in H’, referring to a process in which energy is 
not conserved by an amount (Acpo), tends to zero at 
least as fast as po? as po tends to infinity. This has an 
important consequence. Suppose that the Schrédinger 
equation (99) is to be solved by some kind of a per- 
turbation expansion in powers of H’. The sums over 
intermediate states in such a perturbation treatment 
can never introduce any new divergences into the 
theory to replace those which have been eliminated. 
The sums over intermediate states will always be con- 
vergent by virtue of the cut-off factors in the high 
frequency matrix elements of H’. This is true whether 
or not the perturbation expansion in powers of H’ is 
either convergent or physically reasonable. 

There is just one exception to the statement made in 
the preceding paragraph. If the self-energy of the 
vacuum state is calculated from Eq. (99), using a per- 
turbation expansion in powers of H’, the result will still 
diverge if the cut-off factors in H’ are proportional to 
po for large po. To obtain a finite vacuum self-energy, 
the cut-off factors must tend to zero at least as fast as 
po-*, which requires that Eq. (96) be satisfied. 

These results make it clear why the conditions (D18) 
and (96) are important in the present theory. They also 
make it clear that the theory is totally divergence-free ; 
not only is the hamiltonian in Eq. (99) free from explicit 
divergences, but also it is impossible to obtain high 
frequency divergences in the theory by any subsequent 
perturbation expansions. 

If the methods of this paper have a useful application 
in practice, it will be to bound-state problems in which 
the Schrédinger equation (99) must be solved without 
treating H’ as a perturbation. The method to be used 
in solving the equation must then be adapted to the 
particular problem. Since the equation is divergence- 
free, all the well-known approximate methods, trial 
wave functions, variation methods, iteration methods, 
and if necessary numerical integration, may be applied 
to it freely. The techniques developed in this series of 
papers may thus be instrumental in restoring to the 
theoretical physicist working in quantum field theory 
the freedom of action which he enjoys when solving 
partial differential equations in other branches of 
physics. 
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Measurements have been made of the electron-capture cross sections ¢, in hydrogen gas for protons moving 
with kinetic energies between 34 and 149 kev. At these energy limits, ¢- has the values 1.5210 * and 
2.29 10-8 cm*, respectively. Using the values of the electron-loss cross sections 0: for hydrogen atoms in 
hydrogen gas recently measured in this laboratory, the ratio o:/¢, was derived from the results of the present 
measurements. Direct measurements of this ratio agreed with the values derived from the separate measure- 


ments of o; and @, to within 10 percent. 


In the present case e/a, is unity at an ion velocity of 1.44 Bohr units (e/h). This may be compared with 
the traversal of metals by protons, for which o:/¢-= 1 is attained at 0.95 Bohr unit. 





I. INTRODUCTION 


HE processes by which ions capture and lose elec- 
trons in passing through matter were the subject 
of many early investigations using low energy canal 
rays and the high energy alpha-particles from radio- 
active sources.! Recent measurements by Hall,’ on the 
ratio of loss and capture cross sections for protons in 
various metals, and by Montague,’ on the loss cross 
sections for hydrogen atoms in hydrogen gas have 
extended these studies to intermediate energies (35 to 
400 kev). 

Rudnick‘ and Bartels,’ in their low energy work on 
ions in gases, made use of the fact that an initially 
charged beam acquires a neutral component as the gas 
is introduced into its path, until at sufficiently high 
densities there occurs an equilibrium distribution of 
neutral and charged particles which is unchanged by 
further increases in gas pressure. The ratio of the 
charged to the neutral component of the beam, after 
it had passed through a gas chamber, gave a measure of 
the ratio of loss and capture cross sections. From this 
measurement and a measurement of the variation of 
the charged-to-neutral ratio with gas pressure, before 
equilibrium, the capture and loss cross sections could 
be obtained. Meyer® has also used this method at 
higher energies, obtaining, among his results, three 
measurements of the capture cross sections for protons 
in hydrogen gas at energies between 35 and 145 kev. 

In the work of Montague’ a direct measurement was 
made of the loss cross section without using the equi- 
librium ratios as an intermediate step. By causing the 
moving neutral atoms to be deflected out of the beam 
immediately upon becoming charged, an exponential 
decay of the neutral-beam intensity with gas pressure 


1E. Riichardt, Hand. Physik XXII/2, 103 (1933). This article 
contains a review of the subject and a summary of the older 
results. Further references are contained in the papers of Hall 
and Montague (references 2 and 3, below). 

2 T. Hall, Phys. Rev. 79, 504 (1950). 

ib H. Montague, Phys. Rev. 81, 1026 (1951). 

4P. Rudnick, Phys. Rev. 38, 1342 (1931). 

5H. Bartels, Ann. Physik 6, 957 (1930); 13, 373 (1932). The 
latter reference contains the results for ee in hydrogen gas. 

*H. Meyer, Ann. Physik 30, 635 (1937). 


was obtained, from which the cross sections were 
determined. 

Goldmann,’ Rostagni,’ Wolf,? and, more recently, 
Keene,'® using low energy ions, have determined 
capture cross sections by using a known current of ions 
and measuring the positive-idn current arising in a known 
path length from the stripped gas atoms as a function 
of pressure. Smith" measured capture cross sections in 
the same energy range by observing the exponential 
decrease in ion-beam current at three positions along 
the path of the ions in the gas, assuming that only 
capture events occurred at the pressures used. Bartels® 
also applied this principle, obtaining values of the 
capture cross sections for protons in hydrogen in good 
agreement with those measured by the equilibrium 
method. 

In the present experiment the capture cross sections 
for protons in hydrogen gas in the intermediate range 
of energies were obtained by a method similar to that 
used by Montague for the loss cross sections. A beam 
of protons entered an evacuated chamber, sealed from 
the beam-defining tube by a thin window. Traversing 
the chamber was a magnetic field which bent the proton 
orbits along a circular path which ended in a faraday 
cage. As hydrogen gas at low pressure was introduced 
into the chamber, some of the protons captured orbital 
electrons from the gas molecules, thus becoming 
neutral; they then moved off tangentially to the circular 
path, missing the faraday cage. Using Montague’s 
notation, the ratio of the number N(/) of protons in 
the attenuated beam corresponding to gas pressure ?, 
to the number (0) of protons entering the faraday 
cage when the chamber was evacuated, is 


p(p)=N(p)/N(0)=exp[—n(p) od], (1) 


where n(p) is the number of atoms per cubic centimeter 
of the gas, d is the length of the circular path from en- 
trance window to detector, and a, is the electron- 
capture cross section per atom of hydrogen for protons 

7 F. Goldmann, Ann. Physik 10, 460 (1931). 

* A. Rostagni, Nuovo cimento 15, 117 (1939). 

°F. Wolf, Z. Physik 74, 575 (1932). 


10 J. P. Keene, Phil. Mag. 40, 369 (1949). 
" R. A. Smith, Proc. Cambridge Phil. Soc. 30, 514 (1934). 
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Fic. 1. Apparatus, schematic. 


of the energy under consideration. In the following 
p(p) will be called the “attenuation ratio.” 

In applying capture and loss information to the calcu- 
lation of the energy loss by moving ions at intermediate 
energies, the ratio of loss and capture cross sections is 
of primary interest. This ratio, as a function of energy, 
can now be obtained by dividing the loss cross sections 
measured by Montague by the capture cross sections 
of this experiment. 

The consistency of the separate measurements of 
loss and of capture cross sections was checked at a few 
energies by means of an equilibrium method similar 
to that employed by Bartels and others. Using no 
magnetic field, a well-defined beam of protons was 
directed from the entrance aperture straight across 
the chamber to a faraday cage (which would not register 
neutral particles). As gas was admitted, some of the 
original protons became neutralized, and the proton 
current to the cage decreased to an equilibrium value. 
If o,/o,. is the ratio of loss and capture cross sections, 
and the incident beam is composed entirely of protons, 
equilibrium value of p(p) is given by 


Pe= (o:/o-)/(1+01/¢-). (2) 


Thus the measured values of p, could be compared with 
those calculated from the values of o, and o, at cor- 
responding energies. 


II. APPARATUS 


Figure 1 is a schematic diagram of the apparatus, the 
main components of which were the beam-defining 
tube E, the electron-exchange chamber F, and the 
vacuum manifold G. This diagram will be referred to 
throughout this section. 


A. Experimental Arrangement for Measuring the 
Capture Cross Sections 


1. The Beam-Defining Apparatus 


The beam of protons was provided by the University 
of Chicago 400-kev Cockcroft-Walton accelerator, or 
kevatron. After either the atomic or the molecular 
component was selected by the analyzing magnetic 
field H,, the beam entered the beam-defining tube E 
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with diaphragms C; and C, (hole diameter=0.158 cm, 
spacing=86 cm). The beam then passed through a 
monitoring screen H and entered the electron-exchange 
chamber F through a thin aluminized zapon window 
A which provided a vacuum seal between the exchange 
chamber and the beam-defining tube. For the range of 
energies used in this experiment the windows had an 
average thickness of 6.2 kev. A weak magnetic field H2 
provided fine adjustment of the beam position in the 
horizontal plane. 

It was necessary to shield the beam from the stray 
magnetic field during its passage through tube E; hence, 
the tube itself was made of steel and was surrounded 
by an outer steel tube to a distance of 71 cm from the 
exchange chamber. Additional magnetic shielding was 
placed around the beam-defining tube to a distance of 
22 cm from the exchange chamber. 


2. The Electron-Exchange Chamber 


This chamber, as well as the monitoring screen H 
and the current-measuring amplifiers, has been de- 
scribed in some detail in Montague’s paper.” It had 
an inside diameter of 12.70 cm and an over-all (outer) 
height of 3.17 cm. An axial magnetic field was provided 
by an electromagnet between whose pole faces the 
chamber fitted snugly. The inside diameter of the 
chamber and that of the poles was the same, so that the 
slits of detectors D, and Ds, as well as window A, lay 
directly between the circular edges of the pole faces. 

The bent beam, indicated by the dashed circular 
line, entered detector D,, after being deflected by 60 
degrees, through a 1.06-mm slit defined by a pair of 
knife edges and was collected by a faraday cage. After 
amplification, the current to the detector (and similarly, 
the monitor current) was read on a galvanometer. The 
length of the circular arc from entrance window A to 
the opening of the faraday cage was 12.02 cm. The 
amount by which the actual path length of the protons 
differed from this, owing to edge effects of the magnetic 
field, will be discussed later. Can J, projecting into the 
chamber, allowed a synchronous-motor-driven flux- 
meter to be introduced between the pole faces. 

The foregoing arrangement provided a magnetic 
analyzer for measuring beam energies after the entrance 
window, and it was so used in the experiment. The 
magnetic field was exactly zeroed, as indicated by the 
fluxmeter, and the electromagnet current then gave a 
measure of the momentum of the protons. A calibration 
was carried out by removing window A and tabulating 
magnet currents and corresponding beam energies, 
the latter being measured by means of a cylindrical 
electrostatic analyzer.” 

In addition to the charged beam a neutral component, 
indicated by the straight dotted line, emerged from 
window A because capture processes take place in the 


2 See reference 3, p. 1028. 
8S. K. Allison ef al., Rev. Sci. Instr. 20, 735 (1949). 
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window material. Another effect arising from the 
window was elastic scattering of the proton beam. 
Although the faraday cage in detector D, could be 
expected to be insensitive to neutral atoms, those 
formed by capture processes in the scattered beam were 
prevented from entering the detector by means of 
baffle B. This baffle intercepted most of the scattered 
particles which could give rise to neutral atoms en- 
tering the 60-degree detector Dy. 

Detector D, was used in measuring the equilibrium 
attenuation ratios p., as will be described later. Figure 2 
shows the cross section of a detector. 


3. The Vacuum System 


The electron exchange chamber could be evacuated 
or filled with hydrogen at the low operating pressures 
used in the experiment (of the order of 10-* mm Hg) 
through manifold G. In the following discussion needle 
valve NV; may be assumed to be closed. With valve V; 
open the high vacuum obtained was about 4X 10 mm 
Hg. Upon closing this valve, the rate of rise of pressure, 
in the absence of hydrogen, never exceeded 2X 10 mm 
Hg per hour, corresponding to a leak rate of about 
4X10 cc per hour. Since the time lapses between 
successively pumping out the system did not exceed 
ten minutes, this leak rate was negligible. 

With valve V; closed, hydrogen from a palladium 
leak could be admitted to the system through valve V3. 
Pressures were measured by means of a McLeod gauge, 
connecting through valve V4. 

An additional diffusion pump was attached through 
line Z to the collimating tube. Valve V2 was provided 
in order to equalize the pressures on both sides of 
window A while the system was pumped down and was 
closed when a high vacuum was obtained. 


B. Experimental Arrangement for Measuring 
the Equilibrium Attenuation Ratios 


In making these measurements it was desirable to 
have as nearly pure a proton beam as practicable and 
hence to eliminate the excessive neutral component 
arising from capture processes in window A. Therefore, 
the window was replaced by a small brass diaphragm K 
with a 0.51-mm diameter hole (No. 76 drill), having a 
sharply beveled edge, as shown in the detail drawing at 
the bottom of Fig. 1. Since the individual wires of the 
monitoring screen H could cover an appreciable fraction 
of the area of such a hole, the screen was replaced by a 
thimble 7, separated by a Lucite spacer S from dia- 
phragm C>. The hole in the end of T had a diameter of 
1.19 mm and, therefore, intercepted a portion of the 
collimated beam, passing the rest to diaphragm K. 

The diffusion pump on line ZL evacuated the space 
behind diaphragm K and thus provided differential 
pumping to isolate the exchange chamber from the 
high vacuum of the beam-defining tube. The pressure 
in the exchange chamber was maintained at the desired 
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Fic. 2. Cross section of faraday-cage detector. 


magnitudes by matching the rate of flow of hydrogen 
into the exchange chamber with the effusion rate 
through the hole in diaphragm K. Needle valve NVi, 
leading back to the diffusion pump, provided a fine 
adjustment on the rate of flow of hydrogen into the 
chamber. 

The proton beam in this part of the experiment was 
collected by the faraday cage of detector D, whose slits 
were opened to 3.5 mm. 


Ill. EXPERIMENTAL PROCEDURE 
A. The Electron Capture Cross Sections 
1. Procedure Used in Obtaining the Data 


The energy of the ion beam was set; and with the 
exchange chamber evacuated, a “profile” of the current 
to the 60-degree detector versus magnet current was 
obtained. As always, the magnetic field was carefully 
adjusted to zero by means of the fluxmeter before 
beginning, and the magnet current was increased 
throughout the desired range, with no decreases to give 
hysteresis errors. The profiles had widths at half- 
maximum of from 8 to 14 percent, a large fraction of 
which could be attributed to elastic scattering in the 
entrance window rather than to inhomogeneity of the 
beam energy. For convenience in obtaining protons at 
the lower energies, the molecular beam from the keva- 
tron was often used; the molecules were dissociated in 
the window, giving protons of half the molecular beam’s 
energy. 

Having determined the beam energy from the peak 
of the profile, the magnet current was set at peak value 
and maintained at this value during the course of the 
run. The magnet coils and their series rheostats were 
water-cooled, so that there was very little drift of the 
magnet current, and only slight adjustments were re- 
quired during a run to compensate small fiuctuations 
in the voltage of the motor-generator set supplying 
the coils. Both magnet current and accelerator voltage 
were held constant to within less than one percent 
during the runs. 

With the beam thus held in position on the 60-degree 
detector the ratio r(0) of the detector-galvanometer 
deflection to the monitor-galvanometer deflection was 
measured with the electron-exchange chamber evacu- 
ated to less than 10~* mm Hg. Hydrogen was admitted 
to the chamber, during which process the detector 
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TaBLe I. Relative detector currents at various hydrogen 
pressures for a 44.5-kev proton beam and the calculation of the 
electron-capture cross section from these data. 











Normalized 
detector 
? current 
107? mm Hg r 
0.636 
0.322 
0.624 
0.199 
0.611 
0.339 
0.580 


Hydrogen 


pressure Attenuation 


ratio 
p(p) =r(p) /mean r(0) 





<0.01 
0.97 
<0.01 
1.61 
<0.01 
0.75 
<0.01 


0.322/0.630=0.511 
0.199/0.167 =0.322 
0.339/0.595 =0.570 








Calculation of the capture cross section: 
s =slope of straight line in Fig. 3 =30.9+0.9 (mm Hg)™ 
T =room temperature =294.7°K, 
oe =uncorrected capture cross section =2.959 X10718s(7'/298) 
= (9.04 +0.27) X1071 cm?, 
oe =corrected cross section =oe’ +eg =ae’ +0.108 X10717 
=(9.15 40.27) X10’ cm?, 


current decreased; and when a suitable pressure had 
been reached, the flow was stopped. The ratio r(p), at 
hydrogen pressure ~, was then determined, and the 
hydrogen pressure was measured with the McLeod 
gauge. Finally, the chamber was evacuated and the 
ratio r(0) measured again. The cycle was then repeated 
for a different pressure. 

It should be emphasized that since only ratios of the 
currents were required, the absolute values were not 
important in the cross-section measurements. These 
values were, however, a few thousandths of a micro- 
ampere. The linearity of the amplifier-galvanometer 
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Fic. 3. Lower curve: Attenuation curve for a 44.5-kev proton 
beam at the 60-degree detector. Upper curve: Variation of detector 
response with hydrogen pressure. 
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arrangements (exclusive of input resistors) was checked 
over the operating range and found to be good to 
better than one percent. 

In measuring the ratios r(0) and r(p), three or more 
readings were taken and averaged; and in each run a 
minimum of two, and usually three or four, pressures 
were used. In terms of these ratios the attenuation 
ratio p(p) of Eq. (1) is given by 


e(p)=r(p)/r(0). (3) 


The data for a typical run at a beam energy of 44.5 kev 
are given in Table I and plotted in Fig. 3 (lower curve). 
Using d=12.02 cm, Eq. (1) gives for the electron- 
capture cross section per atom, 


o-= 2.959X 10-8s(T/298), (4) 


where s is the slope of the line (“attenuation curve’’) 
in Fig. 3, expressed in (mm Hg)~", and T is the absolute 
temperature. In the sample calculation of Table I the 
value of o, derived from the slope of the attenuation 
curve is called a’. It is necessary to correct this value 
by adding a small quantity —o, due to the effect of 
gas on the detector, as will presently be explained, to 
obtain the value o, of the electron capture cross section. 


2. Tests for Experimental Errors 


When the faraday cage was used in measuring proton 
current in this part of the experiment, it was always 
situated in a strong magnetic field, which varied from 
about 1900 to 5500 gauss for the energy range of protons 
used. Therefore, it was not necessary to bias the cage 
in order to trap completely all secondary electrons 
produced by the proton beam in the cage. In order to 
check this point, the voltage from a well-insulated 
battery was applied between the grid of the beam- 
current amplifier and the faraday cage of the 60-degree 
detector (faraday cage positive). With proton beams 
of 61 and 258 kev and the exchange chamber evacuated, 
no difference was observed in the detector-galvan- 
ometer deflections for the conditions of zero and 100 
volts on the faraday cage. Thus, it can safely be assumed 
that the cage did not respond to neutral atoms whose 
effect wouid be to produce secondary electrons from 
the surfaces which they struck. Therefore, no correction 
of the path length, owing to the entry of neutral- 
hydrogen beam atoms from positions at small distances 
in front of the detector, was applied. Neither were 
neutral atoms arising from capture processes in the 
proton beam scattered by the entrance window reg- 
istered. A large fraction of these were excluded by means 
of baffle B of Fig. 1 whose knife edge was separated 
from the center of the bent beam by about 2 mm. 

However, with a beam entering the faraday cage, the 
response of the detector itself was found to be somewhat 
affected by the presence of hydrogen gas. In order to 
measure this effect the beam energy was set at a 
value sufficiently high (295 kev) that the effect of 
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electron capture (as given by o-’) was certainly neg- 
ligible. With the proton beam bent into the faraday 
cage at the 60-degree position, the normalized detector 
current rose by a few percent as the pressure of hydrogen 
was increased up to the maximum value (about 7X 10~* 
mm) used in the experiment. The percent rise was also 
found to be independent of beam current. At slightly 
lower energies where there was some residual capture 
cross section, this rise decreased. However, by using 
the values of ¢,’ extrapolated from the working energy 
region (32 to 150 kev), it was possible to correct for 
this. When this was done, the rise was found to be inde- 
pendent of beam energy within experimental error. The 
data for a typical rise corresponding to a beam energy 
of 241 kev are plotted in Fig. 3 (upper curve). Such a 
rise can be represented by an equivalent negative cross 
section. 

In order to estimate the effect at lower energies 
where capture processes caused a large attenuation of 
the bent beam, the 60-degree detector was inserted at 
the zero-degree position, and a 0.025-mg/cm?aluminized 
zapon foil was placed about 3 mm in front of the 
detector. Capture and loss processes occurring in the 
gas of the chamber did not affect the faraday cage 
current, since the beam emerging from the foil covering 
the cage had an equilibrium distribution of protons 
and atoms, regardless of the composition of the beam 
impinging on the foil. With a magnetic field of about 
100 gauss it was possible to prevent secondary electrons 
ejected from the foil from entering the cage and still 
to work on the portion of the beam scattered slightly 
by the entrance window. Measurements at 109 and 137 
kev gave gas effects which were of the same size as 
those obtained before, indicating that the effect was 
independent of energy and magnetic field. 

Table II gives the data for the gas effect. In the 
second column are the equivalent negative cross sections 
corresponding to the slopes of the gas-effect rises. 
Column 3 gives the extrapolated values of a,’ added to 
their magnitudes to correct them, and the last column 
gives the gas effect —o, itself. It can be represented asa 
constant correction to be added to the cross sections 
o-, giving for the corrected capture cross section: 


Cc= Oe +0. (S) 


Such an effect was also observed by Montague," who 
used a different type of detector in his measurements 
of loss cross sections and attributed the effect to ioniza- 
tion produced by the beam in the detector. In the 
present case the correction is somewhat smaller, but it 
is difficult to see how it is produced by ionization in 
view of the geometry of the detector. It should perhaps 
be mentioned that the voltage developed by the beam 
current across the input resistor to the beam-current 
amplifier (100 megohms) never exceeded 0.11 volt. 


“4 See reference 3, p. 1031. 


1221 


B. The Equilibrium Attenuation Ratios 
1. Procedure Used in Obtaining the Equilibrium Data 


Since there was no entrance window in this case, the 
proton beam was well defined, and the profiles were 
quite narrow. Therefore, the beam energy was measured 
simply by visually observing the peak of the 60-degree 
detector currents. 

With the beam energy held constant, the field was 
carefully zeroed and then increased to a value of about 
60 gauss in order to trap secondary electrons in the 
faraday cage. The slits of the zero-degree detector were 
set sufficiently wide that the beam still entered the 
faraday cage at this weak field. Hydrogen pressure was 
then allowed to build up in the exchange chamber, and 
needle valve NV, of Fig. 1 was adjusted so that the 
pressure remained approximately constant at the 
desired value. The ratio r(p) of detector- and monitor- 
galvanometer deflections was then read, the flow of 
hydrogen was stopped, and the system was pumped to 
high vacuum. Finally, the ratio r(0) was determined. 


Taste II. Effect of hydrogen gas on detector response, 
expressed as an equivalent negative cross section. 





Extrapolated 
capture cross 
section 


Negative cross 

section corres- 

ponding to gas 
effect 


Corrected 


Proton gas effect 
energy 


kev em? X10 


295 1,070.06 
241 1.03+0.18 
208 0.94+0.42 
190 0.8620.17 
137 1.10+0.28 
109 0.84+0.16 


—o 
em? X10 
1,070.06 
1,060.18 
1,04+0.42 
1,110.17 
1,100.28 
0.84+0.16 


, 
Ge 
em? X107% 





0 
0.033 
0.10 
0.25 











Equivalent gas-effect cross section used in correcting the data: 
—o, = (1.08 40.10) X107* cm?. 


The process was repeated for a number of hydrogen 
pressures. As pressure increased, the attenuation ratio 
p(p) at first decreased and then reached an approxi- 
mately constant value. A slight rise at saturation 
occurred because of the gas effect discussed in the last 
section, and the data were corrected for this effect. In 
taking each point, the ratio r(p) was read quickly in 
order to minimize fluctuations in pressure, and gas was 
trapped in the McLeod-gauge bulb at the time of read- 
ing the galvanometer deflections. 

Three such runs were made at energies of 59.0, 
66.7, and 73.0 kev. In order to obtain decreases in 
attenuation ratio which were sufficiently large for 
its accurate determination, it was necessary to run 
at low energies where o;/¢, is close to unity. How- 
ever, since there was no entrance window, dissoci- 
ated molecules could not be used to furnish low 
energy protons, and the lowest proton energy used was, 
therefore, that for which the beam from the kevatron 
focused sufficiently well to give a workable beam. 

The data are plotted in Fig. 4 with the equilibrium 
value, p., of p(p) indicated for each curve. It can be 
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Fic. 4. Attenuation curve, showing the attainment of charge 
equilibrium, for mixed neutral-atom and protom beams at the 
zero-degree detector. 





shown" that these curves should be of the form 


p(p)=pe+(1—p.) exp[—(ort+0.)n(p)d’], (6) 


where d’ is the distance between the entrance to the 


exchange chamber and the zero-degree detector. The 
curves shown in Fig. 4 were obtained by using this 
form to fit the data. It may be noted that this equation 
allows a determination of (o;+.,); however, no attempt 
was made to determine this quantity accurately from 
these data, since instabilities in pressure did not allow 
an accuracy comparable to that obtained for the cross 
sections themselves. Such small variations in pressure 
did not affect the accuracy of the determination of 
Pe, however. 
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Fic. 5. Electron capture and loss cross sections as functions 
of ion energy for hydrogen beams in hydrogen gas. 


5 See reference 2, p. 507. 


2. Tests for Experimental Errors 


It was further verified that the faraday cage at the 
zero-degree position in these runs did not respond to a 
neutral beam. With chamber evacuated and sufficient 
magnetic field to deflect away the protons, no detector- 
galvanometer deflection was observed when the en- 
trance hole was replaced by an aluminized zapon 
window which gave a neutral component of beam 
entering the cage. 

An attempt was made to see if the presence of hydro- 
gen gas caused a broadening of the beam as measured 
at the 60-degree detector. With the 0.5-mm entrance 
hole and the detector slit set at 1.06 mm, profiles were 
taken with and without gas in the chamber. No in- 
crease due to the presence of hydrogen was observed 
in the half-width for a pressure of about 3X 10-* mm Hg 
pressure, at a beam energy of 60 kev. This indicated 
that scattering by the gas in the chamber was negligible. 


IV. RESULTS 


A. The Electron Capture Cross Sections 
and the Ratio «;/¢, 


The results of the measurements of electron-capture 
cross sections are summarized in Fig. 5 in which ag; is 
plotted as a function of energy. For comparison, the 
results obtained by Montague’ in this energy range for 
the electron-loss section ¢, are also plotted in this graph. 

The values of o, are tabulated in the second column of 
Table III; in the third column are the values of o;/c. 
obtained by dividing the magnitudes of the loss cross 
sections measured by Montague by those of the capture 
cross sections obtained here. This ratio is plotted as a 
function of energy in Fig. 6 (the curve marked M & R). 


B. Consistency of the Measurements of o; and o, 


The consistency of the measurements of the two cross 
sections, at least in the range of energies in which the 
equilibrium ratio p, was measured, is indicated by the 
graph in Fig. 7. In the upper curve the values of p, 
given in Fig. 4 are plotted as a function of energy. The 
lower curve is a plot of p, derived from Eq. (2), using the 
values o;/o- obtained from Fig. 6. The discrepancy 
between the two results can be attributed to a small 
component of neutral atoms in the incident beam of the 
equilibrium-ratio experiment which arose from capture 
and loss processes taking place on the periphery of the 
entrance hole to the exchange chamber and in the 
residual gas in the beam-defining tube. If one assumes 
a fraction v of neutral atoms in the incident beam, Eq. 
(2) should be modified to read 


pe=(a1/0-)/[(A—v)(1+60;/0-) ]. (2’) 


Solving this equation for v, using the values of p, and 
a,/¢- corresponding to 59.0, 66.7, and 73.0 kev, gives, 
respectively, 4.5, 2.4, and 4.2 percent. These values 
are about what might be expected from edge effects. 
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An attempt was made to estimate the neutral com- 
ponent using a secondary-emission detector described 
by Montague.'* Measurements made by comparing 
the responses of this detector (at the zero-degree 
position) to the total beam and to the neutral beam, 
when the protons were deflected away by the magnetic 
field, indicated a small neutral component. However, 
the relative responses of the detector to neutral and 
charged particles, as well as the dependence of its 
multiplication on magnetic field, were not known and 
could not be determined without further, rather exten- 
sive, experiments. 

The measurements of p, provide estimates of 01/0. 
From the foregoing it is concluded that the values 
derived from the separate measurements of o; and ¢, 
are consistent with the direct estimates of their ratio 
to within 10 percent. 


TABLE III. The electron-capture cross sections ¢, and the ratio, 
oi/ee, of loss and capture cross sections for hydrogen beams 
passing through hydrogen gas. 








Electron-capture 
cross section Ratio of 
loss and capture 


es cross section 
kev oi/ee 


Hydrogen- 
m F eed 





— 


wae me Dd CUNT STO 
exsnas 


Raa” 


SUAW 


36 +0.17 

0.842+0.069 
0.7330.017 
0.48520.098 
0.410+0.033 
0.229+0.028 


34.0 
44.5 
48.3 
48.7 
53.9 
62.5 
72.9 
81.1 
88.8 
103 








C. Accuracy of the Measurements 


The limits of random error in the measurements of 
o. are given in Table III and indicated on the experi- 
mental points of Fig. 5. They were estimated from the 
spread of points about the attenuation curves and 
thus take into account instrument-reading errors and 
fluctuations in the experimental conditions. In addition, 

here were systematic errors which are enumerated 
below. 


1. The Effect of Gas on the Detector Response 


Values of o, are given for energies up to the maximum 
at which measurements were made of 149 kev. At this 
end of the energy range, however, the capture cross 
sections have small magnitudes, comparable with the 
correction — ¢, due to the detector gas effect. This cor- 
rection rapidly becomes less important at lower energies 
and represents only 0.71 percent at the lowest energy 
(34 kev) used. The systematic error in capture cross 


16 See reference 3, p. 1029. 
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Fic. 6. Ratio of loss to capture cross section o:/¢, as a function 
of ion energy E. Curve M & R and that of Bartels: Hydrogen 
beams in hydrogen gas. Curve of Hall: Hydrogen beams in the 
metals Be, Al, and Ag. 


section due to this correction is estimated to be 0.07 
and 5 percent at the lower and upper energy extremes 
of the measurements, respectively. 


2. Inhomogeneity of the Beam Energy 


Some inhomogeneity was introduced into the beam 
energy by straggling arising from energy loss in the 
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entrance window to the electron-exchange chamber.!” 
For an energy loss of 6.5 kev this straggling is estimated 
to be about 0.9 percent of the beam energy at the 
lowest value (34 kev) used. In uddition, the ripple of 
the kevatron voltage gave rise to an energy inhomo- 
genity. Morrish'® has measured the effect for this 
accelerator. Assuming a total current drain of 400 
microamperes in the present experiment, his results 
yield an energy spread of about 3.0 percent due to 
ripple at a beam energy of 34 kev. 

It should be noted that the proton beam in the 
measurements of o, was held accurately on the 60-degree 
detector by means of the magnetic field. With this 
arrangement the proton energy was selected to within 
a total spread of 1.8 percent. Any systematic correction 
of the capture cross-section curves arising from in- 
homogeneity of the beam energy is thus considered 
negligible. 


3. Determination of the Path Length for Electron Capture 


Since there was some fringing of the magnetic field, 
the path of the protons was not precisely circular as 
indicated in Fig. 1. In order to determine the amount 
by which the path length d varied from the circular-arc 
length of 12.02 cm, the variation of the magnetic field 
along the nominal circular path was measured through- 
out most of its 60-degree extension. Using a search coil 
of 1-cm diameter on the generating fluxmeter, the 
field was found to be weakened by respectively 9 and 
26 percent at the entrance and detector ends of this 
circular arc and to be homogeneous to within 1 percent 
over 60 percent of this arc. The difference in fringing 
at the ends of the arc was due to the magnetic shielding 
about the entrance window. 

Since the ends of the protons’ path were fixed at the 
positions of the entrance window and of the detector, 
the main effect of this field inhomogeneity was merely 
to require a larger field at the center of the exchange 
chamber for bending protons of a given energy than 
would have been necessary had the field been uniform. 
A first-order calculation which took account of the 
variation of curvature of the proton orbit showed that 
the path length was increased by considerably less 
than 1 percent; although the “field strengthening” was 
about 2 percent. Thus, the correction to be added to the 
value 12.02 cm of d was negligible. 


4. Elastic Scattering in the Hydrogen Gas 


Appreciable scattering by the nuclei of the gas in the 
exchange chamber would have caused the capture cross 
sections to appear too, large.’ That this effect was 
negligible, however, was indicated by the fact that no 
broadening was observed in a well-collimated beam at 


17In his measurements of a; Montague (reference 3 P. 1033) 


overestimated this straggling in setting 45 kev as the lowest 
beam energy at which his results could be considered reliable. 
18 A. H. Morrish, Phys. Rev. 76, 1651 (1949). 
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the 60-degree detector. In addition, since the beam in 
the measurements of o, was spread by elastic scattering 
in the entrance window to a width considerably greater 
than that of the detector slit, the “geometry” was poor 
for observing such scattering in the gas. Bartels,5 using 
good collimation and thicknesses of hydrogen gas com- 
parable to those used here, observed no elastic scattering 
of protons at 30 kev. If there were such an effect in the 
present experiment, it would be included in the meas- 
ured detector gas-effect correction — ay. 


5. McLeod-Gauge Calibration 


The McLeod guage was calibrated by measuring the 
volume of its bulb and the diameter of its capillary. The 
consistency of several measurements indicated a calibra- 
tion error of less than 1 percent. 


V. DISCUSSION 
A. The Capture Cross Section 


From Fig. 5 it is seen that the capture cross section 
varies much more rapidly with energy than does the 
loss section. A log-log plot of the data shows that o, 
varies approximately as E-*“ at the upper end of the 
energy range (100 to 150 kev), while the value of the 
exponent reported by Montague for a; in the region 120 
to 329 kev is —0.70. This difference is qualitatively in 
accord with previous observations and theory. Ruther- 
ford'® obtained the value — 2.8 for this exponent for the 
capture by doubly-charged alpha-particles in air and 
the value —0.5 for the corresponding loss cross section. 
Brinkmann and Kramers,” using the first Born approxi- 
mation, calculated the cross sections for capture into 
the Bohr orbits of a moving ion from hydrogen. Their 
result gives a variation of ¢, as E~*, asymptotically for 
E>E), where Ep is the kinetic energy at which the ion 
velocity is equal to that of an electron in the first hydro- 
gen Bohr orbit (v9=e?/h). In the present experiment, 
however, E/E» varies between 1.37 and 6.01, so that 
this condition is not met. A decrease in the numerical 
value of the exponent at lower energies is predicted, 
however; and it might be worth noting that the value 
of the exponent obtained from their equation in the 
energy range 100 to 150 kev is about —3.8. 

The difference between the exponent —3.5 observed 
in this experiment (1.17 <0/<2.46) and Rutherford’s 
value of —2.8(4.1<0/<8.3) indicates a more rapid 
decrease of o, with increasing ion velocity for hydrogen 
than for heavier stopping atoms. On classical grounds, 
Bohr estimates the value —3 for this exponent for 
heavy stopping atoms. This difference in exponents for 
light and heavy stopping materials is in qualitative 
accord with the Brinkmann-Kramers result, which indi- 


19 FE. Rutherford, Phil. Mag. 47, 277 (1924). 

20H. C. Brinkmann and H. A. Kramers, Proc. Akad. Amsterdam 
33, 973 (1930). 

%N. Bohr, Kgl. Danske Videnskab. Selskab, Mat.-fys Medd. 
18, 115 (1948). 
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cates a decrease in the numerical value of the negative 
exponent, at a given velocity, with increasing atomic 
number of the stopping material. 

Keene** has published a summary of the previous 
measurements of o, for protons in hydrogen gas. Of 
these measurements those of that author, of Bartels, 
and of Meyer extend to sufficiently high energies for 
comparison with the present data. At low energies both 
Keene and Bartels observe a maximum of the curve 
a-(E) at about 7 kev, but they disagree appreciably 
on the magnitude of o,.. The present data appear to 
agree quite well with those of Bartels, forming a reason- 
able extension of his curve, which is given for proton 
energies up to about 32 kev. The data of Meyer and the 
present data differ appreciably in the region about 32 
kev, with the former showing a smaller exponent in the 
dependence of ¢, on E. 


B. The Ratio o;/¢, 


In Fig. 6 are plotted curves of the ratio o;/o, obtained 
from the present experiment and that of Montague and 
also from the data of Bartels.’ The curve given by Hall” 
for protons in the metals Be, Al, and Ag is also plotted 
for comparison. 

A striking fact that appears from the data for 
protons in metals is that o;/e, for a given energy is 
approximately independent of the atomic number of 
the stopping material. The ratio o,/e, has the value 
unity for a proton velocity » of about one Bohr unit 
(v/t9= 1). Hall gives for this critical ratio the value 0.95. 
The present data, however, indicate a value 1.44 for 
this critical ratio; and this difference between the 
values obtained for metals and for hydrogen is con- 
firmed by Bartels’s data for protons in hydrogen gas 
given in Fig. 6. 

In calculating the effective charge of moving ions it is 
assumed that roughly all electrons of velocities less 
than the speed of the ion are stripped off, since o:/a- 
increases rapidly from unity for »/r> 1. In some of the 
calculations on the stopping of heavy ions in heavy 

* See reference 9, p. 385, Fig. 18. 


% See reference 2, Fie 3. The curve plotted in Fig. 6 is the 
solid curve given by 3 
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gases the value »/1= 1 obtained from previous measure- 
ments has been a rough guide. On this basis the higher 
value 1.44 obtained here would result in a lower effective 
charge for ions moving in hydrogen. 


C. The Effect of Negative Hydrogen Ions 


At the lower energies, there is a possibility of forming 
negative hydrogen ions (binding energy of second 
electron=0.71 ev) in the traversal of matter by hydro- 
gen atoms and protons. The capture cross sections 
obtained in the present experiment would hardly be 
affected, however, since the cross section for capture of 
two electrons by a proton can safely be assumed 
negligible. In Montague’s measurements of o;, however, 
there was a possibility not only of loss of the orbital 
electrons of the neutral atoms of the beam but also of 
capture of electrons to form negative ions. 

In order to estimate the effect of negative ions the 
beam emerging from the aluminized entrance window 
was analyzed for such ions. At 35 kev, the fraction of 
negative ions was about 3 percent of the proton com- 
ponent, while at 90 kev none were observed to within 
an experimental! error of about 0.1 percent. Fewer 
negative ions are expected to be formed in hydrogen 
gas than in a metal owing to the smaller density of 
electrons per atom in the former. Since the measure- 
ments of o; extended only down to 45 kev, it seems 
safe to neglect the effect of negative hydrogen ions in 
these measurements. At lower energies, such as those 
used by Bartels in his measurements of o;/o., there 
may, however, be such an effect, so that his results 
would represent (0:/c-)+o*/o,* instead of o:/a., 
where the starred quantities refer to transitions in- 
volving negative hydrogen ions and neutral atoms. 

The author wishes to express his thanks to Professor 
S. K. Allison for suggesting this problem and for 
extending the facilities of his laboratory for its execution 
and for his helpful advice. Thanks also are due Mr. H. 
Kanner and Mr. D. S. Bushnell for their aid in taking 
the data, and to Dr. J. H. Montague for helpful dis- 
cussions. Grateful acknowledgment is also made of an 
AEC Predoctoral Fellowship granted the author. 
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The magnetic scattering of slow neutrons from a crystal lattice with exchange coupling at temperatures 
much higher than the (ferromagnetic or antiferromagnetic) Curie point is investigated. The residual short- 
range order is shown to manifest itself in coherent and inelastic effects, which are calculated by means 
of an expansion in 1/7. These effects can yield information on the strength of the exchange interactions, 
the ratio of nearest neighbor to next nearest neighbor interactions, etc. Conditions for the observability 
of these effects are more favorable in the antiferromagnetic case. 





I. INTRODUCTION 


OHERENT effects in the magnetic scattering of 
neutrons from the antiferromagnetic substance 
MnO at room temperature were first observed by Shull 
and Smart.! Recently, more detailed experiments have 
been performed on MnO by Bendt and Rainwater.? 
Since MnO has a Curie temperature of 122°K, the 
scattering effects constitute one of the very few de- 
tectable effects of exchange coupling at temperatures 
far above the Curie point. It was therefore thought of 
interest to make a detailed theoretical calculation of 
the magnetic neutron diffraction pattern in this temper- 
ature region, particularly since here the rigorous high 
temperature expansion methods are available and make 
possible relatively unequivocal statements. These 
enable one, at least in principle, to obtain from the 
experimentally observed pattern a considerable amount 
of information on the exchange interaction strengths, 
etc. 

In Sec. II, the specifically coherent scattering effects 
are investigated for a lattice with nearest neighbor and 
next nearest neighbor exchange coupling, for both the 
ferromagnetic and antiferromagnetic cases. In Sec. ITI, 
several inelastic effects neglected in Sec. III are taken 
into account. 


Il. THE COHERENT MAGNETIC SCATTERING 


The magnetic scattering of slow neutrons (i.e., that 
part of the scattering due to the interaction of the 
neutron magnetic moment with the electronic magnetic 
moments) has been studied by Halpern and Johnson* 
and many others. They found that for neutrons of 
momentum k and spin s incident on a lattice in a state 
L, the ratio of measured intensity of neutrons of 
momentum k’ and spin s’ in a solid angle range dQ to 
incident neutron intensity is 


di= (2euy/m)*| (s'L’| > .(8-S.—q*-sq*-S,) 
Xexp(—q-R,)|sZ)|*F(g)d2. (1) 

Here L’ is the final lattice state, m is the electronic 

mass, uy is the magnetic moment of the neutron, s is 


C. J. Shull and J. S. Smart, Phys. Rev. 76, 1256 (1949). 
2 P. J. Bendt and L. 3 Rainwater, Phys. Rev. 83, 235 (1951). 
30. Halpern and M. H. Johnson, Phys. Rev. 55, 898 (1939). 


the neutron spin operator, S, and R, are the spin 
operator and position respectively of the mth ion, and 
the sum is over all NV ions in the lattice. Further, h 
and c have been taken as unity and 


q=k’—k; q*=q/|q|, (2) 


and 
Fi(q)= 8-(B| exp(—q-t,)s::S|B) (S=S(S+1)) (3) 


is the magnetic form factor of the individual ion, B 
being the state of the individual ion, s; and r; the spin 
and location of its /th electron, and § its total spin. 

It has been assumed that the orbital magnetic inter- 
actions are absent or quenched, and that the neutrons 
are being detected with an efficiency inversely propor- 
tional to the velocity, so that a |k’|/|k| term is absent 
in (1). We assume also that the region of observation 
is far from a nuclear Bragg peak, so that there is no 
interference with nuclear scattering. The nuclear scat- 
tering may then simply be subtracted from the total 
measured scattering to give the magnetic scattering. 

Of experimental interest is the total intensity of 
scattered neutrons in a given direction k*’=k’/|k’|. 
If we therefore sum (1) over all possible final states for 
which k’ lies in the specified direction, and average 
over the initial neutron spin states (assuming an 
unpolarized beam) we obtain for the ratio of intensity 
in the direction k*’ (per unit solid angle) to incident 
neutron intensity : 


T(k, k*’) =22 1 exp(— Ez/T) 2 (@un/m)*F(q) 


(4) 


-|(L’'|G.—a*q*-S,) exp(—iq: R,)|Z)|*. 


Here Z— exp(— E/T) is the probability of occupation 
of the lattice state L, where 


Z(T)=X1 exp(—E,/T). (S) 


(JT measured in energy units) and E, is the exchange 
energy of the state L, which we take to be the eigen- 
function of a hamiltonian 


H=J DL S:S:+K Y S,Srp. 


nbr i,’ n nbr 1’ 


(6) 


The specifications “nbr /, /’” and “n nbr /, l’” refer to 
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the fact that the first sum is taken over all ions / and /’ 
that are nearest neighbors, the second over all / and /’ 
that are next nearest neighbors. J and K are propor- 
tional to certain exchange integrals and are positive in 
the antiferromagnetic, negative in the ferromagnetic 
case. The. instruction “ad L’” in the sum over final 
states in (4) means that only those final lattice states 
with admissible energies are to be included. That is, 
the kinetic energy of the scattered neutron 


k’?/(2M)=k?/(2M)+E.—Ev (7) 


must be 20, or Ex, < Ex+?/(2M). (M is the neutron 
mass.) 

To proceed with the evaluation of (4), two approxi- 
mations are made, which will be examined more closely 
in Sec. III. First, we assume that in the admissible 
transitions, q is seldom very far from its value qo for a 
purely elastic transition : 

qo= 2k singd; |k’|=|k}, (8) 
where # is the angle between k and k’. We thus substi- 
tute qo for q in the matrix element of (4) and in the 
argument of the form factor. Second, we assume that 
the final lattice states L’ to which a nonzero matrix 
element exists in (4) are almost all energetically 
accessible, so that in the summation over final states, 
we may sum over all states to which a nonzero matrix 
element exists. The first approximation depends on q 
being fairly large compared to the rms energy change, 
the second on k being fairly large. 

I(k, k*’) then becomes (with R,,» written for 
R,— R,,) 

I(k, k*’) = (CP un/m)*F(qo)Z“"S 1, exp(— Ex, /T) 
A (L| Law (S.— q*oq*s -S,) “ (S,- q*oq*o'S,’) 
Xexp(igo- R,»)|L) 
= (Cun/m)F(q) 2" 
XSp{E nn(Sn-Sn-— qo* -S,.qo*-S,-) 
Xexp(iqo- Rn’) exp(—H/T)}. - (9) 


Next, the exp(— H/T) is expanded: 


exp(—H/T) = © (—1)"/m(H/T)™ 


m=) 


in both the argument of the spur in (9) and in 
2(T)=X(L|exp(—H/T)| L) =Sp exp(—H/T), 
and a series is obtained for J(k, k*’): 
I(k, k®’)=Jo+7T-'U,4+-7T 1+ ---. 
To terms in 1/7?, 
Z(T)=(2S+1)* {14+ T-*(N 8/3)(J72nt+K*Znn)} (12) 


where z, and z,, are the numbers of nearest and next 
nearest neighbors respectively of a given lattice point. 
It is characteristic that because of the factor NV, the 


(10) 


(11) 
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number of ions in (12)—the expansion for Z, an ex- 
tensive property of the lattice, is in powers of (N*/T7), 
and is thus extraordinarily poor at laboratory tempera- 
tures. The series for J(k, k*’), however, is in powers of 
1/T, and is usable at ordinary temperatures. (In all 
of these calculations, frequent use is made of the 
following formulas for taking spurs: 


Sp’S,=0 
Sp’S,S,= 8/33,» 
Sp'SpSS.= 1/68 
Sp’S.SyS~Sp= $/30[ (28+ 1) (5erd ert Serdar) 
+(25—4) bdr. ], 


where ¢,,, is the permutation symbol, S, is the u-compo- 
nent of a spin vector whose square is S(S+1)=8, and 
Sp’ indicates the spur divided by the number of states.) 
Further, it is found that 


To(qo) = (un /m)*F (qo) $NS, (13) 


which is the ordinary incoherent paramagnetic scat- 
tering (see referenci: 3) and 


1,(k, k*’) = (@un/m)*F (qo) - ¥N 8-(— $98) 
X {JX1 cos(qo- Riv) +KYX2 cos(qo-Ri)}, (14) 


where >>; is taken over all nearest neighbors /’ of a 
single given lattice point /, and >>: is over next nearest 
neighbors /’ of /. 

Actually, most experiments are performed with a 
microcrystalline powder, so that a typical lattice vector 
R,, will on the average be randomly located with 
respect to qo. We must, therefore, replace cos(qo- Ru) 
by its average over-all directions of Ri, which is 


(qoRw) sin(goRw). 


(14) then becomes (J; depends now only on & and the 
angle #) 


1,(k, 8)=Io(qo)-(—F8) 
me ett (15) 
qoAnn 


where A, and A,,, are the spacings between nearest and 
next nearest neighbors on the lattice respectively. 

Note that to this approximation, the effects of nearest 
and next nearest neighbor interactions are completely 
additive—as are indeed the effects of any other inter- 
actions that may be present. This contrasts strongly 
with the situation below the Curie point, where the 
ordered lattice state may be determined by just one of 
the interactions.‘ In fact, it is possible by comparing 
the experimental location of the maxima or minima of 
the magnetic scattering pattern with those of (15) to 
infer the ratio of J to K, which can be used to check 
the theory of Anderson.‘ 


*P. Anderson, Phys. Rev. 79, 705 (1950). 
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Fic. 1. Magnetic neutron scattering intensity per unit solid angle 
per unit incident beam (J) as function of go= 2k sin}d. 


The relation between the ferro- and antiferromagnetic 
pattern is shown schematically in Fig. 1, where for 
simplicity we have assumed only one interaction, and 
plotted the intensity as functions of go. Jo(go) [Eq. 
(13) ], is just the form-factor pattern for an uncoupled 
paramagnetic lattice. The next term in the intensity, 
I, [Eq. (15)] is seen to be negative for the antiferro- 
magnetic, positive for the ferromagnetic pattern, and 
is a coherent effect of the exchange coupling. In the 
ferromagnetic case, its principal effect is to increase 
the scattering for small go. This is difficult to observe 
first because of experimental difficulties at small go 
(i.e., small angle or small neutron momentum &), and 
second because the inelastic effects to be discussed in 
Sec. III are very large in this region. The antiferro- 
magnetic pattern, however, shows a coherent peak in 
the neighborhood of go=2/A, and is readily observed. 
The inelastic effects, in fact, decrease the cross section 
at small go and make the peak even more pronounced. 
The antiferromagnetic case is, therefore, much more 
accessible to experimental observation. 

The antiferromagnetic coherent peak is the high 
temperature residue of the large coherent peak visible 
below the Curie temperature.’ By examining the calcu- 
lation of J;, it is seen that the coherent effect arises 
from the correlation of ions directly coupled by an 
interaction [see Eq. (14) ], and is thus an effect of the 
residual short-range order at high temperatures. It is 
in fact easy to compute the lowest order term in the 
temperature expansion for the average correlation of 
two ions at positions a and b in the lattice. The result is: 


(Z| SaSp | L))w= §88ap(—2I8/3T)"*Sas, (16) 


where a and § refer to components of the spins of ions 
a and 6, K has been assumed zero, mq» is the minimum 
number of steps between @ and 3, counting distance 
between two neighbors as one step, and sq» is the 
number of “shortest paths” between a and 4, i.e., the 
number of ways of reaching b from a going from lattice 
point to lattice point, in precisely ma, steps. 


From (16), it is seen that the high temperature 
expansion is certainly poor at T7S2|J|$/3, where the 
lowest order terms (16) indicate long-range order. The 
parameter 2/8/(37) is thus at high temperatures an 
indication of the degree of order, and is probably of the 
order of magnitude of unity at the Curie point. 

The result for J, is, after some computation, 


T= Io{ P[—4821 cosqo- Ruv+ (4/9) 8X v cosqo- Ru J 
+K*L—4$8D2 cosqo: Rut (4/9)$*Xo2 cosqo: Ru] 
+JK-(8/9)$53 cosqo: Rw}, (17) 


where >>; and >: have been defined above [Eq. (14) ]. 
<r is taken over all /’ defined as follows: Pick any 
nearest neighbor of a given lattice site /. Then every 
nearest neighbor of this nearest neighbor, except / itself 
is taken as an /’ in the sum. }>» is defined similarly— 
for “nearest neighbor” merely read “next nearest 
neighbor.” In > 3, /’ can be either a next nearest 
neighbor of a nearest neighbor of /, or the nearest 
neighbor of a next nearest neighbor. 

After averaging over orientations of the micro- 
crystals, (17) becomes 


+-82 n>. wWa?-—————_ 


singoA, 4 a] 
9 a qoDa 


1 
I= le] | — 80 
3 goAn 


1 = singoAnn 4 
+K| —~S60 + -S%Enn> Wa” 


JoAnn ad 


sing.Da” 
qoD a 


singsDa 


8 
FIRTH atendwall . (18) 
2 q 


Da 


Table I gives the wa”, D,‘”, etc., for several lattice 
types. It is not difficult to extend the results to other 
lattice types and to include other interactions. For 
each interaction, a term of the structure of the J? term 
in (17) must be included, and a cross-term like the JK 
term in (17) for every pair of interactions. To this 
order, there are no cross-terms involving more than 
two interactions. 


Ill. INELASTIC EFFECTS 


The approximations made in going from Eq. (4) for 
I(k, k*’) to Eq. (9) have led us to the expressions (11), 
(13), (15), and (18). These expressions are functions 
only of go= 2k sind, instead of both k and #, so that 
if (as in the experiments of reference 2) J(k, 8) is 
measured as a function of & for several fixed angles 
0,1, 02, --: and the curves are plotted with go as abscissa 
(as in Fig. 1), the curves taken at angles 01, d:, etc., 
should all coincide. We shall show now that if we take 
into account the neglected effects, the intensities are 
reduced somewhat (particularly for small go). Moreover, 
the curves for large # are further depressed than those 
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Taste I. Coefficients for Eq. (18). 
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for smaller 3, so that the curves for #1, 8:--- are 
actually separated. Otherwise, the results of Sec. II are 
not seriously modified. 

We examine first the effect of having included in 
Eq. (9) transitions to a few states that would require 
the neutron to transfer more than its total kinetic 
energy to the lattice. To this end, we must compute 
the distribution of energy losses in the transitions 
admitted in Eq. (9), and decrease our computed in- 
tensity by the fraction of energetically inaccessible 
transitions. It will prove practicable to calculate only 
the lowest few moments of the energy loss distribution, 
and the shape of the entire curve will be inferred from 





these. In fact, since the entire effect is generally not 
very large, it will be sufficient to assume that the 
distribution is gaussian, with suitably fitted mean 
energy loss and rms energy loss. 

The mean energy loss of the neutron, é(k, k*’) is 
obtained by inserting a factor (Z,-—Ez) into the 
summand of Eq. (4), and dividing by the total intensity 
I(k, k*’). (Note that for this purpose it is essential to 
sum over all states L’, including the inaccessible, in 
both numerator and denominator.) We assume then 
that in the matrix element and the form factor, q may 
still be replaced with sufficient accuracy by qo. This 
yields: 


Sp{ Liaw exp(—iqo- Ran’)(Sa—a*oq*o'S,-)-[H, (Sa—q*oq*s-S,) ] exp(—H/T)} 





e(k, k*’)= 


(19) 


Sp{d an’ exp(—iqo- Run) (Sa-— q*0q*o-S,’) ¥ (S.—q*oq*o- n) exp(—H/T)} 


where [A, B]=AB-—BA. Expanding the exp(— H/T) 
and using the result 


(H,S.J=—2i > S.xS,—2Ki ¥ S,-xS., 
nbrs n nbrs 
n’ of n w’ of x 


we find that @ approaches zero at high temperatures. 
The lowest nonvanishing term in the high temperature 
expansion is (after performing the microcrystalline 
averaging) 


2(k, 8) = +48/(3T) {24(1- 
singoAnn 


JoAnn )| eh) 


indicating that the neutron tends to lose rather than 
gain energy at the lower temperatures. To this order, 
the interactions contribute additively to (21).* 

To obtain the mean square neutron energy loss 
(é(k, k*’))w, one proceeds identically, inserting, how- 


(20) 


singoA, 
JoAn 


+ K2ms( 1 


* Including inaccessible states in the sum limits the use of (21) 
to neutrons of kinetic energy large compared to 7. In general, 
(21) gives an upper limit to the magnitude of the neutron mean 
energy loss. 





ever, a factor (E,-—£,)* rather than (Ez-—£_,) in 
Eq. (4). One finds for (¢*)4 an equation identical to 
(19), except that (H, (S,—q*oq*o-S,) ] is replaced by 


(A, (H, (S,— q*oq*o'S,) J). 


The lowest term in the high temperature expansion is 
then found to be 


+ Krm( 1 


singoAn 
qoAn 


83 
(2(k, 3) w= =|Px(1- 


ea) . (22) 
JoAnn 


This is temperature-independent, the interactions again 
contributing additively, and reduces for large goA, and 
K=0 to an analogous result obtained by Van Vleck.* 


5 J. H. Van Vleck, Phys. Rev. 55, 924 (1939), Eq. (7). Note in 
this connection that if it is desired to express the results in terms 
of magnetic susceptibility data [as in Eqs. (9) (10) of the refer- 
ence], the expression @=438(Jz,+Kzan) should be used for the 
constant @ in the susceptibility law x=C(T+®)*. Comparing 
(18) and (15) shows that rapid convergence of (11) depends on the 
smallness of @/T. This must be remembered in applications to 
substances such as MnO for which © is much larger than the 
Curie temperature. 
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The probability that a neutron loses energy between ¢ 
and e+de in the scattering process is then taken to be 


P(e)de= (29(e?)y)—? exp{ — (e— 2)?/2(e)w} (23) 


so that since transitions for which e>*?/2M are pro- 
hibited, the previously determined intensity must be 
multiplied by the factor 


a 


x(k, #)= 1- f P(6de 
&8/2M 


= }[1+((k°—2Me)/(8M%Xe)m)4)] (24) 


where ® is the error function. Note that 7(k, 8) 
depends on k and #, not merely on go, so that the 
intensity curves for 2 different values of 3 and varying 
k, will be separated. Since k®/2M=(8M sin*}0)~'q,?, 
it is seen from (24) that y is larger for larger 3 (€ and 
(€)« depend only on go). y(k, #) is slightly greater than 
3 at go=0, rises fairly rapidly, and is rather close to 
unity in the region of antiferromagnetic coherent peak. 

The second effect we consider is that of having 
replaced q by qo in the form-factor in Eq. (4). Since 
the values of # of interest are not too large (below the 
angle of the first Debye-Scherrer ring), g will be larger 
than go for most transitions, whether the neutron gains 
or loses energy. Since the form-factor decreases mono- 
tonically with g, we exaggerate the intensity by re- 
placing q by go, the exaggeration being worse, for 
given go, for larger 3. 

To correct for this effect, we note that in the region 
of interest the form factor can be expressed sufficiently 
accurately as 


F(q)~1—ag’. (25) 


Furthermore, if the energy change is not too large 
compared to the initial neutron energy, we have using 
Eq. (7) 
P=k+k"—2kk’ cost ~ go?+-4M (E,— Ez) singd 

+(1/k)M*(E,—E_)* cos. (26) 
Inserting (26) and (25) into (4), replacing q by qo 
elsewhere in (4), and neglecting the effect of the 
energetically inaccessible states, J(k, #) takes the form 
I(k, 3)= To(qo)+ T-T1(qo)+ TT 2(go)+ Woes 

+éI rr(k, 3) (27) 


where Jo, J;, and J2 are given in (13), (15), and (18). 


® Notation of Magnus and Oberhettinger, Special Functions 
(Chelsea Publishing Company, New York, 1949), p. 96. 
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For 5] rr we obtain, because of the factors (Ez— Ex) 
and (E,—Ez-)* in (26), expressions much like the 
numerator of (19), etc. These may be evaluated by 
expansion of exp(— H/T) and give to lowest order the 
temperature-independent term 


6I pr(k, 8) = — (uy /m)*(3N S)((32/3)aSM? sin*40 cos’) 
(Penne R(qoAn)+KEnnAn’R(GoAnn)) (28) 


where R(x)=x~*(1—27' sinx) is a monotonically de- 
creasing function of x, which is § at x=0 and is again 
not very large in the region of interest. 

Lastly we examine the effect of having replaced q by 
qo in exp(—iq-R,,) in Eq. (4). To this end we put 


exp(—iq- R,.) ~exp(— igo: R,.)(1—i5q- R,—}(5q- R,,)*) 

where using (7) 

5q= q— qo= (k’—k)k*’ = (Mk7(E,— Ex) 
—M*k-(E,—Ez,)*). (29) 


This results, after a somewhat tedious microcrystalline 
averaging, using methods similar to these used in the 
previous two calculations, in the addition to Eq. (27) 
of a term 


5] exp(k, 8) = — (Cun /m)*-8F (go): (1/9) SN «kM? 
° { F*znAn?G(qoAn)+ R°SnnAnn'G(goAnn) } ’ 


where G(x) =a~'d/dx (x sinz). 

Equation (3) is the first term in a high temperature 
expansion, and in its evaluation, q was replaced by qo 
except in the exponential, and again the loss of energeti- 
cally inaccessible transitions was neglected. Equation 
(30) is not reliable for very small go, since (29) is 
inaccurate there, but the effect is quite negligible in 
this region, and is in fact nowhere very large. 

To recapitulate, the intensity pattern computed in 
Sec. II must be corrected by the term 6/ rr [Eq. (28) ] 
as in Eq. (27), and to this must be added the term 
6] .xp [Eq. (30) ]. Finally, the resulting expression must 
be multiplied by the factor y [Eq. (24)] to correct for 
the inclusion of energetically inaccessible transitions. 
These corrections may be observed directly experi- 
mentally as a separation in the 7(k, #) vs go curves for 
2 different # and varying k, and may be employed as a 
further check on the values of J and K deduced from 
the strength and location of the antiferromagnetic 
coherent peak. 

The author would like to thank Professor L. J. 
Rainwater and Dr. P. Bendt for stimulating this 
research, and for many useful discussions. 
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From the statistical mechanical occupation prabability of microstates Einstein has inferred a distribution 
function for the macroscopic states of a canonical ensemble. The conventional theory of thermodynamic 
fluctuations proceeds by making certain series expansions in the Einstein function and by dropping all cubic 
and higher order terms. In this paper we establish that: (¢) The correlation moments for the extensive 
thermodynamic parameter fluctuations may be computed directly from the distribution function for the 
microstates, without introducing an intermediate macroscopic distribution function. (6) These same 
moments can be evaluated from the Einstein function without making series expansions or invoking ap- 
proximations. (c) All moments computed by methods (a) or (6) agree exactly. (This may be taken as an 
alternative derivation of the Einstein function.) (¢) The second moments computed by the conventional 
method are correct, but all higher moments are incorrect. 





I. INTRODUCTION 


TATISTICAL mechanics predicts both the average 
values of the thermodynamic variables of a system 
in equilibrium and the characteristics of the fluctuations 
of these variables about their average values.’ In this 
paper we discuss and, to some degree, extend the theory 
of the fluctuations of the extensive thermodynamic 
parameters.” In particular we investigate the Einstein 
method’ which, by introducing macroscopic concepts at 
the fundamental level of the distribution function, 
affords great insight into macroscopic fluctuation 
phenomena. 
The general subject of fluctuations is of interest for 
a number of reasons. Recent developments in cryogenics 
have led to the increasing application of thermo- 
dynamics at low temperatures. Problems of thermo- 
dynamic stability, of critical points,‘ and of phase 
transitions’ have also received extensive recent atten- 
tion. In each of these cases the fluctuations play a 
fundamental role, as they do in all “marginal” appli- 
cations of thermodynamics. Finally, in a recent paper® 
by Welton and one of us, it has been conjectured that 
a logical approach to a theory of linear irreversible 
processes lies through the analysis of equilibrium fluc- 
tuations, and it is in connection with this program that 
the present investigation of fluctuation theory is 
undertaken. 
Il. THE DISTRIBUTION FUNCTION 
FOR MICROSTATES 
In order to introduce a convenient notation we 
briefly restate the results of statistical mechanics in 
* This work was supported in part by the ONR. It is taken from 
a Ph.D. thesis submitted to the University of Pennsylvania by 
one of the authors (RFG). 
t John F. Frazer Fellow. 
1R. C. Tolman, The Principles of Statistical Mechanics (Oxford 
University Press, England, 1938). 
* A theory of fluctuations of intensive thermodynamic param- 
eters will be given in a egg 2 
3 A. Einstein, Ann. phys. 33, 1275 (1910). 
4M. J. Klein and L. Tisza, Phys. Rev. 76, 1861 (1949). 
5 L. Tisza, Technical Report No. 127, Research Lab. of Elec- 
tronics, M.I.T. (1949) (unpublished). 
*H. B. Callen and T. A. Welton, Phys. Rev. 83, 34 (1951). 


giving the occupation probabilities of the microstates in 
a canonical ensemble. 

For the set of extensive parameters xo, %1, %2, °°: 
which determines the macroscopic state of a thermo- 
dynamic system, we adopt the convention that x» shall 
represent the internal energy, whereas 21, x2, 23, --* are 
parameters such as the volume, mole numbers, etc. The 
expectation values of these parameters in an equilibrium 
state will be denoted by Xo, X1, Xo, -- 

The entropy may be considered as a single-valued 
first-order homogeneous function of the extensive 
parameters, S(Xo, X1, X2, ---); the inverse function, 
Xo(S, X1, Xe, ---+), being similarly single-valued, first- 
ordered, and homogeneous. Whereas the latter func- 
tional form is the more convenient for the conventional 
development of thermodynamics, we shall find the 
former form to be considerably more convenient in the 
analysis of fluctuations, Indeed much of the awkward- 
ness of fluctuation formalisms has arisen from the 
habitual maintenance of the second form as funda- 
mental. 

The intensive parameters are conventionally defined 
by the equations, 


T=90X0/O0S, Pe=OXo/AX,; k=1,2,3,---. (1) 


Alternatively, we shall find it convenient to define a set 
of intensive parameters by the equations, 

F,=0S/0X,; k=0,1,2,---, (2) 
whence 


Fo=1/T, Fy=—P,/T; k=1,2,3,-°-. (3) 


By Euler’s theorem on homogeneous functions we have 


(4) 


S=Doo FeXe. (S) 


A set of partial Legendre transforms of the energy (the 
so-called generalized Gibbs’ functions) may be defined 
by the equations, 


XAT, Pi, P2, ++, Pm Xy-TS-E P,X,. (6) 
1 


Xo=TS+E1 PeXe 
and 
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The possibility of considering these transforms as 
functions of the parameters T, P;, Ps, «++, Pr, Xr+1, 
X42, **+, instead of parameters S, Xi, +--+, Xr, Xr+1, 
X42, -*+, is determined by the nonvanishing of the 
jacobian of this transformation. This jacobian is 
identical with the discriminant of the quadratic forms 
determining the stability of the system,’ and thus 
vanishes only at critical points. One thus obtains the 
relations, 


(8/AT) XLT, Pi, «++, PJ=—S, 
(8/AP,)XoLT, Pi, +++, PrJ=—Xx} (7) 
k=1, 2, ---,7. 
A set of analogous Legendre transforms of the entropy 


(which we shall call the generalized Massieu’ functions) 
may be defined by the equations, 


S(Fo, Fy, --+, F,J=S-E F,X;,. (8) 
0 


Except at critical points the generalized Massieu func- 
tions may be considered as functions of the parameters, 
Fo, Fi, «++, Fr, Xr41, Xr42, ¢**, and satisfy the equa- 


tions, 
(0/0F,)S[ Fo, --:, Fy J=—Xz; k=0,1,2,---,7. (9) 


We now consider a macroscopic system and its en- 
vironment in equilibrium. The system parameters 
are assumed to be fixed: 


k=1, 2,3, ---, 


Xr+1, Xr+2, °** 


Xr h=Xeah; (10) 
but we assume the interaction with the environment to 
be such that the parameters, xo, x1, x2, *+-, %,, are able 
to fluctuate about their equilibrium values; i.e., we 
consider a system “canonical with respect to xo, x1, °-°, 
x, and microcanonical with respect to %,+1, X42, °**.”8 

The distribution function for the occupation prob- 
ability of the microstates is then 


fa=expl(XoLT, Pi, ---; PJ—20 +3 Pyx,")/kT] (11) 


or 


pret a ea PHY Fyxy")/kJ, (12) 


where f, is the occupation probability for the n 
microstate and x," is the expectation value of x, in the 
n** microstate. 


7E. A. Guggenheim, Thermodynamics (North Holland Pub- 
lishing Company, Amsterdam, 1949). 

§ Implicit in the canonical formalism is the assumption that the 
environment is so large that its “capacity” places no bounds upon 
the variation of xo, x1, «++, %. Except in the region of critical 
points, the fluctuations are generally sufficiently small so that the 
effect of finite environmental “capacity” is negligible. 
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Ill. CORRELATION MOMENTS FROM THE 
MICRODISTRIBUTION FUNCTION 


We now show that the correlation moments of the 
fluctuating extensive parameters can be computed 
directly from the distribution function for the micro- 
states [Eq. (12)]; i.e., if dx, denotes the deviation of 
x, from its equilibrium value: dx,=(x,—X,), and if 
(b) denotes the expectation value, or ensemble average, 
of any quantity 5, then a typical moment which we 
may wish to calculate is (taking i, j, kr) the third 
moment 

((x2¢"— X ;) (aj — Xj) (xn"— Xz)) = (Gxribxrj5x4). 
If w, is the degeneracy of the n‘* microstate, the 
ensemble average can be written more explicitly as 
(6x,5xj5¢n)= >on wnfn(xi"— Xx) (xj"— i) (xn"—Xy). 
(13) 
However it follows from the form of f, that 
Of,/OF y= —((0/OF)SLFo, «++, FrJ+xe")fn/k 
=—(xe"—X2)fn/k, (14) 
whence 
(6x62 ;6x%) 
=—k Le wn(Ofn/ OF ;)(xj;"—X5)(xe"— Xx) 
se) —k(0/dF [Xs Wnfn(xj"—2 i) (x4"—Xx) ] 
+k ee wnf al (x;"— i)(0/0F :)(xe"— Xx) 
+ (xe"— X,)(0/0F ;)(xj"—Xj)], 
(6x;5x 524) = — k(0/OF;)(5xjx%) 
= k(6x,)0X;/OF ;— h(5x,)0X ;/ OF. 
However, 
(dx;)=O= (dx,) 
and we obtain 
(6x62 j52,) = ~*~ k(0/0F,)(x,5x;5,). (15) 


The form of this equation is clearly maintained for 
moments of any order higher than the third, so that we 
have, for instance; 
(62;6xj67,621) 
a k(0/dF)) (dx,5x;5x%) Key k(0X,/0F;) (dx;52%) 
ar k(OX;/OF;)(6x6x%)— k(OX;,/ OF ;)(dx,5x;). (16) 
The second moments must be considered separately. We 
have 
(6x,62;) = - n Wnfnlzs"— Xi) (xs*— i) 
= —k rea wn(xj"— Xj) 0f,,/0F; 
= —k(8/0F) [don wnfn(xj*—Xj)] 
+h Yon wnfn(O/OF;)(x;"— Xj) 
= —kd(5x;)/OF ;—k(OX;/OF )> n wafn 
= —kdX,/dF;,. (17) 
Equations (15), (16), and (17) form a set of iteration 
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equations from which we immediately obtain 
(dxj5aj5x,) = k?0°X,/OF OF; (18) 
and 
(dx, j52,52%)) 
= —k*0*X ,/OF OF OF ;+-k(OX (/ dF )(9Xj/dF x) 
+k*(9X;/OF ;)(0X,/9F ) 
+h(9X,/dF)(aX,/aF}). (19) 


Equations (17), (18), and (19) are then the funda- 
mental equations for the correlation moments of the 
thermodynamic extensive parameters. It is, of course, 
clear that the indices appearing on the right sides of 
these equations may be freely permuted. It should also 
be noted that in performing the differentiations indi- 
cated, the fundamental set of independent parameters 
is to be considered to be Fo, ---, Fr, Xr41, X42, °° °- 


IV. THE MACROSCOPIC DISTRIBUTION FUNCTION 


We shall now briefly review the logic whereby the 
distribution for the microstates may be transformed 
into a distribution function for macroscopic states.® It 
follows immediately from Eq. (12) that the probability 
Wdxo: : -dx, of finding a system, canonical with respect 
to Xo, %1, °**, x, with parameters instantaneously in the 
ranges dx, dx, +++, dx, is 


Wdxo- ‘ + dx,=Qdxq° m - dx, 
Xexp(—(SLFo, «++, FE Fyx,)/k) (20) 


where Qdxo-+-dx, is the total number of microstates, 
each state being weighted with its degeneracy, in the 
range dxo, dx, +++, dX, 

We now let 2% denote the value of 2 corresponding to 
unit density of states in the space of xo, x1, +--+, x, and 
recall that the entropy in a microcanonical ensemble 
having parameters in the range dxo, dx, ---, dx, is 
defined? as 

s=k In(Q/Q%) (21) 


whence 
W =% exp[—(S[Fo, --:, FreJ—s+X0 Faxe)/k)] (22) 
0 
or 


W =Q exp[— (S—st3 Fi(x.—X;x)}/k]. (23) 


The essential point of the argument is to now note that 
although S is the entropy of a canonical ensemble with 
parameters Xo, X;, --:, X, and s is the entropy of a 
microcanonical ensemble with parameters xo, x1, ---, Xr, 
nevertheless s is the same function of its parameters as 
S is of its parameters. This fact is a fundamental 
theorem of statistical mechanics, rooted in the enor- 
mously high dimensionality of the phase spaces (speaking 
classically) of thermodynamic systems, and responsible 

*A. I. Khinchin, Mathematical Foundations of Statistical 
Mechanics (Dover Publications, New York, 1949). 
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for the fact that there is a single general thermo- 
dynamics, rather than a “microcanonical thermo- 
dynamics” and a separate “canonical thermodynamics.” 
Thus we may now simply say that s is the entropy of a 
system in equilibrium, with parameters xo, 21, +++, 2. 

To recapitulate, the probability of finding a system 
with deviations from equilibrium between d%o= (xo— Xo) 
and éxo+déxo=[(xo+dxo)—Xo], and between dx; 
= (x,—X;) and 8x,+déx,=[(x1+dx,)—X;], and 


between 6x,=(x,—X,) and bx,-dbx,=[ (x-+-dx,)—X,] 
is 


Wdxo- e -dx,= Qodxo- : -dx, 
Xexp[—(S—s+-E Fidm)/k], (24) 
0 


where S and s are the entropies of systems in equi- 
librium with parameters Xo, Xi, ---, X, and %o, *1, ---, 
%,, respectively. 

Although we shall adopt Eq. (24) as the funda- 
mental macroscopic distribution function and shall show 
that all quantities of interest can be computed directly 
from it, the conventional procedure at this point has 
been to expand either (s—S) or (xo—Xo) in a Taylor 
series and to drop the cubic and higher order terms in 
the expansion. Of these two procedures, the expansion 
of (xp— Xo) is the more awkward, but has nevertheless 
been the more common. We shall illustrate the more 
reasonable, but still unnecessary procedure of ex- 
panding (s—S). We obtain 


s—S=>> F,6x,+4 >a S jn5x 6x5 
0 i,k=0 


+(1/31) S Sijdajixjdayt++++, (25) 
i,7,4=0 


where 

Sjx=Sij= 0°S/dX;0X,.= 0*s/Ax;0X% (26) 
(the latter evaluated at Xo, Xi, ---, X,), and similarly 
for Six, Sixt, «++. Dropping the cubic the cubic and 
higher order terms, we obtain 

WA exp( }> Sjx5xj6x,/2k), (27) 
ik=O 

where A is a renormalization constant. We shall refer 
to Eq. (25) as the “approximate macroscopic distribu- 
tion function,” as distinguished from the true macro- 
scopic distribution function of Eq. (24). 


V. CORRELATION MOMENTS FROM THE 
MACROSCOPIC DISTRIBUTION FUNCTION 


We shall now show that the correlation moments of 
the fluctuating extensive parameters can be computed 
directly from the true macroscopic distribution func- 
tion, (23), without invoking approximations, such as 
cutting off a series expansion. We shall also find that 
all the correlation moments so computed are identical 
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with those obtained from the microdistribution func- 

tion, so that the two distribution functions are com- 

pletely equivalent. The calculation of this section may 

therefore be considered as constituting an alternate 

derivation of the macroscopic distribution function. 
Consider a typical third moment, 


(dx 6x ;5x,) = 0 f woe few ° + dx, bx 5x 5x, 


Xexp[—(S—st+L Fréx:)/k]. (28) 
As in Eq. (14) we now have 
OW /OF p= —W(x,—Xi)/k. (29) 
The procedure following Eq. (14) may now be repeated, 
with sums replaced by integrations, and one easily 
obtains the iteration Eqs. (15) and (16). Again the 
second moments must be considered separately, and we 
easily obtain Eqs. (17), (18), and (19). We thus see 
that the macroscopic distribution function may be 
directly used as the basis of calculation and yields the 
correct results in all cases. 
VI. AN ALTERNATE FORM FOR THE 
SECOND MOMENTS 
We have seen that the correct second correlation 
moments are given by 
(6x62) = - kOX;/OF; 
where, in the partial differentiation, the independent 
variables are to be taken as Fo, ---, F,, Xr41, Xr42, °°°- 
We now develop an alternative, and more familiar, 
form for these second moments, which is of interest in 
the theory of critical fluctuations,’° and which bears 
on the calculation which proceeds from the approximate 
macroscopic distribution function. Let the inverse 
matrix to the (r+1) by (r+1) matrix S;, have the 
elements, 
Sja= (cofactor Sjx)/|! Sjx||= 8x5. 
Then we shall show that 
(6x52) = —RS jx. (31) 
Consider the quantity 0X,/0F,. Recalling the inde- 
pendent variables implied therein, and employing 
jacobian notation, we have 
OX; a(X;, Fo, 
OF, (Fi, Fo, +++, Fea, Fey; 
O(Fo, «++, Fe-y Xj, Fras, 
rf O(Fo, «++, Fra, Fa, Fees, °° 
HX, ->>, X,) 
**.f ’ F,) 
O(Fo, petits | Fy-1, Xj, Fest, Sees F,) 
(Xo, Bena B ah 
0M. J. Klein and L. Tisza, Phys. Rev. 76, 1861 (1949). 
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Tee Fy-1, Fez, ++, F,) 


-++, F,) 
+++, F,) 


-, F,) 








al Fo, 





(32) 
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Consider the first of the two jacobians in this equation: 


--+, F,) y 
a(Xo, atin X,) 





O(Xo, ++, X;) (— 
O(Fo, per tas 


as a ees oe 
ty AX +X.) 





=||Sjal|-*. (33) 
The second jacobian in Eq. (32) is identical with the 
determinant of the matrix, except that the elements of 
column k are 0X;/0Xo, 0X;/0Xi, «--, 0X;/dX,. Thus 
column & has a unity in position 7 and zeros elsewhere. 
Making a laplace expansion of the determinant ac- 
cording to the elements of column & we thus obtain 


o(Fo, o++, Fy, Xj, Frit, as 


O(Xo, +++, Xr) 


2 F A 
=(cofactor Sj.) (34) 





which, together with Eqs. (32) and (33) establishes our 
result, Eq. (31). 


Vil. APPROXIMATE CORRELATION MOMENTS 


Having now obtained the correct correlation moment 
by direct calculation based on the true distribution 
functions, without recourse to approximations, we shall 
examine the validity of the results obtained by the con- 
ventional methods, based on the approximate macro- 
scopic distribution function of Eq. (25). 


We shall find it convenient to define 
(df) =k(0/d6x;,)-log W (35) 


and we shall see in a subsequent paper that this function 
plays a fundamental role in the theory of fluctuations of 
intensive parameters. With 


W=Aexp( >> Sjxdxj6x,/2k) 
7.k=0 


we find that 


(dfx) => S jx 


(36) 
which, except at critical points, may be inverted: 


6x j= x Sei(5f;). (37) 


Now let ¢ be a function of the form, 
>= (S29) "(d21)™1° te (8x, Mr, (38) 


where the m; are non-negative integers, and consider the 
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quantity 


(6(8fa))= f ie f d(dx»)-- -d(8x,)Wo(8fu) 


-#f. » + fax. is d(x) ¢9W / 82m 


<b f--- faters)---aG) 


X[0(OW)/dbxm—WAp/db%m]. (39) 


Integrating the first term with respect to dx», we see 
that this term vanishes because of the vanishing of pW 
at the limits of integration. Thus 


(6(5fm)) = — k(Op/d5xm) = — ktim(b/5xm). 
Using Eq. (37) we can now put 


(40) 


(Gitn)= X Sus((fn))=—h E Snutin(/ ttm). (41) 


This equation furnishes us with an iteration equation 
for the approximate correlation moments, the moments 
on the right being two orders lower than the moment 
on the left. If we take ¢=1 so that m,,=0 for all m we 
obtain (éx,)=0 as is to be expected. If we put =z; 
we have %m=6nj (where 5; is the Kronecker delta) and 


(dxrjdxx) = RSjx (42) 


which is identical with (32). This result shows that all 
the second moments computed with approximate 
macroscopic distribution function are exact. It has 
heretofore been considered, on the contrary, that the 
dropping of the higher terms in the exponent of W must 
cause small but nonzero errors in the results (42) for 
the second moments, and that these errors might con- 
ceivably become significant near critical points. 

It is also easy to see that all the third, fifth, seventh, 
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. . Moments are given as zero in the aforementioned 
approximate scheme, since our iteration procedure 
reduces them all to a linear combination of first 
moments, which latter must vanish. Furthermore all 
the fourth, sixth, eighth, . . . moments are also incor- 
rectly given by the approximate macroscopic distribu- 
tion function: For consider a fourth moment 


(8262 62,521) = — R(S (6x 5x4) + $jr(x62,) 
+S8xi( 52,62 ;)) 


= k*(8i18 ja t+ $j:Siat 8xi8i;). (43) 


If we compare the right-hand members of Eqs. (43) and 
(19) we note that each contains certain purely thermo- 
dynamic quantities and different powers of Boltzmann’s 
constant; but transformations among purely thermo- 
dynamic quantities cannot involve Boltzmann’s con- 
stant, so that Eqs. (43) and (19) cannot be identical. 
Therefore we see that the approximate macroscopic dis- 
tribution function yields all the second moments of the 
thermodynamic extensive parameter fluctuations ex- 
actly, but that all the higher moments are incorrectly 
given. 


Vill. CONCLUSION 


In considering the various fluctuation moments of 
thermodynamic extensive parameters, we may either 
take a microscopic point of view and proceed directly 
from the distribution function for the microstates in the 
canonical ensemble, or we may take a completely 
macroscopic viewpoint and proceed from the Einstein 
function which gives the probability of each instan- 
taneous macroscopic fluctuation. In both cases we may 
proceed entirely without approximation, and the 
results of both methods agree completely. The macro- 
scopic point of view provides insight into various phe- 
nomena, such as irreversibility and the fluctuations in 
the intensive parameters, which is not so directly 
afforded by the microscopic point of view. 
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The Magnetostriction of Single Crystals of Iron-Silicon Alloys* 
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(Received May 9, 1951) 


The spontaneous magnetostriction of iron-silicon alloys can be adequately described by two constants 
hy and hg. For ordered alloys 4, goes through zero at about 11 atomic percent silicon, 4; at about 9 atomic 
percent silicon. In disordered alloys, in the composition range around 10 percent silicon, 4; is somewhat 


larger than for the ordered alloys. 


A method is given for calculating accurately the constants from the experimental data. The form effect 
is calculated and a semi-empirical theory is given of the influence of silicon on magnetostriction. 





1. INTRODUCTION 


HE magnetostriction of a ferromagnetic can be 
described! as consisting of three parts: (a) the 
strain produced in the crystal lattice by the spontaneous 
magnetization, which we shall take as that observed in 
a specimen having no “demagnetizing” field; (b) a part 
called the “form effect” which depends upon the shape 
of the specimen and may be calculated classically from 
the interaction of the demagnetizing field with the spon- 
taneous magnetization ; and (c) the “forced” or volume 
magnetostriction which does not interest us here since 
it is observed principally as a small volume strain in 
large applied fields. 

In the following, the results of measurements of the 
single crystal magnetostriction constants of a series of 
Fe—Si alloys are presented. Since the specimens used 
had a small, but not entirely negligible demagnetizing 
factor, calculations are given for the form effect (b) so 
that the part (a) can be obtained. Most previous 
measurements have been made on similar samples 
having small demagnetizing factors. The alloys here 
studied have a cubic symmetry and so only a small 


Fic. 1. Spheroid mounted on turntable. 


* Taken largely from a dissertation submitted by the former 
author in partial fulfillment of the requirements for the degree of 
Doctor of Science at Carnegie Institute of Technology. 

t Now at the Westinghouse Research Laboratories, East Pitts- 
burgh, Pennsylvania. 

?R. Becker and W. Déring, Ferromagnetismus (Julius Springer, 
Berlin, 1939). 


number of measurements is necessary in order to 
specify the magnetostriction in any direction (81, 82, 83) 
for a crystal magnetized to saturation in any direction 
(a1, @2, @3) with respect to the crystal axes. 

The strain in any direction in terms of the strain 
tensor A ,; is given by 


e= BiBjA i; (1) 


(we use the convention of summation over the repeated 
subscripts). With the axes selected to coincide with the 
unstrained cubic axes of the crystal, the components of 
the strain tensor, from lattice symmetry are of the form,? 


A n= dot a,0;?+ aos+ tes, 
A 2= aao[ bo +bya3?+ 528+ - - +], 


where s= a,’a;?+ a;’a;"+ a*a;* and the same a’s and 
b’s are used for the other components.’ The series (2) 
can be expanded to as many terms as desired, but since 
the higher order terms tend to make the function, 
plotted against angle, oscillate rapidly, which is con- 
trary to experiment, one would expect their coefficients 
to be small, The a’s and 6’s are constants to be deter- 
mined by measurements which in our case consist of 
obtaining the strain (1) in a fixed direction while varying 
the a’s in (2). 

With precise measurements, all of the constants in 
(2) can be determined from observations in a single 
crystallographic plane, providing none of the a’s 
vanishes for all directions in the plane [which is not 
true of a (100)]. A thin oblate spheroid with major 
axes in the (110) plane is a convenient specimen to use 
since the ellipsoidal shape insures uniform magnetiza- 
tion and if the magnetization is confined to the plane of 
the major axes the demagnetizing effect is small. In our 
study only two constants are required to describe the 
results: @:= /y= 3100/2 and bo= h2=3d11:/2. 

2. PREPARATION OF SPHEROIDS AND 
METHODS OF MEASUREMENT 


(2) 


From single crystals‘ of silicon content varying from 
4.9 to 14.8 at. percent (2.5 to 8 percent by weight) disks 


* See reference 1, p. 274. 

*Since the a term does not depend upon the direction of the 
spontaneous magnetization, it is of no interest here. 

* Grown by Mr. R. K. McGeary at the Westinghouse Research 
Laboratories, East Pittsburgh, Pennsylvania. 
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were cut 1 in. in diameter and 0.1-in. thick with the 
desired crystallographic orientation. Both (110) and 
(100) planes were obtained, the latter being used as a 
check on measurements on the former. The low per- 
centage silicon disks were machined on a lathe into 
oblate ellipsoids of major and minor axes given above. 
Because of the brittleness of the higher silicon alloys, 
they had to be ground into shape. In order to prevent 
the growth of new crystallites during annealing, approxi- 
mately 0.001 in. was etched off the surface of the 
specimens. They were then annealed in hydrogen five 
hours at 850°C and furnace cooled (50-100°C/hr) as 
first heat treatment. The measurements were made by 
means of resistance strain gauges:** One-eighth-inch 
gauges were cemented on both sides of the specimens 
and the output of the resistance bridge connected 
directly to a galvanometer with a five meter long light 
beam. With a battery voltage of 10 volts a strain 
sensitivity of 5X 10-* per mm deflection was obtained. 

The specimens were mounted on a small turntable 
(Fig. 1),”7 which was covered with a brass cup to keep 
the temperature constant and the assembly was placed 


{oor} 


Fic. 2. Strain in the [001] direction in a (110) sample. 


between the poles of an electromagnet. A field of 3300 
gauss® was used for all the measurements, Starting with 
the field in the [001] direction, the crystal was rotated 
through various angles in the field and the change of 
strain thus produced in the particular direction in 
which the strain gauges were fastened was measured. 
By so doing we avoided the ambiguities of the de- 
magnetized state which has been used as a reference 
in previous magnetostriction measurements. If 1, ‘2, Y3 
are the direction cosines of the magnetization in the 
reference state, the strain which we measure is, from (1) 


é’ = B,BjAij(a1, a2, @3)—BiBjAu(Y1, ¥2, Ya)» (3) 
3. EVALUATION OF THE CONSTANTS 


Although in principle the evaluation of the constants 
in (2) is quite straightforward, one must not allow small 


5 J, E. Goldman, Phys. Rev. 72, 529 (1947). 
( mA E. Goldman and R. Smoluchowski, Phys. Rev. 75, 140 
1949). 
7 The strain produced by the clamps holding the specimen in 
place was kept in the order of 10~*. 
8 High enough to keep the direction of magnetization within one 
or two degrees of the field direction. 
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Fic. 3. Strain in the [111] direction in a (110) sample. 


errors in the measurements to produce large errors in the 
values for the constants. For reasons which will become 
apparent, measurements of the strain have been made 
for the (110) plane in the directions [001] and [111]. 
From (1) the strain for the first of these is As; and for 
the second $(A1:+A22+A3s)+4(A2s—A12— Ais). (The 
strain tensor is symmetric, A ;;=Aj;.) Substituting from 
(2) and subtracting the strain of the reference state as 
in (3) (y:=72=0, ys=1) one obtains 


C1001)’ = — a; sin*9+-4a2(sin?20+sin‘0+)-- -, (4) 
erin)’ = }a2(sin?26+ sin‘6)+ - - --+ $bo(sin*@+-v2 sin26) 
b; /sin?2@ sin?6 sin20 


+ 
3 4 v2 


be 
+ ie sin26)(sin?26+sin*@)+---, (5) 


where @ is the angle the magnetization makes with the 
[001] direction (a,2= —a,=sin@/V2, a3=cos@). The a’s 
can be obtained from (4) and the 8’s from (5). In de- 
ciding how many terms are necessary to describe the 
measurements, one must examine the symmetry of the 
measured curves. It is also helpful to note that the slope 
of (5) at @=0 is given by the bo term. 

Typical examples of curves obtained are shown in 
Figs. 2 and 3 (also Figs. 4 and 5 for the (100) plane). 
From symmetry considerations it was concluded that 
in none of the measurements terms other than a, and 
bo in (4) and (5) were important.’ Although deviations 


v 


2 
ap iJ 
Fic. 4. Strain in the [001] direction in a (100) sample. 


* Of all the curves there were two cases for which the measure- 
ments were accurate enough to indicate an additional sin*2@ term, 
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Fic. 5. Strain in the [011] direction in a (100) sample. 


from these terms appear in the curves, the discrepancies 
do not have the symmetry of additional terms in (4) 
and (5). We attribute these to slight uncertainties in 
the crystal orientation and discuss below a method of 
avoiding them in evaluating the constants. 


4. CORRECTIONS FOR NONIDEAL ORIENTATION 
Using the established notation of Becker and Déring, 


we replace a; with Af; and bo with he, where A100= 2h,/3 
and Aj11= 22/3. Thus for these alloys (2) becomes 


A=aotha?, 
and (3) can be written 
d= (h— he) (B2a?— B?72) 
+h2(aiaj8:Bj—:75B:B;). (6) 
We wish to know the magnetostriction in a plane, Fig. 6, 
in which the magnetization J, and the direction of 
strain measurement make angles @ and ¢ with the 
initial direction of magnetization. The last term in (6) 
becomes h[ cos*(g—6)—cos*g ] and if 6;, 52, 53 are the 
direction cosines of a normal to the plane, the a’s and 


8’s in the first term can be expressed in terms of the 6’s, 
y’s, 8 and ¢ by the equations, 


B6;=0, 
avyi=cosé, Bryi=cos¢, (7) 
BB= 1. 


We are interested only in the cases where J differs 
but slightly from the [001] direction and where the 
plane differs but slightly from a standard plane. If Am 


A k= hoaja, 


a,6;=0, 


a,a;=1, 


e(B B I (a),¢2,43) 

. Fs) 7 Fic. 6. Directions of 
strain, magnetization, 
and initial magnetiza- 
tion. 
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which could not arise from any known error in the measurement. 
The magnitude of this term in the curves was 5X 10~7 and we are 
justified in neglecting it here. It would be important, however, in 
a determination of the volume change. 
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and An are small angles we can write 
y= cos(}r—Am)~An, 


31 


v2=cos($a—An2)—~An, 


and similarly the 6’s for a given plane can be expressed 
in terms of small angles of deviation. Using these to 
solve for the a’s and ’s in (7) and substituting in (6) 
one obtains to a first approximation for a plane near 
the (100) 


e’ = —h, sin’ cos2¢+4he2 sin20 sin2¢y 
+ Ano(hi— he) (2 sin?@ sin2g—sin26 cos2¢). (8) 
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Fic. 7. Magnetrostriction of annealed iron-silicon alloys. 


All the angles except Ano appear in the second order and 
have been dropped. Even though Am: is only of the 
order of 1 or 2 degrees, this term will tend to obscure 
one of the first two in (8) if one of the constants is large 
compared with the other. 

In addition, because of our method of strain meas- 
urement, there is a small uncertainty Ag in the angle 
in which the strain gauges lie. Substituting g= g+Ag 
in (8) one obtains 


e’ = — hy sin®@ cos2 go+-$hz sin20 sin2 go 
+ Ano(hi—he)(2 sin?@ sin2 go—sin2@ cos2 gp) 
+A¢g(2h; sin®6 sin2 go+hz sin20 cos2go). (9) 
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The terms in Anz and Ag have a symmetry which 
can account for most of the discrepancy in Fig. 5. To 
obtain the necessary constants we made measurements 
for go=Oand go= 45°. In the first case (Fig. 4) the value 
of e’ at 0=90° is —; in the second case (Fig. 5) 
€ 4mas? — €'tmis5°= he. 

In the (110) plane a similar analysis shows that for 
¢o=0 (Fig. 2) 

e’ = —hy sin*6+ (1/V2)(Aqi— Ans) (1— he) sin26 
+Aghz sin2@. (10) 


Whence, at 6= 90° we have e’ = — hy. In order to obtain 
hz in this plane, it is best to let go be the angle between 
the [111] and [001] directions, whereupon (Fig. 3) 


€' mas? — €¢mi35°= $ht2(V2 — Ag)—~4v2h2. 


Thus one can evaluate the constants to the same 
accuracy as that in the measurement of strain, which 
for most of our measurements was +3 percent. The 
results are given in Table I and plotted in Fig. 7. 


Taste I. Magnetostriction constants in iron-silicon alloys 
(annealed condition). 








With form effect 
subtracted 
hi, X10* ha, X108 


At. Wt. 
percent percent Measured 
Si Si 


X10 =a X108 


41.5 —104 
— 10.7 
—8.0 

—7.28 





4.92 1640 


1620 
1590 
1560 
1535 
1490 


1370 


2.52 
2.52 
3.03 
3.03 
3.59 
4.32 
4.83 
5.80 
5.80 
7.79 


(110) —13.6 








5. EFFECT OF ORDER AND DISORDER 


It has been shown by Goldman and Smoluchowski'® 
that ordering in an alloy can appreciably change the 
magnetostriction. Since, over a certain range of com- 
position, the Fe—Si system is known to order one would 
expect to measure different constants for annealed and 
quenched crystals. The values given in Table I and 
plotted in Fig. 7 were obtained on annealed material, 
furnace cooled (50-100°C/hr) and presumably ordered 
for those compositions for which ordering can take place. 

Above 12.5 atomic percent silicon ordering definitely 
has been observed by a number of investigators and the 
superstructure is of the Fe,Si type."—* Below 12.5 
percent no superlattice lines have been detected in the 
x-ray photographs, but there are reasons to believe 
that ordering, at least of short-range character, com- 


Pet 3 E. Goldman and R. Smoluchowski, Phys. Rev. 75, 140 
ut G. Phragmen, J. Iron Steel Inst. 114, 397 (1926). 
% E.R. Jette and E. S. Greiner, Trans. Am. Inst. Mining Met. 
105, 259 (1933). 
on Lipson, and Weill, J. Iron Steel Inst. 152, 457 
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TABLE II. Magnetrostriction constants in iron-silicon alloys 
(quenched in oil). 








enching 
& ma X10 


“he X10° 
39.4 —10.7 
34.0 —1.0 
12.0 3.3 
13.0 49 
No significant 
rom an- 
nealed material. 











mences at about 9 or 10 atomic percent since there is a 
discontinuity in the curve of lattice constant versus 
percent silicon near this composition.”"* Also a dis- 
continuity appears at 9.86 atomic percent silicon in a 
plot of the magnetic anisotropy constant against percent 
silicon." 

Measurements of the magnetostriction for specimens 
quenched in oil, shown in Table II and plotted in Fig. 8, 
add credence to the belief that ordering begins to take 
place in the region of 9 to 10 atomic percent. Due to the 
brittleness of the specimens it was not possible to 
subject these crystals to a severe quench. The indicated 
heat treatment often produced small cracks in the 
specimens and made magnetostriction measurements 
difficult. For this reason the foregoing measurements are 
not so accurate as values for the annealed specimens. 
Comparing the values with those of Table I,‘one sees 
that the only significant change that has occurred is the 
value of A; for the 10.95 at. percent (5.8 wt. percent) 
alloy. The constant /, for the quenched alloy is nearly 
double that for the annealed; h2 has changed but little 
and within the accuracy of the measurements no change 
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Fic. 8. Influence of heat treatment on magnetostriction. 


“LL. P. Tarasov, Phys. Rev. 56, 1231 (1939). 
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has occurred in the constants for specimens with 
smaller amounts of silicon. Also no change appears in 
the values for the 14.44 at. percent (7.79 wt. percent) 
alloy..The latter in the annealed condition should possess 
some order. Since no difference large enough to measure 
was detected in its magnetostriction after an oil quench 
from 900°C, one may suppose either that the magneto- 
striction of this alloy is insensitive to order or that the 
disordered condition, if any, cannot be undercooled by 
the employed rate of quench. The critical temperature, 
from magnetostriction measurements, for the 10.95 at. 
percent (5.8 wt. percent) alloy was found to be some- 
where in the neighborhood at 450°C. Near the com- 
position where ordering first appears, however, the 
critical temperature theoretically should rise rapidly 
as the alloying element is increased." 


6. CALCULATION OF THE FORM EFFECT 


The effect of the shape of the specimen on its mag- 
netostriction has been calculated by Becker"* for the 
case of a prolate spheroid of isotropic material. We 
must calculate this for a single crystal oblate spheroid 
and will use a somewhat different method. 

It is desired first to write the magnetostriction strains 
in terms of an energy function (the magnetostriction 
part of the free energy) and the Hooke constants of the 
material! A way of doing this is given by Becker and 
Déring, where the free energy is expressed as F= Fy+-F, 
+Fs2, with the subscripts denoting that the three terms 
on the right are respectively independent of strain, 
linear in strain, and quadratic. The expression F is to 
be regarded, at constant temperature, as a function of 
the direction of magnetization and the components of 
the strain tensor. It is the free energy, per unit volume 
of the unstrained material, of a crystal spontaneously 
magnetized with a fixed magnitude (VJ) of magnetic 
moment (V is volume and J magnetic moment per unit 
volume). 

Each of the parts of F may be described by the sym- 
metry of the crystal lattice. In the notation to be used 
for the elastic constants, the elastic energy for a cubic 
crystal is” 


F2=3C11(A1*+Ao?+As3*) 
+C12(A 1A 29+A 114 33+ A 22A 3) 


+2Cu4(A 122+ Ais?+Aos*). (11) 


The magnetostriction is the strain resulting when the 
stress,'* 0F/0A;;, is zero. The solution of this yields 


8 C, E. Easthope, Proc. Cambridge Phil. Soc. 33, 502 (1937). 

16 R. Becker, Z. Physik 87, 547 (1934). 

7 As is usually done, this neglects the possibility that the 
Hooke coefficients (measured with VI fixed) depend upon the 
direction of magnetization. 

#8 Appendix, Eq. (2). 
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A n= T 
(Cu+2Cu)(Cu—Cu)\aduw OAs 


(Cut+Cy) OF, 


(12) 





(Cu+2Cu)(Cu—Cu) 0A 


To obtain the form effect, the part” offF, which 
depends upon the dimensions of the ellipsoid is sub- 
stituted into (12). The ratios of the axes of the ellipsoid 
enter into the energy expression through the interaction 
of the demagnetizing field with the spontaneous mag- 
netization. Most of the calculation required for this 
has been performed by Powell.'® In the Appendix we 
show that for an oblate spheroid which is magnetized in 
the equatorial plane (a;’=0), 


AF iy... = $ul?[A 29! cte!?— A 33’ (x3? — 1)] 
+$ul*Aes'as'a3' (13) 


where AF;,. is the change in Fj, contr*buted by the 
demagnetizing field, when the magnetization is rotated 
out of the z (subscript 3) axis and the primes indicate 
that the quantities are referred to the principal axes of 
the spheroid. The value of » depends upon the dimen- 
sional ratio of the spheroid and is given in the Appendix. 

A general expression for F; for crystals of cubic sym- 
metry is given by Becker and Déring. For AF;, defined 
by Fi(a1, a2, a3)—F (0, 0, 1), only the following terms 
are important in the Fe—Si alloys: 


AF, = kL A 1102+ A 2202?+ A 33(ae3?— 1) ] 

+ m(A y2002+A 130103+Asgaea3) (14) 
which substituted in (12) give 
Au= —ka?/(Cu—Ciz), Aaw= —majar/4Cu, Ri (15) 


where & and m are constants of the material. From (6) 
one identifies the constant 4; with —k/(C1u—C12) and 
he with —m/4C uy. 

We must now examine more closely the derivation 
of (14). In the expression of Becker and Déring the 
only consideration was the cubic symmetry of the 
crystal lattice; but as we know, the shape of the 
boundary of the crystal must also play a role. The 
crystal cannot be cubic in shape since an ellipsoidal 
boundary is required for uniform field (which is tacitly 
assumed by taking all the variables of state to be 
uniform throughout the volume). For the boundaries of 
interest, only the sphere has all the symmetry elements 
of a cube and so we conclude that Becker and Déring’s 
expression and (14) actually apply only to a spherical 
crystal with a cubic lattice. The difference between the 
magnetostriction of a sphere and that of an arbitrary 


” F. C. Powell, Proc. Cambridge Phil. Soc. 27, 561 (1931). 
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ellipsoid is determined by the difference between the 
contribution to F; of the “demagnetizing” energy for 
the two cases (Appendix). 

We shall discuss only the special case where the 
magnetization is confined to a single plane, the equa- 
torial plane of an oblate spheroid, and shall add the 
further restriction that it contain the [001] crystal- 
lographic direction, which shall be the z axis of the 
spheroid. For such a plane, which makes an angle ¥ 
with the (100) plane, a:= — a2’ sin, a2= ae’ cosy, and 
a&3= a3’ where the primed and unprimed quantities refer, 
respectively, to the direction cosines of magnetization 
referred to the principal axes of the spheroid and the 
cubic axes of the crystal. The transformation for the 
strain components can be obtained easily from the 
requirement that the strain e= A;;8;8;= Ai; Bj’ for 
any direction given by the @’s and f’’s. In this manner, 
(13) becomes 


AF i,,..= 4ul?[A nar?+ A 22002?+ A 33(az?— 1) J 
+Ful?(A 2002+ A 130103+Arsa203), (16) 


which for this case has the same form as (14) and jus- 
tifies the use of expressions for strain such as (2) in 
Part. I. We can now write 


hizo. = —4ul?/(Cu—Ci), 


and for a given spheroid 


haze.= —Sul?/Cua (17) 


h= —k/(Cu—Ci2)—hige. g ere tb M1.¢. spheroid» 
“ (18) 


hy= — m/4C a— hag «. sphere + 424.0, spheroid: 


The first two terms on the right in each equation 
shall be designated /;, and hz,, respectively. They are 
the values of the constants for an infinite sheet and are 
given in Table I by subtracting the calculated form 
effect of the spheroid from the measured constants. 


7. MAGNETIC DIPOLE INTERACTION 


The task of a magnetostriction theory is to calculate 
the constants & and m (and additional ones for higher 
order terms in materials such as nickel) in the energy 
expression for a spherical crystal. As of the present no 
such satisfactory theory is known. The first attempts 
at a magnetostriction theory made by Akulov” and 
Becker” were based upon magnetic interactions between 
the atomic dipoles. The dipoles were assumed to be 
‘ situated at lattice points and the energy, obtained as a 
function of strain, is then of the form (14). The constant 
calculated on that basis are too small but in some cases 
not negligible. The two authors obtained different results 
and the discrepancy as shown by Powell" is due to the 
fact that Akulov’s calculations would apply for an 
infinite sheet while Becker’s were for a sphere. The 
theory thus, indeed, leads to what we have described 
in terms of “form effect.” Since the effect of shape is 


” N. Akulov, Z. Physik 52, 389 (1928). 
™ R. Becker, Z. Physik 62, 253 (1930). 
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well established without resort to atomic interactions, 
we shall discuss the simpler type of calculation of 
Becker. 

If the part of the free energy F;, can be obtained by 
a summation over all pairs of atoms of an expression 
Eww for the interaction of the M“ and N“ atoms in 
their respective lattice positions then 


1 Run 1 
AX,=— aes 
2VomMN O 


——AuXs (19) 


We M,N “aX, 


where Vo is the volume of the crystal and Xi, Xo, X3 
(instead of X, Y, Z) are used for the coordinates of the 
N* lattice point with the M“ at the origin. As usual, 
the repeated subscripts are to be summed over 1, 2, 3 
and the summation sign indicates a sum over all atoms 
in the crystal. 

For the present problem, Eyw is the magnetic energy 
of a pair of parallel dipoles. In the case of the Fe—Si 
alloys, we assume the silicon atoms have no magnetic 
moment while the dipole moment of the iron atoms is 
unaffected by the presence of the silicon. By this as- 
sumption, if f is the atomic fraction of silicon atoms, 
the ratio of the intensity of magnetization, J, of the 
alloy, to that for pure iron, Jo, is I/Jo=1—/, an ex- 
pression which is approximately correct for alloys of 
low silicon. Thus for the alloy we use the expression 
Exyn for two iron atoms and multiply it by the prob- 
ability of iron atoms being at both the M“ and NV" 
positions. For a random alloy this is simply (Z/Jo)* so Fi 
and the constants 4; and he for the alloy are the same 
as those for pure iron multiplied by (Z/J»)*. 

A comparison of (14) with Eq. (4) of Becker’s paper 
shows that this theory gives for iron k= —6S/* and 

=8SJ? where S=0.36 from McKeehan’s work.” For 
a spherical iron crystal we have 


h,=6.65X10-*, hg=—1.9X10~. (20) 


From (17) the form effect of a sphere in hi, =7.75 
X10-* and ha,,.=3.34X10-* when the value of 
—12x/5 appropriate for a sphere is used for yu. Thus 
for an infinite sheet the theory gives 


hip= —1.1X10-*, fe,=—5.2X10-. (21) 


The value for /;, is considered negligible. We mul- 
tiply the he, value by (Z/Jo)* and subtract it from the 
measured constants in Fig. 9, leaving the resultant 
curve which remains to be explained. Considering only 
the case of pure iron, the values (20) of A; and hy for a 
spherical crystal would have to be respectively 6 and 
13 times larger to give correctly the observed magneto- 
striction. . 

The question arises as to whether a quantum- 

#1. W. McKeehan, Phys. Rev. 43, 1022 (1933). 

* Previously pu blished results for this have a tendency to be 
misleadi wt Akulov’s and Becker’s figures are not correct for 
reasons W Powell points out. a: the quantity Powell 
compares with experiment is essentially 4; ,—ho,. 
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Fic. 9. Comparison of experiment with semi-empirical theory. 


mechanical calculation of this interaction would appre- 
ciably change the results. The assumption of point 
dipoles situated at the lattice points is equivalent to 
assuming non-overlapping spherically symmetric wave 
functions for the electrons responsible for the mag- 
netism. The use of the actual wave functions would 
probably change the interaction between nearest 
neighbors and possibly next nearest neighbors, but 
we would not expect the result to be appreciably dif- 
ferent. The reason for this is the following : the energy 
of (14) is of the form which would arise from dipole- 
dipole interaction, whereas the effect of a nonspherical 
charge distribution is to introduce quadrupole and 
higher order terms in the direction cosines. If the dipole 
terms were greatly altered by the nonspherical wave 
function then probably quadrupole terms also would be 
appreciable. Experimentally, however, none is observed 
in these alloys. 


8. A SEMI-EMPIRICAL THEORY 


If the magnetostriction energy can be expressed as 
resulting from an interaction between pairs of atoms, 
one can construct a semi-empirical description of the 
curves in Fig. 9 in the following manner: 

Let the free energy of an iron atom with the rest of 
the lattice be given by ‘ 


Pr= pr Pr! +prrF r+: -- 
+(1—pr')Frs'+(1— pr") Fre"+-++, (22) 
where $F,’ is the energy between a pair of iron nearest 
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neighbors, rr’, the probability the iron atom under 
consideration has a nearest neighbor which is iron, and 
$F rs’ is the energy of an iron-silicon pair of nearest 
neighbors. The double primes are the appropriate 
quantities for the next nearest neighbors, etc. All of the 
F’s are to be regarded as expressions having the form 
of (14). 

We now write the magnetostriction energy of a silicon 
atom with the rest of the lattice as 


Fs=psr'F1s'+psr'Fis'+-°::, (23) 


with gr’ the probability that a silicon atom has an iron 
nearest neighbor, etc. We have assumed that Si—Si 
interactions contribute nothing to this energy. The 
magnetostriction energy per unit volume is thus 


F\=3N,F,+4N Fs, (24) 


where N; and Nz are respectively the number of iron 
and silicon atoms per unit volume. 

We shall concern ourselves only with the case of a 
random alloy for which all the probabilities in (22) and 
(23) may be replaced by 1—f, if f is the atomic frac- 
tion of silicon. Also N;= N(1i—/f) and Ns=N/f where V 
is the total number of atoms per unit volume. Let 
Fryp=F y7'+F 77"+ eee and similarly for Frs. Thus (24) 


becomes 
Fi=4N(1-—f)[(i-—f)Fnt+2/Frs] (25) 


and since the F’s have the form of (14), m and k are 
expressions like (25). From (15) 


_-N(-f) 
UCu~Cu) 
—N(1-f) 


hy=— 
4 


{(1—f)kr1 + 2fkrs]), 


1 


[(1—f)mr1+2fmrs] 


with the notation obvious. 

We do not suppose the k’s and m’s in (26) to be 
independent of composition. This is for two reasons: 
(a) the lattice constant of these alloys changes appreci- 
ably with composition,”** a condition which obviously 
might change the interaction, and (b) the interaction 
to be assigned to a pair might depend upon the environ- 
ment of the pair and thus upon composition. Also the 
elastic constants may depend upon composition. 

We assume that for small amounts of silicon the de- 
pendence on composition may be expressed by 


ki ki, 
Cu wes Cr (Cu ws Cy) ° 





(1+Krzf), 
(27) 


mit nto 
—=—(1+ Mnf) 
Cu Cas, 
“E. R. Jette and E. S. Greiner, Trans. Am. Inst. Mining Met. 
Engrs. 105, 259 (1933). 
ane Lipson, and Weill, J. Iron Steel Inst. 152, 457 
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with similar expressions for kys and mys. The subscript 
zero refers to values for nearly pure iron, while the K’s 
and M’s are new constants. 
Equations (26) now become 

—N(i-f) 
hy = ————_[hr.+ (kur. K 11 + 2k1s,— ht.) f 
2(Cu—Ciz)0 

+(2krs,K 1s—k11,K 11) f*), 
(28) 

—N(1-f) 


[omr1,+ (11M 11+2m1s,—m11)f 
8C44, 


ha= 


+(2mrs.Mrs—m11,.M11)f*). 


These are suitable to describe the curves of Fig. 9 
if one sets the constants equal to the following values 


ki1,= —6X10-", 
kq1,K 11+2k1s,— k11,= —138X 10-"*, 
2k1s,K1s—k11,K11= 1450X 10-"*, 
m1, 23.8X10-"*, 
my114 11+ 2my13,—m11,= —423XA0-", 
2m1s,M1s—m11,M 11= 1340X 10-"* 
giving the equations, 
hy = (1—f)(27+620f—6550/2) X 10-8, 
ho=(1—f)(—23+-410f— 1300/2) 10-*, 


(30) 
(31) 


One cannot solve for all the constants in (29); 
however, the expressions, 


mrs(1+Mrs)=470X10-* 
krs.(1+Krs)=653X10-" 


and 


can be obtained and they show that, unless Mrs and 
Krg are very large compared with unity, the energy 
ascribed to the Fe—Si interaction is larger than that for 
the Fe—Fe. This all presupposes, of course, that our 
original assumptions were correct. 

A possible explanation of this might be found in Van 
Vieck’s”® suggestion that the magnetostriction energy 
arises as a result of interactions between orbital 
momenta. In our case both the iron and silicon atoms 
would participate in this and the interaction would 


6 J. H. Van Vleck, Phys. Rev. 52, 1178 (1937). 
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become a function of the direction of magnetization 
through the spin-orbit coupling in the iron atom. 


APPENDIX 


Let the free energy of a system consisting of a single crystal 
ellipsoid of magnetization J in the field H of a permanent magnet 
be given by f. If one does work, at constant temperature, by 
applying stresses 7,; to the ellipsoid and also by applying a trans- 
lational force which moves it into the field of the permanent 
magnet, the change in free energy is 

df= —V1idHy+ VoriywdAy, (A-1) 
where V is the volume and Vo the unstrained volume of the 
ellipsoid.”” Letting VoF = f+ V1,H;, one has 

aF = (H,/Vo)d(VIi) +14 A ui, (A-2) 
where VF is equal to the free energy of a strained ellipsoid pos- 
sessing magnetization J in zero applied field, since V/,#H; is the 
work required to remove such an ellipsoid from the field H if J 
and A are held constant. If F(VJ;, Ay) is imagined as the free 
energy of a crystal spontaneously magnetized at a given strain, 
to a fixed VJ, it becomes a function of the strain and direction 
cosines of J. 

We shall integrate (A-2) along a path P which starts with the 
crystal magnetized in the Z direction (subscript 3), with no stresses 
applied. The strain is defined as initially zero. If the crystal is now 
strained, holding V/J constant a term F,, quadratic in Ay is 
obtained since it is assumed that for constant VJ the material 
obeys a Hooke law. Next, keeping the strain constant, the mag- 
netization is rotated into an arbitrary direction. Thus the change 
in free energy is 


AF=Fat(V/Vo)f, Hdl. (A-3) 


Substituting H;=H;"+Nyl; where H‘ is the internal field 
and Ny the demagnetizing coefficients (the off-diagonal com- 
ponents of which are zero) one gets 


ar (A-4) 


The last two terms give the ed effect part of the energy 
due to changing the direction of magnetization. The part AF ty... 
which depends linearly on the strain is given by 


(OAF 1.¢./3A 1m) 4—0A im- 


d(Ny/V) I peal) 
aA Im dA im ; 


Making use of Powell’s* calculations for an oblate spheroid 
magnetized in the equatorial plane 


MF it.0. = 4yl*(A 29’ x2? — A 33'(xg’*— 1) + Gul*A as'crz'cxrx’ - (A-6) 


where the primes indicate the quantities are referred to the prin- 
cipal axes of the spheroid and 


p= (34/2) [(1 — *)(3 + 2e*)(3/e)(1—e*)# sin-"e]. (A-7) 
In terms of the principal axes a, 5, and c, the eccentricity « is 
given by 


Therefore 


V 
AF ite. = tru; (A-5) 





a=b=C/(i—¢)}. 
For a sphere 
p= —122/5. 


t the volume, 


7 We Ag me assume the strain to be uniform throu 
* F. C, Powell, Proc. Cambridge Phil. Soc. 7 564 (1931). 
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Half-Life of Li® 
Wa.po RALL AND KEenNnetH G. McCNEILL* 
Yale University, New Haven, Connecticutt 
(Received August 3, 1951) 


ANY determinations have been made of the half-life of 

Li®. Those using the Li(d, p) reaction as a source of Li® 

have so far not been so accurate as the more recent experiments 
using Li(m, y) or Be(y, p) reactions, the most recent published 
figures for the half-lives being, respectively,** 0.88+0.1 sec, 
0.89+-0.02, and 0.88-0.03 sec for the three methods of formation. 
Preparatory to a search for a §-ray from H‘ described below‘ the 
half-life of Li® produced by the (d, p) reaction on Li was measured. 


x 
= aS 





Rate 


Counting 





2 3 4 
Time in Seconds 


Fic. 1. Decay curve a ete ye B- Apel the observed half-life 
0.825 +0.0: 








A 0.5-ya beam of 4-Mev cyclotron deuterons was used. This 
was first focused on a gold leaf covered shutter which could be 
swung away out of the beam by a remotely controlled solenoid 
arrangement, allowing the beam to fall on the Li. After three 
seconds irradiation of the Li, the beam was instantaneously cut 
off by breaking the rf power supplies to the cyclotron. A NaI(TI) 
crystal and photomultiplier were used to detect the beta-rays, 
which passed through 2.5 g/cm? of brass before entering the crystal. 
The pulses from the photomultiplier were fed through conventional 
circuits to two scalers. The circuit constants were so adjusted 
that there was no detectable background before the beam was 
switched on. The pulses from the scalers could be fed to the Y 
plates of a self-triggered CRO adjusted to have a sweep speed of 
100 usec. The data displayed on the CRO were recorded by 
means of a shutterless movie camera, the film in which was driven 
at a speed of 40 cm/sec by a motor switched on simultaneously 
with the cutting of the beam. One scaler, which ran continuously, 
was set to record every 128th count, while the output of the other, 
which recorded every 32nd count, was switched in 2 sec after the 
beam interruption. This avoided saturating the CRO at the begin- 


NUMBER 6 SEPTEMBER 15, 1951 


ning of the run, while extending the number of half-lives measured. 
Timing pips were displayed every 8/60 sec from a scaler actuated 
by the 60-cps line voltage. Runs usually lasted 5 sec. In all, 17 
acceptable runs were taken and analyzed. 

After development of the film, it was possible to obtain from the 
data the counting rate over a period of six half-lives. Figure 1 is a 
plot of the experimental data. The value of the half-life obtained 
is 0.825+0.02 sec. This is somewhat lower and outside the error 
of the most closely specified result of 0.89 sec reported by Hughes 
et al? Hughes® points out that their analysis may contain over- 
corrections for the dead time of the G-M counter used, since the 
He® half-life of 0.89 sec* obtained using the same corrections has 
been remeasured to be 0.82 sec.”® 

To check that it was in fact the high energy Li® beta-rays that 
were being counted, the crystal and photomultiplier were roughly 
calibrated using the 1.28-Mev gamma-rays from Na®. Since the 
maximum pulses from the Li were approximately a factor of 10 
larger than the photoelectron pulses from the 1.28-Mev gamma- 
rays, it was estimated that 12-Mev betas were being detected in 
the main experiment, in agreement with the known maximum 
energy of the betas. 

It is considered that this method of measuring half-lives is 
useful in the range 0.01 to 1.0 sec, usually regarded as being some- 
what difficult. 

* Dill-Overlander-Loomis Post Doctorate Fellow. Now at Glasgow 
University, Glasgow, Scotland. 

t Assisted by the joint program of the ONR and AEC. 

1 Lever, Burcham, and Chang, Nature 139, 24 (1937). 

+ hes, Hall, Eggler, and Goldfarb, Phys. Rev. 72, 646 (1947). 

Baldwin, Phys. Rev. 76, 182A (1949). 

‘ a G. McNeill and W. Rall, Phys. Rev. 83, 1244 (1951). 

7 Private communication. 

. J. Hughes and W. D. Spatz, private communication listed in 
G. x 3 “Seaborg and I. Perlman, Fam M 


% Phys. 20, 585 (1948). 
W. J. Knox, Phys. Rev. 74, 1192 (1948 
‘iy E. R. Holmes, Proc. Phys. Soc. tLowion) A62, 293 (1949). 


The Possibility of the Reaction H*(d, »)H* 


KennetH G. MCNEILL* AND WALDO RALL 
Yale University, New Haven, Connecticutt 
(Received August 3, 1951) 


XPERIMENTS have been conducted to investigate the 

possibility of the reaction H*(d, »)H*. The stability of H* 
is doubtful, and it was considered that an investigation into its 
possible formation was desirable. 

The research falls into two parts. In the first, an air-cooled 
target of H® on zirconium, supplied by the Oak Ridge National 
Laboratory was bombarded by cyclotron deuterons of energies 
between 0.5 and 3.8 Mev. A search was made for the protons which 
would arise from the (d, p) reaction if it existed. A “peaked” 
proportional counter was used to detect protons at the end of their 
range. Difficulty was experienced due to the presence of oxygen, 
nitrogen, and carbon impurities on the target, all of which yielded 
(d, p) protons. These could be distinguished from H*(d, p)H* 
protons by their shift in range with altered deuteron energy. The 
impurities, however, gave a background which prevented a 
search for low yield H*(d, p)H* protons of small range. The 
following limits can be put on the reaction: either the reaction’s 
Q value is less than 4.4 Mev, which implies that the mass value of 
H‘ is greater than 4.019 mass units, or the probability of the reac- 
tion is at least 1500 times as small as that of the H*(d, m)Het 
reaction. This latter conclusion was reached after measurement of 
the neutron flux from the target using the Ag'’(m,2n) and 
C®(m,2n) reactions and measuring the activity of the Ag! 
and Cu®. 

The experiments do not exclude the possibility of Q being less 
than 4.4 Mev, since protons would not have been detected for 
such Q. Part of the corresponding mass range of H* could corre- 
spond perhaps to sufficient stability against mechanical disintegra- 
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tion to make 8-emission possible. The §-emission H‘~+He*+,- 
would give rise to high energy (~15 Mev) 6-rays with a likelihood 
of short half-life. A search for these was made using a Nal (T1) 
scintillation detector. 

To study the region of half-lives of about 1 second, the same 
technique was used in the Li® half-life determination described in 
the previous letter.! The discriminator in the circuit was set so 
that only high energy electrons would be counted. The ob- 
servation of Li* produced by the Li?(d, p)Li® reaction was used 
as an indicator of the sensitivity of the apparatus and made it 
possible to relate the expected ratio of 8-intensities from H* and 
Li® to the ratio of cross sections of the reactions H*(d, p)H* and 
Li’(d, p)Li*. For a bombarding energy of 3.82 Mev there were 
2000 counts observed from Li*® after bombardment for 3 seconds. 
There were no counts attributable to H‘ after bombardment of the 
H® target with the same current and energy in the interval ex- 
tending from 0.006 to 3 seconds after shutting off the cyclotron 
beam. This experiment was repeated 8 times, and not a single H* 
8-ray was observed. 

For half-life investigations in the region of 100 seconds, H* was 
irradiated for 3 minutes and counts were simply looked for on the 
scaler after cutting the beam. Again, no counts were recorded, 
though as before, while the beam was on, neutrons from the 
H*(d, n)He* reaction gave many counts. 

The 8-ray experiments were repeated with 4.1-Mev deuterons 
and 1/20 of the current of the first set of runs, and again no 
B-rays were detected. The combined evidence of absence of pro- 
tons for Q values which would make their detection feasible, 
together with the absence of 8-rays, decreases the probability of 
the existence of a stable H‘, as is more fully discussed in the follow- 
ing note.* 

We wish to thank Professor Breit for many helpful discussions 
and Professor Pollard for his continued interest in the problem. 

* Dill-Overlander-Loomis Post Doctorate Fellow. Now at Glasgow 
University, Glasgow, Scotland. 

Assisted by the joint program of the ONR and AEC 


} Waldo Rall and Kenneth G. McNeill, Phys. Rev. 83, 1244 wana 
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Evidence Regarding Instability of H‘ 
G. Breit anp J. S. McIntosH 
Yale University, New Haven, Connecticut* 
(Received August 3, 1951) 


Miwa and Rall’s attempts! to find protons or 8-rays from 
H°(d, p)H* failed to detect these particles, decreasing the 
probability of there being a stable H*. The mass of a mechanically 
stable H* must be greater than 4.0211, for otherwise Li*—~He*+H* 
would compete with 6-decay of Li’. It must be less than 4.0259, 
for otherwise H‘—H*+-n could take place. The lower limit agrees 
with the value 4.019 obtained experimentally ;! Eg for H*He*+-s- 
is accordingly between 22.0 and 17.3 mMU, and the correspond- 
ing values of Q for H*(d, p)He*® are —2.23 and +2.23 Mev. The 
first of these is directly H?-H'~—n'. Calculations give half-lives 
as in Table I. 

Under “Notes,” N.C. is a normalization correction for a p 
neutron taking account of overlap probability with a He‘ proton. 
The notation is as in the paper by Konopinski.* The “forbid.” 
factors give lengthening of the half-life. Uncertainties in Table I 
are: (a) the N.C. may be different for 'D; (b) just below dissocia- 
tion into H*+m the N.C. ('S) is large and #4 unobservably long; 
(c) an uncertainty of a factor of 2 is possible on account of vari- 
ability of ft values, (d) vector coupling effects in the *P states are 
neglected. A trace of Fermi interaction would seriously shorten 
ty for 1S. 

From data on #-counts, estimates have been made regarding 
the lower limit of Yy/¥1z, where Yq and Y, are yields of ( , p)H* 
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and of ( , p)Li*. Factors considered are: (1) ratios of barrier pene- 
trations for first stage as in OBJ,* (2) ratio of velocities for second 
stage, (3) ratio of geometric cross sections. Effects of Zr in target 
and of stopping powers are as in the following note.’ Curve A 
in Fig. 1 is derived from data.' Absence of counts forbids the 


TaBLe I. Expected half-lives of H*. 
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w, Q are shown at end points of regions. Curves marked a, ---, d’ 
show yield ratios versus Q. Primed letters refer to lower Ez. 
Unprimed letters deal with Zz=4.1 Mev. The graphs for these 
have been displaced up by 1ogio20 to allow for the smaller current. 
The 4.1-Mev experiment gives less information but provides more 
certainty regarding errors in energy scales, because for Q= — 2.23 
Mev the 3.82-Mev experiment would barely make the reaction 
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Fic. 1. Allowed and excluded regions. For each state of H‘, parts 
of curves a, «+-d’ below curve A are excluded. 


possible. The 'D2, \So states are probably*® unstable to » emission. 
The *P, state appears likely to have lowest energy from shell 
structure spin-orbit coupling theory.* The more likely possibility 
is made improbable by the experiments! within the reservations 
mentioned together with uncertainties in yields of reactions. The 
writers are grateful to Drs. McNeill and Rall for a helpful discus- 
sion of data. 


* Assisted by the joint program of the ONR and AEC. 
1K. G. McNeill and W. "a Phys. Rev. 83, 1244 (1951). 
?E, J. ge and G. E 'Uhlenbeck, Phys. Rev. 60, 308 (1941). 
2c. S. Wu, . Modern Phys. 22, 386 (1950). 
4 B. Shull ae 9 E. Feenberg, Phys. Rev. 75, 1768 (1949). 
J. Konopinski, Revs. Modern Phys. 15, 209 (1943). 
by ad reit, and Johnson, Phys. Rev. 49, 22 (1936). 
7 J. S. MeIntosh, Phys. Rev. 83, 1246 (1951). 
*S. S. Share, Phys. Rev. 53, 875 (1938). 
*M. G. Mayer, Phys. Rev. 78, 16 (1950). 
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Effect of Target Thickness in the Search for H‘ 


J. S. McIntosa 
Yale University, New Haven, Connecticut* 
(Received August 3, 1951) 


N connection with the search for H* by McNeill and Rall, 
it was found necessary® to estimate the ratio 


R=[Y/e(Emsx) Jn/[Y¥/o(Emax) Jui, (1) 


where F is the total reaction yield, (Emax) is the collision cross 
section for the maximum energy of the bombarding deuterons 
(i.e., before they have been slowed down), and subscripts H and Li 
refer to the reactions H*(d, p)H‘ and Li’(d, »)Li’, respectively. 
The yield is given by® 


¥=(N./N) foo... [o/(co) ME, (2) 


where N,/N is the ratio of the number of nuclei taking part in 
the reaction to the total number in the target, ¢ the collision cross 
section, eo the stopping cross section, and E the energy of the 
bombarding deuterons. For the targets used Enin¥0. 

For tritium occluded on zirconium,! N,/N&} and eo&4}[eo(H*) 
+eo(Zr)]. The values of eo(air) (adapted to deuterons) are ob- 
tained from Livingston and Bethe,‘ and the ratios of eo for H? 
and Zr to that for air are estimated to be 0.3 and 3.0, respectively.* 
For the energy dependence of ¢, reference is made to Ostrofsky, 
Breit, and Johnson,’ Eqs. (7), (12), and abstract. 


o=const. (P/»*)/[Lexp(2rn;)— 1], (3) 


where 9, is the initial relative velocity, P the probability that once 
the deuteron is in the bombarded nucleus a reaction will occur, 
and 


é=aZsZ/%, aM@1/137. (4) 


As suggested by Professor Breit, P may be estimated by the prin- 
ciple of detailed balance from the reverse reaction. This leads for 
small energies to 


P <exp(—2zxny), (5) 


where y= ac/ty refers to the final relative velocity. Thus 
o «[ni*/exp(2xn;)— 1] exp(—2xry). (6) 


For Li’(d, »)Li* a pure metallic lithium target was used so 
N,/N=1, and eo was obtained as above, the ratio for lithium to 
air being estimated at 0.5. Values of o for energies below 0.770 
Mev were obtained from Rumbaugh, Roberts, and Hafstad.* 
Above this energy the o curve breaks sharply. Experimental data 
above 0.770 Mev’ show several resonances, but for present pur- 
poses these may be smoothed and the ¢ calculated on two assump- 
tions of energy dependence: (case a) o<(E—E,)!, which would 
have been expected in the absence of a coulomb field (Zi,=reac- 
tion threshold) ; (case b) ¢=constant. With these assumptions one 
obtains for the ratio R the curves drawn in Fig. 1, for energies of 
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the bombarding deuterons E=3.825 Mev and E=4.1 Mev, re- 
spectively, and for assumed Q values from — 2.226 to +2.227 Mev. 

The writer wishes to thank Professor Breit for a helpful dis- 
cussion. 

fecieted by the joint proarens of the ONR and AEC. 

K. G. McNeill =e W. Rall, Phys. Rev. *, 1244 (1951). 
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3 Yale Nuclear Phy sics Lectures, by G. Bre it. 

4M. S. Livingston and H. A. Bethe, Revs. Modern — 9, 270 (1937). 

5 Ostrofsky, Breit, and Johnson, Phys. Rev. — 22 (1936). 

* Rumbaugh, Roberts, and Hafstad, Phys. Rev. 54, 666 (1938). 
mune. Lauritsen, Morrison, and Fowler, Revs. Modern Phys. 22, 
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Scattering of Pi-Mesons by the Deuteron 
Joun S. Biarr 
Department of Physics, University of Illinois, Urbana, Illinois* 
(Received July 30, 1951) 


HE scattering of charged spin zero mesons by the deuteron 

has been examined in the weak-coupling approximation’ 

and compared with the familiar weak-coupling results for single- 

nucleon scattering. Ferretti and Gallone* have already pointed 

out that the scattering of mesons by the deuteron would differ 

from the single-nucleon case because of certain interference effects 

unique to the deuteron. It is believed, however, that Ferretti and 
Gallone have not explored all likely modes of scattering. 

The chief interference effect occurs because the calculated scat- 
tering amplitudes from single neutrons and protons have nearly 
the sami: magnitude but raay be of differing sign. Thus, large 
destructive or constructive interference may arise in the scattering 
amplitude of the deuteron, which for low energy mesons is a sum 
of single-nucleon amplitudes. An additional interference effect 
arises from the fact that the Pauli exclusion principle must operate 
in intermediate states; this, together with conservation of angular 
momentum, leads to restrictions on the parity of meson waves. 
It is found, however, that this latter effect decreases the ratio of 
deuteron to single-nucleon cross sections only in those cases where 
the ratio is already small because of the first interference effect. 

The results of the calculations can be summarized as follows: 
For scalar coupling, the ratio of elastic to the single-nucleon cross 
section, do, is quite small and approximately (2 kinetic energy 
of mesons/rest-mass energy of nucleon)* cos*#, where 


d, = o(g?/4m)*(1/hw)*dQ; 


6 is the angle between the incident and fina] mesons; g, the meson- 
nucleon coupling parameter; and hw, the total energy of the 
meson. The inelastic scattering cross section into final nucleon 
states of odd parity is larger. The cross section is small and has a 
backward angular distribution (1—cos@) for low energy mesons 
(kinetic energy <20 Mev). But, as the energy is increased, the 
cross section slowly approaches the magnitude 2de;, and rapidly 
approaches the isotropic angular distribution predicted for scalar 
scattering from two free nucleons. 

In discussing pseudovector coupling, it suffices to give only 
the cross sections arising from the spin coupling term in the 
interaction ; cross sections due to the y*-term are masked either by 
coulomb or spin coupling cross sections. Elastic scattering with 
spin flip gives the largest contribution to the cross section. The 
ratio of the elastic to single-nucleon cross section, des, is for 
low energy. mesons about (8/3) sin?@, where doz=do,(p/mc)‘, p 
is the momentum, and m is the rest mass of the meson. Elastic 
scattering without spin flip is negligible. The ratio of inelastic to 
single-nucleon cross section is negligible compared with the 
elastic to single-nucleon ratio for low energy mesons, and for high 
energy mesons is qualitatively the same as that found with scalar 
coupling. For an incident meson of energy 88 Mev, the ratio of 
deuteron to single nucleon cross sections is approximately 1.2 sin*@ 
+0.5, where the first term results from elastic and the second 
term inelastic deuteron scattering. The inelastic term above is an 
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overestimate at small scattering angles; more accurately, the 
inelastic scattering, instead of remaining nearly isotropic, ap- 
proaches 0 at small angles. To obtain the above numbers, the zero 
range deuteron wave function was employed; when the more 
refined Hulthén wave function is used, the elastic scattering is 
reduced and the inelastic scattering is increased. 

Details will be given in a future paper with B. Segall. 

The author wishes to thank Professor S. M. Dancoff for his 
guidance and Professor G. F. Chew, Professor J. M. Blatt, and 
Mr. B. Segall for much helpful comment. 

* Supported in part by the joint program of the ONR and AEC. 

' Ph.D. thesis Po peek ony University of Illinois, 1951 


2 B. Ferretti and S. Gallone, Phys. Rev. 77, 153 (19 50). Also see the recent 
work of Fernbach, Green, and Watson, Phys. Rev. 82, 980 (1951). 


Charge Exchange Scattering of «-Mesons 
in Deuterium 
BENJAMIN SEGALL 
Department of Physics, University of Illinois, Urbana, Illinois 
(Received July 30, 1951) 


INCE ordjnary scattering’ and absorption? of fast x-mesons of 

spin zero in deuterium have already been studied in the weak- 

coupling approximation, the calculation of the exchange scattering 
cross section in deuterium, 


rt+d—p+p, 


completes the list of important meson reactions in the two-body 
system. After carrying out this calculation, we find the deuteron 
cross section to be directly expressible in terms of the correspond- 
ing single-nucleon cross section. An outline of the argument 
follows. 

It was first found that the result obtained from a second-order 
perturbation calculation, with the most general type of coupling, 
is consistent with the result obtained by the impulse approxima- 
tion method,? in which one assumes that the scattering amplitude 
of the deuteron as a whole can be taken to be a linear super- 
position of the single-nucleon amplitudes. The essential point here 
is simply that the lifetime of the intermediate state is very short 
compared with the period of the deuteron. Thus, it is plausible to 
assume the validity of the impulse approximation even if the 
meson-nucleon coupling is not weak. 

The results of applying the impulse approximation are particu- 
larly simple if the deuteron crosss section is expressed as a func- 
tion of the nuclear recoil, Ky=qo—qy, where qo and q, are initial 
and final meson momenta. The probability for scattering per unit 
interval of K/ is given by 


da /dK P= {§ fdhy|I.|*+3S dh; |I1|*}dos/dK? 
+{Sdky|Ir|*}dozx/dK7, (1) 


where the integration variable ky is the final relative momentum 
of the nucleon system and the integration is to be carried out only 
over those values of ky compatible with the conservation of 
energy. In Eq. (1), Zs and Jr are the singlet and triplet overlap 
integrals defined by 


[= fy exp(hiKy-nyidr, [r= S¥/"* exp(4}iKy-r)yidr, 


where yi, ¥s*, and yy are the nuclear wave functions for the 
initial state (deuteron), final state (di-proton) with even parity, 
and final state with odd parity, respectively. The quantities 
do4/dK7 and dop/dKf are the single-nucleon exchange cross 
sections corresponding to spin flip and no spin flip, respectively. 
From the above expression, one can easily deduce the important 
result that the deuteron cross section cannot be larger than the 
neutron cross section. Evaluation of the integrals in Eq. (1) has 
been performed in both the plane wave and closure approxima- 
tions; however, for the sake of brevity, only the closure result, 
which is found to be a reasonable approximation, will be pre- 
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Fic. 1. F(Kys) versus Ky. 


sented here. The formula for the cross section is 
do/dK?=(1—4F(Ky) \(doa/dKA)+[1—F (Ky) Won/dK. 
The function F(XK;), which is defined by 
F(Ky)=S exp(iKy-r)yA(n)dr, 


is plotted against K; in Fig. 1. Since F(Ky) is very nearly equal to 
unity for values of Ky in the neighborhood of zero, only the spin 
flip terms will contribute appreciably for small nuclear recoils. 


(2) 


TaBLe I. Weak-coupling single-nucleon cross sections. In this table ¢ is 
the charged meson coupling parameter; gw and gp are coupling parameters 
of the neutral meson to the neutron oo proton, respectively ; and (u)~ is 
the meson Compton wavelength. 








Neutral 


.— 
Charged 
i 


Scalar coupling Spin coupling 





gas (ep —en)* 
4 "i6s ui gee 


Scalar 
coupling 


2 ( 
ge (gp — 8N)? ny 


p< eat La = 
16” go*A*wo* epee 


dop = — 


2 -_ 2 
dog a PEN ot dog wf EP TEN Gg, van raK 


16m pigo*h2wo? 


@ (ep —gn)* (90 99°O) x 12 
lon — w*ge® Rye? 


Spin 162 p*A®yo? 


coupling 


dag =0 deg = 








This can easily be understood in terms of the Pauli principle. For, 
in the case of no change in spin, the final state consists of two 
identical nucleons with their spins aligned. This is forbidden un- 
less the nuclear system is kicked into a state of odd orbital angular 
momentum. 

As an example, the relevant weak-coupling single-nucleon cross 
sections for the various possible combinations of parities of spin 
zero neutral and charged mesons are listed in Table I. In Table IT 


TABLE II. Total cross sections. 








Deuteron Single nucleon 
Meson 74 X10” cm? ¢p X10” cm? ¢4 X10” cm™? ep X10" cm? 
energy Sep | [ 2 —n)? [¢ i+ | |: —gn)? 
(Mev) [ (4rhc)? (4xhc)? | (49hc)? (4rhc)® | 











24.5 14 
70.1 54. 
133 


4.06 
16.0 
34.0 


28 19.6 
56 59.4 
90 120 
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are tabulated the total cross sections at several energies for the 
case of spin coupling for the +* and x° mesons for both the deu- 
teron and single-nucleon reactions. Elaboration and proof of 
these results will be given in a future paper by J. S. Blair and the 
author. 

The author gladly expresses his indebtedness to G. F. Chew 
for his suggestion of the problem and his constant help and en- 
couragement. He also wishes to thank J. S. Blair for his helpful 
suggestions. 

iJ. S. Blair, Phys. Rev. 83, 1246 (1951). 

2 W. Cheston, Phys. Rev. 82, 335 (1951). 

* The application of the impulse approximation is similar to the treat- 
ment of photomeson production in deuterium by Chew and Lewis, and by 
Feshbach and Lax (to be published). 

«Fernbach, Green, and Watson, Phys. Rev. 82, 980 (1951), have evalu- 
ated the impulse approximation in a similar way for the case of ordinary 
scattering with no spin flip. 


On the Magnetic Moments of Odd-Odd Nuclei 


IGaL TaLmi* 
Physikalisches Institut der Siento Fethnischen Hochschule, 
li 


Zirich, Switserlan . 
(Received July 24, 1951) 


T was pointed out by Feenberg! and others that the magnetic 
moments of odd-odd nuclei are very close to the values calcu- 
lated with the assumption that the two odd nucleons move in a 
central field and their angular momenta combine in the j-j coupling 
scheme. This excellent agreement is rather astonishing in view of 
the large deviations of the magnetic moments of odd-even nuclei 
from the Schmidt values (also in the case of light nuclei). 

The aim of this note is to point out that the apparent contra- 
diction between these two facts disappears upon consideration of 
the mutual compensation of the changes in the magnetic moment 
due to the odd proton and odd neutron. This compensation can 
occur in many reasonable theories which explain the deviations 
from the Schmidt values. It represents itself in a simple way if 
that deviation can be expressed as a change of the g factor which 
belongs to the j of the odd nucleon. This is the case with the theory 
which assumes that the anomalous magnetic moment of the proton 
and neutron is quenched when they are bound in the nucleus.** 

If the two odd nucleons have the same / and j (according to the 
shell model), their angular momenta will have equal projections 
on their resultant. We may assume that the changes in the indi- 
vidual g factors are then roughly equal in magnitude (they have 
opposite signs) if there are as many protons as neutrons. As a 
result, the changes would cancel and the magnetic moment would 
have the calculated value. In case the odd proton and odd neutron 
do not have the same / and j, the situation will not be the same; 
but it is still possible to estimate the sign and order of magnitude 
of the deviation from the calculated value. 

Turning to the experimental material (Table I), we find that in 
all the cases where the proton and neutron configurations are the 


Tasve I. Calculated and observed magnetic moments. 
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* Nuclear data, Natl. Bur. Standards (U. S.) Circ. 499 (1950). 
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same, the calculated and experimental values agree within a few 
percent. The only case where the proton and neutron are in differ- 
ent orbits is K®, and only in this case is the deviation not small. 
Elementary calculation shows that the deviation in this case 
should be 


Ap=(8/5)[(4/7) dun +(1/3) Aur]. 


The deviation found could have well been caused by changes in the 
individual magnetic moments Auy and Ayp of the sign and order 
of magnitude found for odd f7/2 neutron and ds3/2 proton-nuclei. 
The magnetic moment of Lu!”* can also be explained on these 
lines, but the lack of exact knowledge of the spin and the am- 
biguity of the orbit assignment in this region do not allow a clear 
discussion. The magnetic moment of Li* agrees better with the 
value calculated in LS-coupling; this result is not unexpected for 
this light nucleus. (If LS-coupling is assumed, the simple cancella- 
tion described above would take place if the deviations from the 
Schmidt values can be expressed as a change in the g, or g: of the 
odd nucleon.) It may be noted that the assignment ds/2 in the 
case of Na® will not give a good agreement. 

* Hebrew University, Jerusalem, Israel. 

1 E. Feenberg, Phys. Rev. 76, 1275 (1949). 


2 A. de Shalit, Helv. Phys. Acta, to be published. 
3 F. Bloch, Phys. Rev. 83, 839 (1951). 


The Systematics of Nuclear Energies 


ALEX E, S. GREEN 
University of Cincinnati, Cincinnati, Ohio 
(Received July 12, 1951) 


HE Weizsicker semi-empirical formula for nuclear energies 
may, by straightforward analysis, be placed in the form, 


E(A, D) = Ae(A)+J(A)[D—D,(A) #+H(A)6, (1) 


where D= N—Z and 6 is +1 or 0 according to the nuclear type. 
On the basis of this expression the Q value of a nuclear reaction, 


Q=E(A, D)+e(a, d)—E(A’, D’)—e(a’, d’), (2) 
may be written in the convenient form, 


Q=2:+0:+03, (3) 
(4) 


where 
Qi~e—e'—(a—a’)8,, 
Q.=8H—8'H' ~(s—8')H, 
Q:=@) —0)' = (P—0) J, 
S,=d(Ae,)/dA, 
and 
6=D—D,(A). (8) 
The bar signifies that the functions are to be evaluated at 
A=}(A+A!)=A+}(a-a’), 
and = signifies “very nearly equal to.” 

The key functions ¢,, D,, J, H, and S,, although quite compli- 
cated from the computational standpoint, have relatively small 
variations. Thus graphical representations of these functions, 
once prepared, are adequate for most purposes. 

Alternatively, one may replace the complicated key functions 
derived from the Weizsiicker surface by the simple analytical 
functions : 


(9) 


(10) 
(11) 
(12) 
(13) 


E,(A) = Ae(A) =¢1—C2A +63A?’, 
J(A)=a,/A, 
H(A) =c;/A}, 
D,(A) =yA*/(A+B), 
and 
S,(A) = —¢2+-2c3A. (14) 


A graphical analysis of Rosenfeld’s' table of nuclear energies, 
the known pairing correction function, and other empirical con- 
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siderations have led to the constants (the c’s are in Mev) 


6:26.00, ¢2=9.560, cs3=0.00780, c,=22.5, 
¢s=33.5, y=0.400 and B=200. 


Together with Eq. (1) these simple key functions characterize 
an empirical energy surface which does not deviate significantly 
from the Weizsicker surface for the great range of mass numbers 
and which lies significantly closer to the true nuclear surface for 
very heavy nuclei. Furthermore, Eq. (4) is now exact. 

Apart from systematizing nuclear data, it is thought that this 
empirical surface will be very useful as a base surface for in- 
vestigating the irregularities of the actual surface. Thus if 
E.(A, D) is the deviation of the true surface from the empirical 
surface at the A, D point then any discrepancy between an ex- 
perimental Q value and the calculated Q value is given by 


Qexp—Qcaio= Esn(A, D)— Eyn(A’, D’). (15) 


I would like to thank the many students who have assisted 
in this study, in particular Mr. Robert Minogue who determined 
the values of ¢:, ¢2, and cs; quoted above. Mr. Minogue has also 
carried out a survey of experimental and calculated neutron bind- 
ing energies and alpha-decay energies as well as a study of the 
shell correction in the neighborhood of mass number 208. These 
results will be reported in a detailed communication. 


1L. Rosenfeld, Nuclear Forces (Interscience Publishing Company, Inc., 
New York, 1949). 


On the Spin and Quadrupole Moment of Cl** 
C. M. Jounson AND WALTER GorDY 
Department of Physics, Duke University, Durham, North Carolina* 
AND 
RALPH LIVINGSTON, 
Oak Ridge National Laboratory, Oak Ridge, Tennesseet 
(Received July 23, 1951) 


ROM observation of the hyperfine structure of the J=0—1 

transition of CHsCl** we have confirmed the assignment of 

2 for the nuclear spin of Cl** by Townes and Aamodt.! This is the 
only known nuclear spin value of 2. 

The hyperfine structure of a 0-1 transition is particularly 
simple, consisting of only three lines for any spin value. The 
ratios of the frequency intervals differ widely for different spin 
value, so that an unquestionable assignment of a spin can be 
made by a precise measurement of these ratios. Table I lists the 


TABLE I. Frequency ratios of hyperfine components for different spin values , 








Spin Theoretical ratio Observed ratio 





0.547 £0.017 








frequency ratios for spin values 1 to 4, together with the measured 
value for CH;Cl**. It is seen that all theoretical values except 
those for J =2 are considerably outside the range of limits of error. 

Tables II and III list the various constants which were evalu- 


TaBLe II. Measured frequencies of CHsCI*, 








Observed frequency 
Mc/sec 


Bo 
Mc/sec 


Transition 





26,372.42 +0.05 
26,376.01 
26,377.97 


J=0-—1, bh —2 
2-3 


2-1 


13,187.66" 








* Dy is assumed to be 26.5 kc/sec. 


THE EDITOR 


Taste III. Cl* constants. 








Coupling 


Quadrupole moment 
Mc/sec cm! 





—15.87 +0.09* —0.0168 +0.0001 X10-* 








* The accuracy of relative frequency measurements is +0.03 Mc/sec. 


ated. The quadrupole moment is determined from the coupling 
ratio, using the Cl** moment —0.07894X 10 cm?, as revised by 
Jaccarino and King.* The value agrees with that of Townes and 
Aamodt,! —0.0172+0.0004x 10™ cm?,* within the limits of error 
of the two observations. 

Figure 1 shows a cathode-ray presentation of the spectrum, 
with bars to indicate the theoretical spectrum for J = 2. One of the 
lines of CH;CI** in an excited vibrational state falls among the 
Cl group. Although this could not be completely “frozen out,” 
it was easily identified and resolved from the Cl" lines. The 
observations were made at dry ice temperature with a 20-foot 
Stark cell. A 100-kc square wave Stark modulating voltage”was 
employed, with the field adjusted so as to remove the Stark 


cn,cr®, Fe2-2 


cn,ci®®, Fe3/2—1e 
(EXCITED viB. STATE) 


cHscr®, Fee 


on,ci™®, Fe 2-01 





Fic. 1. Oscilloscope picture of J =0-+1 hyperfine pattern for CHsC!**, 
with the calculated pattern below. 


components completely from the undisplaced group (zero field 
components). The methyl chloride was synthesized by reacting 
NaCl with H,SO, and CH;OH. The Cl** was made by neutron 
capture in C]** in a reactor. Its concentration was less than 1 
percent. 

Since the hyperfine structure lines of an excited vibrational 
state of CHsCl** occur so near the Cl group, the frequencies of 
these lines were also measured during this experiment in order to 
determine whether or not the quadrupole coupling remained the 
same as in the ground state. The coupling was found to be — 74.70 
Mc/sec, which is not significantly different from the latest value,‘ 
— 74.77 Mc/sec, given for the ground state. 

We wish to thank Ralph Trambarulo, J. Q. Williams and C. F. 
Luck for assisting with the measurements. 


* The research at this institution was sponsored by the Geophysical 


Research Directorate of Air Force Cambridge Research Laboratories. 
t The research at this inetotien was performed for the AEC. 
. H. Townes and _ 3 Aamodt, Phys. Rev. 76, 691 (1949). 
Vv. Jaccarino and J. G ina private communication. 
3 This value has not been corrected for the revised moment of Cl. 
* Geschwind, Gunther-Mohr and Townes, Phys. Rev. 81, 288 (1951). 


The Specific Alpha-Radioactivity of Pu**° 
EpGar F. Westrum, Jr.* 
Argonne National Laboratory, Chicago, Illinoist 
(Received July 26, 1951)t 


HE small concentrations of Pu produced by the reaction 
Pu**(n, ~)Pu™® during irradiation of uranium or plutonium 
samples in thermal neutron reactors make possible the calculation 
of the half-life of Pu from a determination of the relative specific 
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alpha-activities and the isotopic compositions of the plutonium 
fractions of such samples. 

The plutonium fractions of several samples subjected co differ- 
ent neutron fluxes were separated and carefully purified to spectro- 
chemical freedom from foreign cations, to the absence of uranium 
(detected by a sensitive fluorescence test), and to radioactive 
purity. Duplicate portions of each plutonium fraction were con- 
verted to PuF; and reduced to high purity metal by microscale 
methods.' 

Milligram globules of plutonium metal were massed against 
calibrated weights and dissolved in weighed quantities of solution. 
Aliquots were plated on platinum by a very precise gravimetric 
technique,? and counted on a parallel plate nitrogen counter 
(N-4) by methods previously described. The isotopic composi- 
tions of the samples were available from the mass spectrometric 
examinations of Bartlett and Swinehart.* A minor change in the 
isotopic composition of sample C indicated by a recent determina- 
tion has been incorporated into the present calculation after cor- 
recting for the accumulated radioactive disintegration.® 

Appropriate corrections for Pu*® and the small amounts of 
Pu™* and Pu™ present were made in calculating the half-life of 
Pu*® from the observed? specific activity of the samples relative 
to that of Pu™®. 

The Pu*® half-life calculated from three such plutonium frac- 
tions in order of increasing Pu™® content were sample A , 6180+-360 
years; sample B, 6100+200 years; and sample C, 6310+130 
years; with a best value of 62402-120 years. The indicated prob- 
able errors in these measurments includes consideration of the 
uncertainties in the mass spectrometry and weighing, limitation 
of spectrochemical sensitivity, observed standard deviations in 
the counting, and the probable error in the half-life of Pu®®*. 

It is noted that this half-life value is in accord with an estimate 
of about 6000 years by James ef al.® 

The general direction of Professor Glenn T. Seaborg and the 
cooperation of P. R. O’Conner and D. C. Stewart in the prepara- 
tion of the samples and of A. Ghiorso in the counting procedures 
is gratefully acknowledged. 

* Present address: Department of Chemistry, University of Michigan, 
Ann Arbor, Michigan. 

t+ Formerly the Metallurgical Laboratory. 

t Based on Manhattan Project Document CC-3894 (1946). 

TE, F. Westrum, Jr., Manhattan Project Reports CK- oe (1944), 
CN- pens (1945). Reported in J. Am. Chem. Soc. 70, 3543 (1948). 

F. Westrum, Jr., The Transuranium Elements: Research Papers 
(MeGraw- Hill on Company, Inc., New York, 1949), National Nuclear 
Energy Series, Vol. Il, p. 1185. 

* Westrum, Hindman, and Greenlee, The Transuranium Elements: Re- 
search Papers (McGraw-Hill Book aati Inc., New York, 1949), 
National Nuclear Energy Series, Vol. II, 717 

*A. A. Bartlett and O. F. Swinchart. ‘Manhettes Project Document 
LA-S61 (1946). 
’ M. G. Inghram and D. C. Hess (private communications). 

* James, Florin, Hopkins, and Ghiorso, The Transuranium Elements: 
Research Papers (McGraw-Hill Book Company, Inc., New York, 1949), 
National Nuclear Energy Series, Vol. II, p. 1604. 


Half-Life of Plutonium-240 by Determination of 
Its Uranium-236 Daughter 


InGHRAM, D. C. Hess, P. R. Frecps, anp G. L. PyLe 
Argonne National Laboratory, Chicago, Illinois 
(Received July 27, 1951) 


M. G. 


NEW measurement of the Pu™® half-life has been made 
using a technique which depends on the growth of the 
uranium daughters from a plutonium sample of known isotopic 
composition. The decays involved in this experiment are 
24,410 yr? 7X 108 yr 
cnsmceniotiaay ee (1) 


a a 


Pu”® 


~6000 yr? 


Pu te 


~2X108 yr 
ue, 


a Qa 
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Since the time necessary to complete the experiment was short 
in comparison to the half-lives involved, the following simplified 
analytical expression can be obtained for the Pu™® half-life: 


moles of U#* 
moles of U*6 


The half-life thus obtained depends on the isotopic ratios of the 
uranium daughters and of the plutonium parents as determined by 
the mass spectrometer, and on the known half-life of Pu™*. 
Previgus measurements of the Pu*® half-life have been dependent 
on the Pu®* half-life and on the ratio of the plutonium isotopes, 
but have also been subject to the errors inherent in specific ac- 
tivity measurements. 

The plutonium used for this experiment was chosen because 
it contained a relatively large amount of Pu*® and because it 
had been purified several years earlier with respect to the other 
heavy elements. After a chemical separation of the uranium 
daughters and subsequent purifications, an analysis on the alpha- 
differential pulse analyzer indicated that the final uranium fraction 
was sufficiently free of plutonium for mass spectrometric deter- 
minations. 

The calculation of the half-life of Pu®® involved two experi- 
mental errors: (1) The error in the half-life of Pu®®, which is 
given by Westrum as +0.3 percent;! (2) the error in the mass 
spectrometric measurements of the isotopic ratios, which is about 
+0.3 percent. It should be noted that the usual mass discrimina- 
tions inherent in a mass spectrometer cancel in the present case. 
Substituting in the analytical expression, the values obtained on 
the mass spectrometer for the isotopic ratios of Pu*°/Pu™® and 
U*5/U™* and the value 7;**=24,410 years, gives the half-life 
of Pu? as 6580+.40 years. This value and its limits of error is to 
be compared with those of 6240+120 yr,‘ 68502150 yr,® and 
6650+ 150 yr,® as determined by specific activity measurements. 

The authors wish to express their appreciation to Dr. W. M. 
Manning for his helpful discussions of this problem. 


moles of Pu*® 


moles of Pum viene phe 
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F. Westrum, Jr., The Transuranium Elements: Research Papers, 
(MeGraw- Hill Book Company, Inc., New — 1949), National Nuclear 
Energy Series, Division IV, 14B, Paper No. 22.80. 

2 James, Florin, Hopkins, Ghiorso, The + Elements: Re- 
search Papers, (McGraw-Hill Book Company, Inc., ay in 1949), 
National Nuclear Energy Series, Division IV, 14B, Paper N 

+ Ghiorso, Brittain, Manning, and Seaborg, a Rev. 82, °538 (i9s1). 

4E. F. Westrum, Jr., Phys. Rev. 83, 1249 (1951). 

5 Thompson, Street, Ghiorso, and Reynolds, to be published. 


Low Excited States of Nuclei and the 
Quasi-Atomic Model* 


L. J. Korster,t H. L. Jacxson,} anp R. K. ADAIR 
University of Wisconsin, Madison, Wisconsin 
(Received July 23, 1951) 


HE independent particle, or quasi-atomic model of the 
nucleus, has been used to discuss the ground states of nu- 
clei+? and the doublet splitting in light nuclei? Recent experi- 
ments‘ on the elastic scattering of protons by He‘, C®, O"*, and of 
neutrons by He‘ have been analyzed,*® and assignments of angular 
momentum and parity have been made to the excited states 
observed. These quantum numbers have also been determined 
for some of the low states of Al** by an analysis of the scattering*® 
of protons by Mg™. Although these assignments are not all quite 
conclusive, we shall assume them to be correct for the purpose of 
discussion. The resulting series of energy levels, which are about 
4 Mev in extent and lie near the ground states, show an interesting 
correlation with the predictions of an independent particle model 
with strong spin-orbit coupling. 

One assumes that the nucleons of the target nucleus form a 
core of zero resultant angular momentum and that the influence 
of this core on the extra nucleon can be represented by an average 
potential. As a first approximation, this potential might be con- 
sidered similar to that of a three-dimensional harmonic oscillator. 





LETTERS TO 


Since the coulomb repulsion is small in light nuclei, the density of 
nucleons is greatest near the origin. This* suggests a potential 
more singular at the origin than that of the harmonic oscillator. 
The result is a splitting of degenerate states with the same os- 
cillator number, such that the energy of the state of lower orbital 
angular momentum is decreased. Finally, if we assume (LS) spin- 
orbit coupling, a state for which J=L+} is depressed by an 
amount proportional to Z, and one for which J = L—} is raised by 
an amount proportional to Z+1. 

In Figs. 1c and 2c, we have plotted the levels of He, Li‘, and 
F"’ relative to their ground states. The rest of Figs. 1 and 2 show 
how these levels can be fitted qualitatively into the above scheme. 
In Fig. 3 we have worked the levels of N“ and AF* into the same 
type of scheme, but it is noticeable that the “closed shell plus 
one” nuclei, He®, Li’, and F'’, show the better correlation. 

The degree of validity of the single particle approximation for a 
state is given roughly by the ratio of its reduced width’ to the 
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Fic. 1. Energy levels of the Li’ and He® nuclei. (a) The ground state and 
first excited level of a simple harmonic oscillator. The ground state of Li* 
or He* is taken as the energy zero. (b) The corresponding level of the 
nuclear potential. (c) The observed levels of Lit and He, showing the large 
splitting and inversion of the P1:and P12 doublet. (d) Dissociation energies 
of He*+n and He*+H!. 
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single particle limit 4*/ua, where a is the interaction radius and yu 
the reduced mass of the system. On this basis, the dotted S12 
and the F732 resonances in F"’ can be excluded from the discussion 
because their reduced widths are very small. The other levels in 
F"’ all have reduced widths comparable with the limit, and the 
reduced widths of the He’, Li’ levels are about equal to the limit. 
The large spin-orbit splitting is obvious in these three nuclei. 

In N™ the Ps2 resonance is the only one whose reduced width 
is small enough to indicate considerable multiple particle excita 
tion. The mixing of a large number of wave functions to form this 
state may account for its abnormally large depression below the 
corresponding oscillator level. 

Since the lowest excited states of He*, C®, and O" lie well 
above the highest energy considered here, we expect a relatively 
small amount of core excitation in these low states of Li®, He‘, 
N®, and F"’. In Mg™, however, there is a well known excited state 
at 1.38 Mev, which enhances the probability of core excitation. 
The AF excited states shown are the lowest three observed in the 
elastic scattering of protons by Mg™, and their reduced widths 
are of the order of 15-20 percent of the single particle limit. Higher 
levels in this nucleus are narrower and of less definite assignment. 
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Fic, 2. Energy levels of the F!’ nucleus. (a) The second and third excited 
levels of a harmonic potential. (b) The corresponding levels of the nuclear 
potential showing removal of degeneracy in L. (c) The ground state and 
known excited levels in F'’. The second Si: level is probably not a single 
particle level. The splitting and inversion of the DsDan doublet is clearly 
shown and that of the Py2P1;2 and F12F 42 doublets is suggested. (d) The 
dissociation energy of O!*+H!. The ground state of F!’ is taken as the energy 
zero. 


Resonance energies are determined by the behavior of the 
wave function at infinity. In order to relate the resonance energies 
to the specifically nuclear characteristic energies, one must make 
a correction for the effect of the part of the wave function which 
lies outside of the range of nuclear forces. These corrections are 
calculable* and are proportional to the reduced widths, but since 
we do not know the reduced widths of the ground states, we have 
presented the observed energy in every case. The magnitude of the 
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Fic. 3. Energy levels of the N“ and Al** nuclei. (a) The first three excited 
levels of a harmonic potential. (b) and (b’) Splitting of oscillator levels in 
N® and Al**, respectively, as a result of the departure of the nuclear poten- 
tial from that of the harmonic oscillator. (c) Ground state and observed 
levels in N'. (c’) Ground state and observed excited levels of Al**. The left 
ordinate measures energy from the ground state of N'* and the right ordinate 
measures energy from the ground state of Als, 
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correction may be of the order of 1 Mev for very broad levels. It 
is therefore evident that the energy levels listed in the diagrams 
are only qualitatively related to the characteristic energies of the 
nuclei. 

These sequences of low excited states of simple nuclei exhibit 
two striking features: (1) large spin-orbit splitting; (2) good corre- 
lation with an independent particle model. It appears that the 
single particle approximation is a good starting point for more 
exact study. To explain the large spin-orbit splitting, however, 
it may be necessary to consider specific nucleon-nucleon spin- 
orbit interactions.® 


* Work supported by the AEC and the Wisconsin Alumni Research 
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Proton-Proton Scattering Near 30 Mev* 


FRANKLIN L. FILLMoREt 
Radiation Laboratory, Department of Physics, University of California, 
Berkeley, California 


(Received July 9, 1951) 


HE work reported in an earlier paper' has been continued 
with a few improvements in technique. The entire appara- 
tus was completely overhauled, and mechanical tolerances in the 
plate holder were carefully checked. The beam collimator was 
lengthened to a total of 21 inches, and the three graphite dia- 
phragms shown in Fig. 7 of reference 1 were spaced so that the 
photographic plates were completely shielded from the 7g-inch 
and -inch diaphragms. The lengthening of the collimator re- 
duced the background of slit scattered tracks, making the observa- 
tion of low angle tracks in the photographic emulsion more 
reliable. By using swaths which were less than one inch from the 
axis of the plate holder it was possible to observe tracks whose 
scattering angles ranged from 5° to 82° in the laboratory system. 
Plates from the same photographic emulsion batch were used as 
in the earlier work. 

A set of three runs was made and results of these are reported 
below. Run 46 was the scattering run. Run 44 was a background 
run in which the scattering chamber was evacuated, while run 47 
was 4 background run which was in all respects like a scattering 
run except that a molybdenum tube of ? inch diameter and 0.030- 
inch wall thickness was inserted axially in the scattering chamber 
so as to completely surround the beam and thus prevent scattered 
protons from reaching the plates. Tracks observed in the photo- 
graphic plates for this run must be due to knock-on protons pro- 
duced by neutrons in the hydrogen or in the material of the plate 
holder. The conditions prevailing during each run are summarized 
in Table I. 

The criteria for reading tracks were the same as described in 
Sec. III-B of reference 1. Each swath was 2.300 inches long and 
127+0.5 microns wide. The tracks were counted by Mr. R. C. 
Terzian, to whom the author is greatly indebted, and over half 
of the counts were checked by the author to determine the re- 
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TasLe I, Summary of runs. 
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liability of the counting. In order to speed the gathering of data in 
the region of small scattering angles, it was decided to try counting 
only tracks whose scattering angles were in the intervals 5° to 26° 
and 64° to 82° in the laboratory system. However, after twelve 
swaths had been counted in this manner, it was decided that the 
increase in speed was too small to justify the decrease in the 
reliability of counting tracks, so the method was abandoned. 
This accounts for the low number of tracks shown in Table I for 
the angular interval from 26° to 64°. All 1129 of the tracks counted 
in this manner were checked by the author, as were half of the 
swaths in which all of the tracks were counted. Since the number 
of tracks missed by Mr. Terzian amounted to only 1.5 percent, 
it was assumed in the cross section calculation that no tracks were 
missed on swaths which were counted by both observers. The 
number of tracks missed by Mr. Terzian on twelve swaths is 
given in column 3 of Table IT. Column 4 is included to show that 
the two observers disagreed on only 0.56 percent of the tracks 
checked. 

In order to enable the reader to visualize the types of all 
tracks on the plates a random swath } inch long was scanned 
on each of the six plates of run 46. Of a total of 689 tracks of all 
kinds observed, 360 were judged to represent bona fide scattered 
protons, 320 were obviously no good, and 9 were spurious tracks 
which although appearing good failed to conform to all four of the 
criteria for good tracks. 

As was shown in reference 1, the number of scattered protons 
should be symmetric about 45° in the laboratory system. Data in 
column 2 of Table IT show that this is so, particularly at low scat- 


TABLE II. Summary of data. 
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5° to 6° 60 
6° to 10° 204 
10° to 14° 246 


14° to 18° 343 
18° to 22° 463 


22° to 26° 576 
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26° to 30° 436 
30° to 34° 455 
34° to 38° $27 


38° to 42° 523 
42° to 48° 761 
48° to 52° 506 


483 
430 
398 


52° to 56° 
56° to 60° 
60° to 64° 


64° to 68° $25 
68° to 72° 404 
72° to 76° 338 
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76° to 80° 267 
80° to 82° 82 


ow 


Total 8087 51 








Of the 8087 tracks counted, 1129 were on swaths where tracks with scat- 
tering angles from 26° to 64° were omitted, 3432 of the remaining were 
checked by F.L.F., and 3526 were unchecked. 
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Fic. 1. Data based on 8087 tracks tabulated from run 46. The probable 
errors indicated on the graph are just those due to statistics. The s-wave 
curve shown was taken from Fig. 17 of reference 1 and is included here in 
order to facilitate the comparison of the present data with the earlier results. 


tering angles. While the data near 45° do not show as good 
symmetry as one might hope, it is felt that the lack of symmetry 
is not serious and is accounted for statistically. 

The primary energy was determined by the method described 
in reference 1. The range and scattering angle was measured for 
202 tracks and a plot made from which the mean range at 45° was 
found to be 1120+-4.3 microns. This corresponds to an energy of 
30.14+0.08 Mev before scattering. 

The cross sections were calculated by reflecting the raw data 
about 45° in the laboratory system and then applying Eq. (20) of 
reference 1 to each angular interval. This was done for each pair 
of swaths and the results averaged to give the uncorrected cross 
section. Corrections for background and number of tracks missed 
were then applied, giving the final results which are plotted in 
Fig. 1. The relative probable errors which are shown in Fig. 1 
were obtained from the counting statistics. The probable error of 
the absolute cross section was found in the manner described in 
reference 1 to be 2.68 percent. The error due to lack of beam 
centering in the scattering chamber was found to be less than 0.2 
percent. This correction was not applied to the cross section. 

As can be seen from Fig. 1, these results do not conflict with the 
results reported earlier.+* The high cross section at low angles 
which was not investigated in the earlier work is in qualitative 
agreement with expectations. 

* This work was performed under the auspices of the AEC. 

+t Now with North American Aviation, Inc. 


! Franklin L. Fillmore, Phys. Rev. 79, 57 am 
? Franklin L. Fillmore, Phys. Rev. 79, 71 (1950). 


j-j Coupling Shell Model and Beta-Decay 
H. Horiz anp M. UmMEzawa 
Physics Department, University of Tokyo, Tokyo, Japan 
(Received June 12, 1951) 


ECAUSE of the success of the nuclear shell structure,' it 
seems probable that the individual particle model for nu- 
clear structure has been given a rather strong foundation. How- 
ever, Wigner’s concept of supermultiplets* does not hold, since 
there is a strong spin-orbit interaction according to Mayer’s shell 
model. On the other hand, we may assume charge independence 
of nuclear forces so far as the nuclear structure is concerned. 
Therefore, the charge multiplicity of nuclear states is still a good 
quantum number, especially for light nuclei. 
We calculate the nuclear matrix elements for allowed 8-transi 
tions based on the above-mentioned assumptions. Accor ane to 
Fermi’s 8-decay theory,’ the nuclear matrix elements related to 
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the allowed transitions are {1 and /@. These matrix elements, 
except for the radial parts (for the time being we shall not write 
them explicitly), are evaluated in the T/7;M -scheme, where T 
is the charge multiplicity, J the total angular momentum, 7; is 
the third component of T (i.e., half of neutron excess), and M, is 
the z component of J. The calculations are similar to the atomic 
case in the SLMsM_-scheme. 

In the j* configurations, these matrix elements for the transi- 
tions j*7JT;—j*T’J’'T;+1 are given as follows: 
|f1|?= | (TITp41M y| Zir*| TIT My) |*= (TFT) (THT +), 
| fo|?=[3/(2J+1) Jems (T’I' Tr 1M z| Zir*ois| TIT;M 5) |? 

=[2/(2F+1) Wille g)*i TIVO | jeTIYV(T'T1, 
— Ty 1T +1), 

where the notation of Racah‘ is used and the values of (j\\¢|| 7’) 
are given in the following formulas. When m= 1 (one particle case), 
they become 


[s1|t=1, 
(2-+3)/(2-+1) (j=1+4) 
(2—1)/(2-+1) (j=1-) 


For, other configurations, we may evaluate the matrix elements 
by a trivial generalization. For example (for the one-particle casee, 
we have 


| fo|*=(1/27+)Gllellj*= 


U/(U+1) (j=l+4->j’=!-4) 


4(-+1)/(21-4+1)(j=1-4-+j’=144) 


Of course, these results agree with those of Konopinski. We have 
calculated the matrix elements for more complicated configura- 
tions when they were necessary, but do not show them all here for 
the sake of simplicity. 

The squares of total matrix elements | M |? for allowed §-transi- 
tions should be linear combinations of | f1|* and | /@|* which 
are evaluated above. By the relation 


St|M |?=2x* log(2/@), 


the experimental ft values multiplied by | M|* should be constant 
for all allowed §-transitions, though there are still ambiguities of 
|M|* caused by radial overlapping. For 8-transitions of mirror 
nuclei, we examined this situation, taking |M|* as | /1|* and 
| f@|* separately. The results are shown in Table I. We see at 
once the values of ft| @|* vary too violently even if the variation 
of radial overlapping is taken into account. On the contrary, 
ft| f1|* show fairly constant values. Therefore, it seems reason- 
able to consider that the Fermi-type interaction is the main part 
of the allowed §-transitions and that the Gamow-Teller one is 
subsidiary. 

For most of the allowed §-transitions of even nuclei and odd 
nuclei other than mirror nuclei, only the matrix element /@ is 


| fo|?=(1/2j+1)(7'llell7*= 


Taste I. 8-decay of mirror nuclei.* 
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* The ft-values used are calculated by making use of G. L. Trigg and 
E. Feenberg’ 's curves (see reference 5). 
> The maximum energy of F"’ decay is taken from Natl. Bur. Standards 
(U. S.) Cire. 499 (1950). 
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TaBLe II. 8-decay of even-mass nuclei. 
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nonvanishing. Since assignment of the configurations are rather 
difficult for these nuclei and most of the spins of odd-odd nuclei 
have not yet been determined experimentally, we could not ob- 
tain as definite a conclusion as was obtained from mirror nuclei. 
Some of the ft| /“@|* are shown in Table II. In Table IT the (3/2)? 
configuration assigned to He and Li® yields extremely poor results 
for the magnetic moment and quadrupole moment of Li®. How- 
ever, we adopt it for these nuclei for the sake of simplicity. De- 
tailed investigations of the magnetic moment, quadrupole mo- 
ment of Li®, and the transition He*—Li® will be published soon by 
one of the authors (H) and S. Yoshida. 

As seen in Table II, three elements, that is to say, He*, F'*, 
and Al* have ft values of the order 10*. But, as was pointed out 
by Feenberg,® among all direct transitions of even nuclei there 
are only three which have ft value of the order 10°, so it may be 
justifiable to treat the three elements mentioned above as excep- 
tional cases. If so, ft| fo@|* becomes one order greater than 
ft| f1|*, and the result concerning even nuclei may be said to 
be compatible with the one concerning mirror nuclei. However, 
if it is not permitted to treat them as exceptions, our results con- 
tradict that of Moszkowski.* But, it should be noted that his 
analysis is limited only to the comparison of ft| M|* for H*He’, 
He*—Li* and for the branching K-capture of Be?—Li’ and dis- 
regards other allowed transitions. 

Thus, in order to explain the shape of 8-ray spectra and the 
ft values (or ft|M|*), the following type of matrix elements are 
necessary : 1 (mirror nuclei), fo (even mass nuclei), B;; (a-shape 
spectra of Y%®, Sr, etc.), Sije (c-type spectrum of B), Sijxi 
(K*), and probably A;;, Ts; (Cl**, RaE*, Tc). In order to in- 
clude all these matrix elements, more than two interactions are 
necessary ; that is, (I) T and one of S or V interactions, or (II) V 
and AV interactions are necessary. 

It is interesting to note the following. In the meson theory of 
8-decay, a vector r-meson with V and T coupling is permitted in 
the analysis of various decay processes.’ Recently, it has been 
shown by Nakamura that such a meson theory of 8-decay includes 
all the matrix elements mentioned above.* Thus, the vector 
r-meson with V and especially T coupling is consistent with the 
facts discussed above. 

Our thanks are due to Professors S. Nakamura and T. Yama- 
nouchi for their helpful discussions. 

1 E. Feenberg and K. C. Hammack, Phys. es 75, 1877 (1949); L. W 
Nordheim, Phys. Rev. 75, 1894 (1949); Mayer, Phys. Rev. 78, 16 
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Theor. Phys., to be published. 
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* E. Feenberg and G. Trigg, Revs. Modern Phys. 22, 399 (1950). 
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7 Private communication from S. Nakamura and Y. Tanikawa; R. 
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I'® and the Age of the Elements 
H. E. Suess anp Harrison Brown 
Institute for Nuclear Studies, University of Chicago, Chicago, Illinois 
(Received July 30, 1951) 


I N a recent paper of considerable importance, Katcoff, Schaeffer, 
and Hastings! reported the half-life of I'* to be (1.72+0.09) 
10? years. Combining this result with relevant geochemical 
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data and assumptions, these authors conclude that the length of 
the time interval from the formation of the elements to the forma- 
tion of the earth’s atmosphere was 2.7X10* years. By adding 
Holmes’ value for the age of the earth of 3.35X10* years, they 
obtain a value for the age of the elements of 3.6X10° years. In 
view of the extraordinary significance of these figures in a wide 
field of astronomical and cosmogonical problems, the writers be- 
lieve that a more critical discussion of these values is justified. 

The figure of 2.710% yr for the time interval between the 
formation of the elements and the formation of the earth is based 
upon the assumption that at least a noticeable fraction of the 
Xe"? in the present atmosphere has originated from radioactive 
decay of I**, This assumption is suggested by the fact that Xe'** 
is more abundant than both its even mass numbered neighbors 
(see Table I), an abnormality which it shares only with Pt'®. 
Further, Xe* is more abundant than the sum of its even mass 
numbered neighbors, an abnormality which is unique. 

However, as was mentioned previously by one of us,? it can be 
shown by a careful study of the systematics of nuclear abundances 
that this abnormality can be explained in a way other than by 
assuming a radiogenic origin of atmospheric Xe"*, It can then be 
seen that in the case of xenon the even isotopes 128 and 130 have 
an abnormally low abundance, whereas the abundance curve for 
the odd nuclei shows only a flat maximum in this region and no 
marked irregularity. The reason for the exceptionally low abun- 
dance of Xe** and Xe! might then be interpreted in the following 
way: both isotopes are “shielded” by stable tellurium isotopes. 
It is a general rule that in this mass region “shielded” isotopes 
always have a lower cosmic abundance than their unshielded 
isotopes. This rule is one of the indications which justify the 
assumption that the nuclei in this mass region have, in substan- 
tial fraction, originally been formed from their neutron-rich 8~ 
unstable isobars.* 

In the tellurium-xenon region this “shielding” apparently was 
more effective than elsewhere. The ratios of the abundances of 
unshielded to shielded isobars are exceptionally large if one de- 
termines the elementary abundances by interpolation. Possibly 
this effect is connected with the filling of the gs2 proton shell, the 
Ayx2 neutron shell and the resulting large spin values of the un- 
stable odd-odd nuclei in this region. It is to be expected from 
Mayer’s theory‘ that the “pairing energies” and therefore the 
“even-odd” effect in this region will be correspondingly large. 

The possibility that the abundance of Xe'* is not abnormally 
high, but that instead the abundances of Xe"* and Xe" are 
abnormally low, can most easily be seen from the fact that Xe’! 
possesses about the same abundance as does Xe”. 

The possibility that a fraction of the atmospheric Xe"* was 
produced by decay of I** cannot, of course, be excluded. We 
wish to stress, however, that in view of the present state of our 
knowledge of abundance regularities, radiogenic origin of at- 
mospheric Xe” can by no means be proved. As a result, the value 
of 2.7 X 10° years given by Katcoff, Schaeffer, and Hastings should 
be interpreted only as an approximate lower limit for the time 
interval between the formation of the elements and the formation 
of the earth’s atmosphere. 

We would like to point out in addition that the actual lower 
limit might be somewhat higher than that given by Katcoff, 
Schaeffer, and Hastings. They have assumed that the fraction of 


TaBLeE I. Relative abundances of tellurium and xenon isotopes in percent 
(in mass number region 124 to 132). 
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Xe!#* liberated is about the same as the fraction of A® liberated. 
Actually, in view of the probability that the earth was in con- 
siderable upheaval during its early history, one might expect 
nearly ali of the Xe'** formed from iodine since the origin of the 
earth to have found its way into the atmosphere. As the total 
iodine content of the earth is probably of the order of 1000 g/cm* 
of earth surface, the lower limit for the interval would be raised 
by about 50 percent to 4X 108 years. 

1 Katcoff, Schaeffer, and Hastings, Phys. Rev. 82, 688 (1951). 

2H. E. Suess, Z. Physik ay 386 (1948) ; Experientia 8, 376 (1949) 


* For references, see R. A. Alpher and R. C. Herman, Revs. 
ri 22, 153 (19. 
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Magneto-Optics of an Electron Gas for Guided 
Microwaves: Propagation in Rectangular 
Wave Guide* 
L. Gotpstein, M. Lampert, AND J. HENEY 


Federal Telecommunication Laboratories, Inc., Nutley, New Jersey 
(Received July 6, 1951) 


E have previously described' magneto-optical effects in 

microwave propagation experiments in circular wave 
guide. The magneto-electronic medium in the guide was an elec- 
tron gas immersed in a uniform de magnetic field parallel to the 
axis of the guide. The main experimental results consisted of 
polarization transformations of a 7’E,, wave initially launched in 
the guide with linear polarization. The results were interpreted 
satisfactorily in terms of the different propagation characteristics 
in the anisotropic medium of the two oppositely-rotating, circu- 
larly-polarized TE,, modes which the empty circular guide 
supports, 

The purpose of this note is to describe the results of propagation 
experiments with the same magneto-electronic medium in rec- 
tangular wave guide. Both the results and their interpretation are 
quite different from those briefly mentioned above. In this case, 
the empty guide, at the frequency employed, supports only one 
propagating mode, riamely the JE,» mode, so that no polarization 
transformations can take place. The relevant propagation meas- 
urements in the empty guide outside of the medium are those of 
the amplitudes and phases of the transmitted and reflected waves. 
The main results of these measurements are—(1) very large attenu- 
ations of the signal in the region of magnetic field intensities where 
the gyrofrequency of the electrons approximates the signal fre- 
quency ; (2) large reflections at magnetic field intensities immedi- 
ately on either side of gyroresonance; and (3) small or negligible 
reflection at gyroresonance. Thus, the very large attenuation at 
gyroresonance appears to be the result of absorption in the 
medium, in accordance with theoretical prediction. In the ac- 
companying figure these results are illustrated for a particular 
experiment under conditions there indicated. 

Further results are—(1) increasing the gas pressure tends to 
widen the resonance and decrease its magnitude; (2) at sufficiently 
low pressure (below about 0.1 mm Hg in our experiments) the 
width of resonance appears to be determined by other factors 
than pressure, such as non-uniformity of magnetic field in the 
medium; and (3) the phase of the reflected wave varies very 
sharply in the gyroresonance region. That these results are es- 
sentially independent of the gas is evidenced by the fact that 
similar phenomena were observed also in Kr, Xe, Hy, and Hg 
vapor. 

The resonance curves have precisely the shape to be expected 
from the typical anomalous dispersion of the dielectric constant 
in the region of a proper frequency of the medium, here the elec- 
tron gyrofrequency. The anomalous dispersion of the magneto- 
electronic medium has been previously established? at lower fre- 
quencies. However, in our experiments the length of the aniso- 
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Fic. 1. Transmission and reflection characteristics vs magnetic field 
intensity. Signal frequency: 8200 Mcps. Gas: Ne +1 percent A at 0.1 mm 
Hg pressure. Discharge conditions: steady de plasma at 465 v and 30 ma 
(current limiting resistor of 10,000 ohms included). Length L of solenoid =5 
inches (approximately 2 guide wavelengths). 


tropic medium exceeded two free-space wavelengths; so that 
true propagation phenomena have been observed. 

We believe that the observed phenomena are general, to the 
extent that they are characteristic of electromagnetic wave 
propagation in the magneto-electronic medium (with longitudinal 
magnetic field) in any guiding system that supports only a single 
mode of propagation at the frequency employed. 

* This work was sponsored by the Signal C 

Hag Lampert, and Heney, ba Rev. 8 82, 956 png 
Benner, Naturwiss. 17, 120 ( ; H. Gutton, 


hys. 13, 62 
(1958), L. Tonks, Phys. Rev. ir 1488 (1994). E. Appleton and & Chapenen. 
Proc. Phys. Soc. (London) 44, 246 (1932). 


On the Photonuclear Dissociation of Nuclei 
by High Energy Gamma-Rays* 
Sersm: Kixucar 


Laboratory of Nuclear Studies, Cornell University, Ithaca, New York 
(Received July 25, 1951) 


HE stars produced in photographic emulsions exposed di- 

rectly to a beam of synchrotron gamma-rays were analyzed 

further by using 600-micron G5 emulsions.' The results are sum- 
marized as follows. 

1. Table I shows the relative frequency of appearance of differ- 
ent sorts of events. The values corresponding to the different 
energy of excitation are normalized to the same number of 
equivalent quanta using the previous data.! The meson coming 
out of a star was identified chiefly by multiple scattering measure- 
ments. 

2. The absolute cross section averaged over light and heavy 
atoms, except hydrogen, was redetermined carefully at the excita- 
tion energy of 300 Mev. It came out to be 6.14+0.3X10-" cm? 
per equivalent quantum for stars of three or more prongs. 
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Taste I. Relative number of events. 











Excitation energy 


in Mev 150 300 





170+20 
4738 


<20 Mev 
>20 Mev 


256 +64 
4526 


Single 
protons 


2 prongs positive 20+3 47+6 


4647 
100 


probable 1142 


3224 93 +13 


~O 


3 or more prongs 4224 


Stars from which a 
meson comes out 








3. The energy spectrum of the single protons as well as the 
protons from stars was obtained by determining the energy either 
from its range or gap density or grain density, depending on which 
one of the methods gives the most accurate value. The results are 
given roughly in Table II. The figures are relative to the number 
of stars of three or more prongs. 

4. The angular distribution of protons from stars relative to 
the direction of the incident gamma-ray beam were studied at the 
excitation energy of 300 Mev. The protons of energy between 20 
and 60 Mev have a strong forward asymmetry and have a peak 
between 30° and 60°. The protons above 60 Mev also show some 
forward asymmetry, which is not so conspicuous as in the case of 
protons between 20 and 60 Mev. 

5. Discussion of results. The absolute value of the cross section 
is in agreement with the expected value, if the cross section for the 
production of stars for photons of energy above 150 Mev is pro- 
portional to oA, where A is the atomic weight and o» is the 
cross section for the photomeson production by a nucleon includ- 
ing both the charged and neutral mesons. The percentage of the 
stars from which a meson is coming out is about twice as small as 
the value expected from the known data. This might be due to the 
fact that the mesons starting in the emulsion without being associ- 
ated with a star were not taken into account in the figures given 
in Table I. 

The forward asymmetry of the angular distribution of the pro- 
tons of energy between 20 and 60 Mev in the case of 300-Mev 
excitation can be explained by assuming that they are mostly 
those protons which are knocked out by the primary process, in 
which a meson is produced by the interaction of a photon with a 
nucleon. If the high energy protons above 60 Mev are due to the 
absorption of a meson, their angular distribution should be'more 
or less isotropic, contrary to the result. But the interpretation of 
the angular distribution of the protons of this group is expected to 
be fairly complicated. For the protons of this group might consist 
partly of protons knocked out by the meson producing process, 
partly of protons produced by the absorption of a meson, partly 
of the prongs confused with mesons, and finally of protons pro- 
duced by electromagnetic photodissociation, if any. 

These results, together with the excitation curve for star pro- 
duction obtained previously, indicate that most of the stars pro- 
duced by the photons of energy between 150 and 300 Mev are 
due to the production and absorption of a meson inside the 
nucleus. The fact that the number of single protons is rather small 
compared with the number of protons from stars indicates that the 
high energy photoprotons excited by the high energy gamma- 


TasLe II. Energy distribution of protons. 








Protons from stars 


Between 20 Above 60 
and 60 Mev Mev 


Single protons 
Between 20 Above 60 
and 60 Mev Mev 


Excitation 
energy 
in Mev 





0.56 +0.05 0.18 +0.04 
0.45 +0.08 (>20 Mev) 


0.38 +0.07 0.05 +0.03 
1.5+0.2 (>20 Mev) 


300 
150 
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rays observed by other people? by counter methods are likely to 
have come from stars. 

Thanks are due to Professor R. R. Wilson, Professor H. A. 
Bethe, and Mr. S. Hayakawa and other members of the Labora- 
tory for valuable discussions. Thanks are also due to the crews of 
the microscope laboratory for the scanning of plates. 

* This work was done under ONR contrac’ 

1S. Kikuchi, Phys. Rev. 80, 492 (1950) ; ai, 1060 (1951). 


2 C, Levinthal and A. Silverman, Phys. Rev. 82, 822 (1951); D. Walker, 
Phys. Rev. 81, 634 (1951); J. Keck (to be publ ished). 


On the Angular Distribution and the Polarization 
of the Deuteron in the Reaction p+ p—-d+ xt 
K. M. Watson AND C, RICHMAN 


Radiation Laboratory, University of California, Berkeley, California* 
(Received July 27, 1951) 


ROSS sections at several angles for the reaction p+p—>x*++d 
have been measured.’ For energies not too far above thresh- 
old (i.e., for those at which the cross sections have been measured) 
and in the center-of-mass frame of reference, there is reason to 
believe*® that only orbital S- and P-states of the meson with 
respect to the deuteron contribute appreciably to the cross section. 
There will be no S- and P-wave interference in the differential 
cross section, so for the moment we can restrict our considerations 
to just the contribution from meson P-waves. Combining the 
intrinsic angular momentum of the deuteron with the P-wave 
orbital motion, we obtain a tota! angular momentum j=0, 2 (j=1 
is forbidden by parity considerations® if the meson is assumed to be 
pseudoscalar, in accord with present evidence). These values of j 
arise from the 1S» and 'D, states, respectively, of the initial p—p 
system. 

The wave functions for the orbital motion of the meson will 
then be described by the spherical harmonics Y;“(6, ¢) (with the 
polar axis defined by the proton beam direction), and those of the 
internal coordinates of the deuteron by 2,“ (u=1,0, —1). Then 
the linear combinations of these, Qo and Q2°, which transform as 
a scalar and as the spherical harmonic Y,°, will arise from the 'So 
and 'D, states, respectively, of the initial p— p system. 

The asymptotic form of the outgoing’ wave will be propor- 


tional to 
(e*"/r)[Qo+nQ2"], (1) 


where g is the meson momentum and 7 is a parameter. If one 
writes »=«e*’, the resulting angular distribution of the mesons 


will be 
F(0)=1+42+v2e cose +3 cos*0(4e— ve cosa). (2) 


Including an arbitrary amount of contribution to the cross 
section from mesons in S-states, we arrive at the following general- 
ization of the cross section given previously :* 


da =ay(dQ/4x)[1+-a(¢*/pc*) F(0)], (3) 


where F(6) is given by Eq. (2) and yu is the mass of the meson. 
Near threshold it is assumed that a is a constant and that ao is 
just g (from the phase space factor) times a constant. Integrating, 
we obtain the total cross section 


o=of1+a(i+e)(¢/uA)], (4) 


which is of the specific form given previously,‘ with a(1+é) =b. 
We see that é represents the relative amounts of 'S» and 4D; con- 
tribution of the initial p— system to the P-wave partial cross 
section. 

The approximate value, b=8, was deduced earlier.‘ This value 
is consistent with the observed angular distribution,’ which how- 
ever implies that 6 cannot be much less than 8. From the experi- 
mental cross sections,’ it would then follow that at 340 Mev, 
oo™5(10)~** cm*. The observed angular distributions are consis- 
tent with a pure cos*@ dependence from the meson P-states, which 
would imply coss=—1, ¢&=2 (the quoted experimental errors 








LETTERS TO THE EDITOR 


imply that these relations are also quite approximate). Of more 
positive significance is the conclusion from the observed angular 
asymmetry that the large contribution from the 'D, state of the 
initial protons implies, independently of a specific model, that 
noncentral interactions are involved* (since the deuteron is mostly 
in an S-state). 

Equation (1) suggests that the deuterons observed at an angle 
(@, ©) may be polarized.’ Indeed, the direction of the polarization 
is given by the average values of the components of intrinsic 
angular momentum of the deuteron, which are J,=—R sin, 
J,=R cost, J,=0 (i.e., at right angles to the plane defined by the 
direction of the protons and the deuterons). 

The degree of polarization (considering just the P-wave com- 
ponent of the cross section), R’(0< R’ <1), is given by the numeri- 
cal magnitude of 


R=3v2e sine cosO sin@[F(9)T", (S) 


where F is given by Eq. (2). R vanishes for a pure cos*# angular 
distribution. 

The detection of this polarization, if nonvanishing, would ap- 
pear feasible. The beam of deuterons produced is more intense 
than the accompanying meson beam,* which has been used to study 
meson scattering.* A possible means of detection would be by 
means of (d, p) scattering, the polarization effects of which have 
been used by Wouters’ to measure polarization in (m, p) scattering. 


* This work was performed under the auspices of the AEC. 
1 Latent, Richman, Whitehead, and Wilcox, Phys. Rev. 78, 823 


19. 
? Peterson, lloff, and Sherman, Phys. Rev. 81, 647(A) (1951). 
2C. Richman and M. H. Whitehead, Phys. Rev. 83, 855 (1951). 
‘ Brueckner, Serber, and Watson, Phys. Rev. 81, iid A aoa 
: = Watson and K. Brueckner, Phys. Rev. 1 (19 
t has been noted previously by K. Brueckner, Phos. Rev. 82, 598 
(9st). that on the basis os meee theory one must assume that tensor 
forces are involved indebuet lar asymmetry to the mesons produced. 
1 The authors are i pon bh to essor R. Serber for the suggestion that 
the deuterons should ig = ye 
* Richman, Skinner, Merritt, and Youtz, — Rev. 80, 900 (1950). 
* M. Skinner and C. Richman, Phys. Rev. 83 e 217A) (1951). 
10 L, Wouters (private communication). 


Some Excitation Functions for Protons 
on Magnesium* 
J. W. Meapows aAnp R. B. Hott 


Nuclear Laboratory, Harvard University, Cambridge, Massachusetts 
(Received July 24, 1951) 


N continuation of our study of proton-induced reactions on 

light and intermediate nuclei! we have determined the yield of 

Na® as a function of energy for protons on Mg™, Mg**, and Mg**. 
The experimental method has been previously described.'? 

Bombardments were made on natural MgO and on MgO en- 
riched’ in Mg** and Mg", at initial energies of 100 and 70 Mev. 
Al metal foils were placed in the target stack with the MgO, and 
the Mg reactions were monitored by comparing them with the 
known excitation curve for Al(p, 3pn) Na™ as measured by Hintz.* 
Bombardment times of approximately 12 hours were required to 
obtain sufficient activity for accurate counting. Since the half- 
life of Na™ is only 15 hours, some error may have been introduced 
by variations in the beam intensity during the bombardment. 

The monitor foils were counted 24 hours after the end of the 
bombardment, when all activities with half-lives shorter than the 
15-hour Na™ had disappeared. The MgO targets were counted 
after three weeks, when only the 2.6-year Na™ remained. The Al 
foils were also counted at this time, and the previous Na™ count 
was corrected for Na® activity. All samples were counted, as 
nearly as possible, under the same geometry and mounting ar- 
rangements. Corrections were made for self-absorption and 
scattering and for absorption due to the air and counter window. 
The yield of Na® from Mg* was determined by subtracting the 
contributions of Mg* and Mg* from the yield obtained with 
the natural isotopic mixture. The results are shown in Fig. 1. 
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Fic. 1. Excitation function for protons on magnesium. 


The thresholds to be expected, including the coulomb barrier 
heights, for the lowest energetically possible reaction and for 
single particle emission are shown in Table I. These lowest 
thresholds compare fairly well with the Mg* and Mg” excitation 
curves. However, accurate threshold energies cannot be de- 
termined by this method due to the thickness of the targets 
(20-30 mg/cm?) and the finite energy spread of the beam (0.5 
Mev) on the target face. 

It is evident that the emission of alpha-particles is a major 
mode of decay of these compound nuclei at low energies. It might 
be expected that the emission of other heavy fragments such as 


Taswe I. Thresholds in the lab y system. 
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H? or He? would also be an important mode of decay. This does 
not seem to be the case. The observed threshold for Mg(p, 2pn)Na™ 
at 20-25 Mev indicates a (p, 2pm) or (p, dm) reaction rather than 
(p, He*). Also if the emission of H* or He* were very probable, the 
minimum found in Mg*(p, 2p2n)Na™ at 30 Mev should not be 
so pronounced. 
* Acdated by the folat a< of the ONR and AEC. 
1 J. W. Meadows and R. B. Holt, Phys. Rev. 83, 47 (1951). 


2N. M. Hintz, Phys. Rev. 83, 185 (1951). 
3 Obtained from Oak Ridge National i Oak Ridge, Tennessee. 


Erratum: Non-Equilibrium Thermodynamics 
of Two-Fluid Models 
(Phys. Rev. 81, 1070 (1951)] 
S. R. De Groot, L. Jansen, anp P. Mazur 
Institute for Theoretical Physics, The University, Utrecht, The Netherlands 
HE line following Eq. (1) should read: “between the two 
effects (v is the specific volume). We can derive. . . .” 
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Fredholm Structures in Positron Theory* 
Maurice NEUMAN 
Brookhaven National Laboratory, Upton, Long Island, New York 
(Received August 2, 1951) 


HE integral equation for the matter field in positron theory— 
the theory of a quantized Dirac field interacting with a given 
external electromagnetic field— 


¥(x) =yo(x) +e 


was investigated from the point of view of the Fredholm method.! 
The symbol K* is defined as 


Kag* (xx’) @iSae" (xx’)yop"A"(x’), (2) 


where S*(x) is the well-known Feynman propagation function. It 
was found that the Fredholm determinant Do(e) derived from (2) 
is equal to the vacuum expectation value of the Heisenberg 
S-operator. A set of operators Ao(e), Ai(e), ---An(e)--- [where 
Ao(e) = Do(e) ], whose matrix elements (x:%2° + «%n| An (€) | yrye* + « Yn) 
are determinantal representations of the mth particle parts of the 
S matrix, was also constructed. The set of operators {A,(e)} is 
isomorphic to a set of operators {D,(e)} whose matrix elements 
(xyxq°++%n|D,(€)|91¥2"+*¥n) are the mth Fredholm minors con- 
structed on K¥. The set {A,(e)} has many but not all of the 
functional properties of {D,(e)}. The situation is somewhat similar 
to that obtaining between an ordinary exponential function and 
the chronologically ordered exponential of Dyson. 

The properties of {D,(e)} have been extensively investigated 
in classical analysis. One can therefore utilize the isomorphism 
between {A,(e)} and {D,(e)} to construct various representations 
of (S),. The determinantal representation of {A,(e)} are interest- 
ing in so far as they clearly exhibit the operation of the exclusion 
principle for real and virtual particles. 

We shall illustrate the method by considering the somewhat 
trivial case of Ao(e) where the isomorphism degenerates into an 
equality Ao(e) = Do(e). 

We write 


K? (xx’)y(x’)dx’ (1) 


A =ieT (Walz) ba(x)). (3) 
Here T is the ordering operator of Wick? 
T (a(x) ba(x’)) = 0(x°— x!) Palx) a(x’) — O(x'°— x°) a(x’) a(x); (4) 


6(x) is the usual step function: @(|x|)=1, 0(—|x|)=0 for x0; 
6(0) = 4. The letter ¢_(x) stands for Va(x)veo"A*(x). We also have 


(T (Wa(x)op(’)))o= —iKag* (xx’). (S) 


<4S)o may then be written as 
(Sho= > [m1 (ie) TL V(X1)0(X1)- + -WXw)o(Xa) Do, 


where ¥(X1) = Yai) (x1), 6(X1) = dar (%1) and all the repeated vari- 
ables and indices are integrated and summed over, respectively. 
The convention 6(0) =4 in the definition (4) guarantees the charge 
symmetry of Eq. (6). Wick’s theorem* and Eq. (5) yield 


(TLW(X1) o(X1)- + W(Xn)o(Xn) Do 
=(—i)"E 6 KP(X Xi) -- 


(6) 


*K?(XnXuny), (7) 
and, consequently, 
(S)o= Dole). (8) 


Having established contact with the Fredholm theory, we may 
now exploit the known properties of Do(e) to find another repre- 
sentation for (S)o. The integral equation for f(x), 


f= fotrKf, 
is solved in the Fredholm theory by 
fo=f—d[Do(A)T'D,(A) fo. 
Moreover,® we have 


Tr Di(A) = — Do'(a), 


(9) 
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where the prime denotes differentiation with respect to the ar- 

gument. Comparing (10) with the Liouville-Neumann solution, 
fom f—M1— AKT 'Kfr, (12) 

and making use of Eq. (11) and of Do(0)=1, we immediately de- 

duce the expressions 

Dd) =exp[Tr log(1— AK) ], 

D(A) = K[1—AK} exp[Tr log(1— AK) ] 


(13) 


=K exp[S n(K"—Tr K*)] 
aml 


=K II exp[na(K*—Tr K*)]. (14) 


n=l 


For (S)o we get 
(S)o=exp[Tr log(1—eK*)]. (15) 


Expression (15) could be derived more simply by an elegant 
method due to Glauber,‘ but the connection with the Fredholm 
theory is then somewhat obscured. 

The author is grateful to Dr. E. J. Kelly and Dr. H. S. Snyder 
for many discussions and criticisms. 


* Research carried out at Brookhaven National Laboratory, under the 

auspices of the AEC. 
Courant and D. Hilbert, 

second edition, Vol. I, Chapter III. 

2G. C. Wick, Phys. Rev. 80, 268 (1950). 

4 See reference 1, Eq. (77). 

4R. J. Glauber, Harvard University thesis, June, 1949. Also “Some notes 
on multiple boson processes,"’ to be published. 
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Isotope Shift in the Spectrum of Os I 
and the Magnetic Moment of Os'® 
S. Suwa 


Institute of Science and Technology, Komaba, Meguro-ku, Tokyo, Japan 
(Received July 23, 1951) 


N order to determine the ratio of the distances between the 

components due to even isotopes in the spectrum of osmium 
and the magnetic moment of Os'**, the hyperfine structure (hfs) 
of OsI' was studied, using a water-cooled hollow cathode dis- 
charge tube and a Fabry-Perot etalon. 

The hfs of any clearly resolved line was found to consist of six 
components. Four of them, which are spaced equidistantly to a 
rough approximation, are due to the even isotopes (186, 188, 190, 
192), and the remaining two are due to the odd isotope 189. The 
number of components due to Os'** in each line and their intensity 
ratio were found to be in harmony with the assumption of the 
nuclear spin 3. Kawada* had previously shown that Os'®® might 
have probably a spin of 3. 

The result of the measurements is given in Table I. In each 


Taste I. Displacement effect of the even osmium isotopes and the splitting 
f Os!** in the spectrum of Os I (in unit of 107? cm™). 
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* See reference 1. 


line listed the heavier isotopes have greater wavelength, as ex- 
pected from the indicated electron configuration of the terms. The 
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ratio Av(186-188) : Av(188-190) : A»(190-192) can be regarded as 
constant within experimental error for all lines except 4135, 
whose structure was possibly disturbed by the overlapping of 
another line of the combination (13);-(60)3, though this was not 
well confirmed. The mean value of the ratio, excluding \4135, is 
given in the last row of Table I. This ratio is not in agreement with 
the measurements of Kawada;* but the present investigation 
might be considered the more accurate, owing to the improved 
resolving power of the spectroscopic apparatus. 

The ratios of the isotopic displacements of even isotopes in the 
heavy elements with even atomic number Z(Z=74—82), are 
summarized in Table II. The magnitude of the shift decreases as 


Taste II. Ratio of spacings between consecutive even 
isotopes in heavy elements. 








z \w 126 - 124 - 122 = 1200 = 116 - 196 


 Pbs.b 82 0.90 
Hg 80 1 : 0.99 : 0.88 
Pte 78 1 





1 3 
t O97 





108 - 106 





z \w 116 - 114 - 112 - 110 - 


1.18 
1 


Os 76 1 10S : 


Wwe 74 1.13: 1.02 








a Mu-akawa and S. Suwa, J. Phys. Soc. Japan S$, 429 (1950); 5, 382 
(1950). 
> F. E. Geiger, doctoral thesis, university of Wisconsin (1950). 
¢ S. Tolansky and E. Lee, Proc. Roy. Soc. (London) A158, 110 (1937). 
4 J. A. Vreeland and K. Murakawa, Phys. Rev. 83, 229 (1951). 


the neutron number N decreases from N =126 to 116, increases 
from N=116 to 108, and again begins to decrease from N = 108. 
This indicates a variation in the effect caused by adding two neu- 
trons to a nucleus. 

The magnetic moment of Os'** can be calculated from the hfs of 
44420 and 4261 (see Table I). Neglecting any splitting of the 
final term d*s* 5D, of Os'**, the coupling constant of the 6s electron, 
a(6s), was found to be 0.79 cm~. Putting this value and J =} into 
the well-known Goudsmit-Fermi-Segré formula, 


u(Os'**) = +-0.6+-0.1 nm 


was obtained. 
The writer wishes to express his sincere thanks to Professor K. 
Murakawa for his kind guidance in this work. 


1 W. Albertson, Phys. Rev. 45, 304 (1934). 
? T. Kawada, Proc. Phys. Math. Soc. Japan 20, 653 (1938). 


Quantum Corrections to Transport Properties 
at High Temperatures 
J. pe Boer ano R. Byron Birp 


Institute for Theoretical Physics, University of Amsterdam, 
Amsterdam, Netherlands 


(Received August 3, 1951) 


N the quantum theory of transport phenomena! the following 

formulas are given in Boltzmann statistics for the “cross 
sections,” ¢” for diffusion, thermal diffusion, and viscosity of 
mixtures, and ¢ for viscosity and thermal conductivity : 


2g 


o(g) == J (+1) sin*(n41—m), (ta) 
k* mg 


2g © (l+1)(142) . 
a ph all A i ve 
o(g) 2 2 43) (m+2-m), 
in which k= yg/h, w and g are the reduced mass and the initial 
relative velocity of a pair of colliding molecules, and ;(&) is the 
phase-shift corresponding to the orbital quantum number, /. 


(1b) 
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At very low temperatures formulas analogous to Eq. (1b), written 
for Fermi-Dirac and Bose-Einstein statistics, have been used for 
the calculation of the viscosity of the light and heavy isotopes of 
helium*? and for light and heavy hydrogen,‘ by numerical evalua- 
tion of the phase shifts. At higher temperatures this method is 
not feasible because of the large number of phase-shifts required. 
Consequently, it is important that another method of attack be 
developed for those temperatures for which the deviations from 
classical behavior are small. 

In this temperature region we have succeeded in expressing the 
cross sections (and hence all of the transport coefficients) as power 
series in Planck’s constant ; this was accomplished by using Kahn’s*® 
expressions for the phase shifts, which are derived from the 
W.K.B. method: 


m(k) =m) +n(B)+---, 
nul(k)=(/2)bk— hrm tk f~ [(1—F)—1 Ar, 


mu!(R) = (x/16bR)— (1/248) CF "/P) 
—(F"/F’)*Yi—F} 4dr, (2b) 

in which the variable, 6, defined by A%%(J/+1)=u*g*}*, has been 
introduced; rm is the distance of closest approach in a collision ; 
F(r)=[e(r)/(4ug*) ]+([62/r?], F’=dF/dr, etc., and g(r) is the 
intermolecular potential function. 

The differences in the phase-shifts which occur in Eqs. (1a) 
and (1b) can be expressed in terms of the various derivatives of 9: 
with respect to 6, with the result that 


Corsi m= 4x+ bx’ (h/ugd) 

+Pelx— b+ by’ + (4/3)b*x"” (h/ugh)?+O(h*), 
Cat42— mm] =x+bx'(h/pugd) 

+4Lx— v +bY +(16/3)b?x” (h/ugh)*+O(h*), (3b) 
in which the primes on x and y indicate differentiation with re- 
spect to b; x, defined as (2/k)(@n'/db), or 


x(0, g)= 4-2 f” [1- Fra, 
is the classical angle of deflection, and y= 16bky!! or 
¥(b, g)=a— 40 [CP "/P)— (P/F FI Ndr. (4b) 


The final expressions for the cross sections may be obtained by 
substituting Eqs. (3a, b) into Eqs. (1a, b), developing sin(9:4.—) 
in a power series in (A/ugb), and transforming the summation over 

into an integration over 6 [using d/=db(ug/h){1—}(h/ugd)? 
+--+}. The first term, proportional to #®, is the classical expres- 
sion for ¢. The terms proportional to odd powers of # may be 
seen to vanish by partial integrations; we may finally write 


o™” =a +oqu™, 


(2) 
(2a) 


(3a) 


(4a) 


(5) 


where 
dur—s fr (1—cos"x Jods, 


bau = (H/8u%) f~ Ex—vt by 
+$b*x""] sinx(db/b) +O(h"), 


Sau = (8*/8us) [> (x—-vt bv’ 
+ (4/3)b4x"] sin2x—sin*x| (db/b)+0(H4). (Se) 


Chapman and Cowling! have shown that the transport proper- 
ties may be expressed directly in terms of a set of quantities, 
)(s), which are functions of the temperature and are defined in 
terms of the quantities ¢” calculated above: 


Q”)(s) = xt fF exp(—r) 46 dy, (6) 


where y?= yug*/2«7T, « being Boltzmann’s constant. Consequently, 
substitution of the expression (5) into Eq. (6) leads to a series 
development of each of the transport coefficients in a series of 
powers of h?/ux«T, the coefficients of which are functions of T and 


(Sb) 
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depend parametrically on the intermolecular potential. The first 
term, not containing &, is the well-known classical expression for 
each of the transport properties. Obviously, this series converges 
only in the temperature region where the deviations from classical 
theory are relatively small. 

If the intermolecular potential function may be written as 
¢(r)=ef(e/r), in which ¢ and o are units of energy and length, 
respectively, then the quantities ¢ and ¢ characterizing the poten- 
tial field can be used to define “molecular units” for each of the 
transport quantities. In classical theory® the thus “reduced” 
transport coefficients are universal functions of the reduced tem- 
perature, 7*=«x7/e. When quantum corrections must be taken 
into account, one may, in general, expect deviations from the 
classical result depending on the quantum mechanical parameter, 
A*=[h/o(me)*], characteristic for each substance. The results of 
this paper are in agreement with this “quantum mechanical prin- 
ciple of corresponding states” :’ the series development for each of 
the transport properties is a power series in A*?/7*, the coeffi- 
cients being functions of 7* only. 

A detailed account of this work, accompanied by numerical 
results, will be published elsewhere. One of the authors (R.B.B.) 
wishes to acknowledge the financial assistance provided him by 
the Fulbright exchange program. 

1S. Chapman and T. G. Cowling, The Mathematical Theory of Non- 
Uniform Gases (Cambridge ener d Press, London, 1939). 

2J. de Boer, eg 10, 348 (19. 

3 J. de Boer and D. A tg Physica (to be published). 

«R. Miyako, Proc. Phys. Math. Soc. Japan 24, 852 (1942). 

* B. Kahn, dissertation, Utrecht (1938) 

* J. de Boer and J. van Kranendonk, Physica 14 442 (1948) ; Hirschfelder, 


Bird, and Spotz, J. Chem. Phys. 16, 968 (19 
7 J. de Boer, Physica 14, 139 (1948). 


Limits on the Energy of the Antiferromagnetic 
Ground State 


P. W. ANDERSON 
Bell Telephone Laboratories, Murray Hill, New Jersey 
(Received July 16, 1951) 


HE energy of the ground state of a simple antiferromagnetic 

lattice remains one of the unsolved problems of quantum 
mechanics, except in the simplest case of atoms of angular mo- 
mentum quantum number S=} on a linear chain.' For such a 
lattice, the hamiltonian is effectively 


H=JZZ§;°§;. (1) 


The double sum runs over all pairs of neighbors i and 7. Here- 
after, it will be understood that atoms labeled i are on sublattice 
(1), while those labeled j are on sublattice (2). We shall assume the 
lattice is sufficiently simple, as, for example, is the simple or body- 
centered cubic, that it can be divided into two sublattices, the 
nearest neighbors of atoms on one sublattice laying all on the other 
and vice versa. The naive expectation is then that the spins on sub- 
lattice (1) lie all in one direction, while the spins on (2) all lie anti- 
parallel to those on (1). The average energy for such a situation, 
represented by the wave function 


V=Dyi(+5)0y(-S) (2) 

(where here again 7 and 7 are atoms on sublattices (1) and (2), 
respectively), is easily obtained, and is 

(v, H¥)=—4NZJ3°, (3) 

where N is the number of atoms and Z the nearest neighbor 

number. Unfortunately, the state (2) is not an eigenstate, and so 


all that can be said is that, by the variational principle, the 
energy E, of the ground state lies lower than Eq. (3): 


—43NZJ5*. (4) 
A second, lower bound may be placed on the ground state energy 
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in the following way: For the two-sublattice situation, it is clear 
that the hamiltonian (1) may be decomposed into a sum of terms: 


H=2.Hij, (S) 
A;=JZ,;S;-§;. (6) 
The sum in Eq. (6) runs over all atoms j of sublattice (2) which are 


neighbors to the atom i of sublattice (1). Now the diagonal energies 
of the H; are well known.? The lowest energy is 


E;=—JIS(ZS+1), (7) 


which is obtained when the cluster of neighbor spins S; is given 
its maximum angular momentum 2;S;=ZS, and S; is then set 
as nearly antiparallel to the surrounding cluster as possible. 
Unfortunately, there is no way to make up a full eigenfunction 
for the lattice out of such least-energy wave functions—for 
instance, we find that (Sj:)ay#— (Siz), which shows that such a 
wave function would not be self-consistent. On the other hand, 
one can easily see that the least eigenvalue of the total hamiltonian 
must be greater than the sum of the least eigenvalues of its parts: 


E,>—4§NZJs*(1+1/ZS). 


This statement follows from the fact that the ground-state 
energy, or least eigenvalue E,, must be the sum of diagonal ele- 
ments of H; by Eq. (5), but the variational theorem says that all 
possible diagonal elements of any matrix are greater than or equal 
to the least element. Physically, this means that the interaction 
with the rest of the lattice necessarily “spoils” the wave functions 
for the clusters which lead to the energy (7), and increases the 
energies of the clusters. 

Thus, the bounds on the energy of the lowest state are 


—4NIZS> E,> —4NIZS(1+1/ZS). (9) 


In most practical cases of interest, these are very strong bounds: 
Mnf, for instance, has Z=8, S=5/2, so that the possible frac- 
tional variation for E, is 1/20. This in turn is a good indication 
that the wave function of the ground state is usually not greatly 
different from the “naive’ ” expectation (2). 

In Hulthén’s case,! 1+1/ZS is 2. He found the corresponding 
factor for his rigorous ground state to be 1.773: 


E,(S=}, Z=2)=—1.773(§NZ)JS, (10) 


while a somewhat better upper bound than Eq. (4), 1.5, may be 
obtained with a simple “bond eigenfunction.” We see that the 
limits are correct, if somewhat wide, in this, the worst possible 
case. 


iL. Hulthén, Arkiv. Mat. Astron. Fysik 26A, No. 11 (1938). 
2 See, for instance, P. R. Weiss, Phys. Rev. 74, 1493 (1948). 


The New State in Li’ at Low Bombarding Energy* 
R. W. Gettnas, C. M. Crass, ane S. S. HANNA 
Department of Physics, Johns Hopkins University, Baltimore, Maryland 
(Received July 20, 1951) 


OVE and Harvey’ have revealed the existence of a state 

in Li’? at 4.77+0.10 Mev from observations on the 
Be®(d, a’)Li’™ reaction and on the inelastic scattering of protons, 
deuterons, and alphas by Li’, at bombarding energies of 7.9, 14, 
and 31 Mev. In a survey of the Be*(d, a) Li? reaction,? at bombard- 
ing energies of 0.68 and 1.03 Mev, we examined the alpha-spec- 
trum at 90° using magnetic analysis.? Above E.x=2.5 Mev in Li’? 
a continuum of alpha-particles is encountered, and in the neigh- 
borhood of E.x=4.7 Mev Li*** recoils from the doublet ground- 
state transition interfered with our observations. With photo- 
graphic detection, discrimination between the lithium particles 
and alphas is difficult because they have practically the same range 
in emulsion. The two lithium groups are separated by only 135 
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kev on the alpha-energy scale. We have now reexamined the region 
around E,,=4.7 Mev, using thinner targets and more favorable 
bombarding energies and target orientations than in the survey 
work. 

With magnetic analysis, alpha-particles corresponding to a 
4.77-Mev state will coincide with the ground state. Lit** recoils 
at a bombarding energy of 1.64 Mev and with the first excited 
state recoils at 1.20 Mev. Interference from deuterons scattered 
elastically from Be; C, and O will be experienced at bombarding 
energies of 1.84, 1.55, and 1.37 Mev, respectively. We have se- 
lected a bombarding energy near 0.5 Mev, which produces a 
separation of about 200 kev between the predicted alpha-position 
and the closest lithium recoils, making possible a search on either 
side of the expected location. 

The beryllium target (on solid backing) was set at an angle of 
22° to the deuteron beam. This orientation produces a relatively 
large spread in energy in the impinging deuterons; but the 
lithium recoils receive only 2/11 of the bombarding energy, and 
for them the effective thickness is only 8 percent above that for 
normal emergence. The oblique setting also has the advantage of 
increasing the yield from a given thin target. In the first run, 
the results of which are shown in the lower part of Fig. 1, a fairly 
thick target of approximately 3000A was used. The trum was 
calibrated with the proton peak from Be®(d, p’)Be*. The breadth 
of this peak is due in large measure to the target orientation which 
is not favorable for the proton reaction. Despite the poor resolu- 
tion a group of particles can be seen partially resolved on the low 
energy side of the lithium recoils. 

The second run, shown in the upper part of Fig. 1, was made 
with a considerably thinner target (conveniently prepared from 
the stock of evaporated targets on hand by dissolving away a 
portion of the beryllium in very dilute sulfuric acid). With the 
increased sharpness of the lithium peaks it was possible to use 
them to calibrate the plate. The energy scale obtained agreed 
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satisfactorily with that from the first run when compared on the 
basis of the magnetic field settings. The group of particles on the 
low energy side of the recoils is well resolved and falls in the right 
region to be identified with the alpha-group observed by Gove and 
Harvey' at a bombarding energy of 14 Mev. Using the Q values of 
Be®(d, p’)Be* and Be*(d; Li, Li*)He* given in the literature,‘ we 
obtain a Q of 2.5340.02 Mev and an excitation energy in Li’ of 
4.62+0.02 Mev. The intensity of the transition is estimated to be 
about 25 percent that of the ground state alpha-transition at this 
bombarding energy. In comparing the two spectra in Fig. 1, one 
observes the shift in peak maxima arising from target thickness. 
The rising edge on the high energy side of the ground state lithium 
group, however, agrees satisfactorily between the two runs. 
In computing energy values we have attempted to utilize the high 
energy edge of the peaks in a consistent fashion. 

* Assisted by a yest with the AEC. 

1H. E, Gove and J. A. Harvey, Phys. Rev. 82, 299, =. Geen. 

and . Hanna, 298 


2R. W. Gelinas Phys. Rev. 82, 
* For a description of the instrument see D. R. Inglis, sy Rev. 78, 104 


(1950). 
‘Ww. W. Sorter and E. N. Strait, Phys. Rev. 76, 1547 (1949); W 
Strait, Van Patter. 


Whaling and C. W. Li, Phys. Rev. si, 150 (aeet); 
Buechner, and Sperduto, Phys. Rev. 81, 747 (1951) 


Stars Produced in Nuclear Emulsions by Carbon 
Ions from the Cyclotron 
James F. MILLER 
Crocker Laboratory, University of California, Berkeley, California 
(Received July 20, 1951) 


UCLEAR emulsions have been exposed to carbon ions 

accelerated in the 60-inch cyclotron at Crocker Labora- 
tory,'~* and a study of salient features is being made. This note 
reports early results on the observation of inelastic nuclear events 
with the atoms of the emulsion. Ilford E-1 and D-1 nuclear emul- 
sions were used. In the E-1 emulsion, the track of a carbon ion 
has a solid core, covered with electron spurs less than 2 microns 
long in the early part of the track and none in the later part. 
The track tapers appreciably and may have gaps near the end. 
In the D-1 emulsion the track is less dense and the tapering less 
noticeable. 

The plates are exposed in the cyclotron vacuum to the external 
beam, with nothing interposed between them and the beam. A set 
of three slits over a length of 26 inches serves to exclude all but a 
few extraneous charged particles. The plates are inclined so that 
the tracks dig into the emulsion at an angle of five degrees. 
Both C® and C¥ ions, completely stripped, have been used. C” 
ions of 120-Mev energy have a range in the emulsion of 175 
microns; C™ ions of 130-Mev energy have a range of 190 microns. 
Carbon ions ionized twice, rather than six times, can be accelerated 
in the cyclotron, using the cyclotron frequency as the third har- 
monic of their orbital frequency. These C** appear in great quan- 
tity in the internal cyclotron beam, and of these a small fraction 
is often found in the external beam. Their energy is one-ninth 
that of the C**, and their range in the emulsion is about 2.5 
microns. 

Inelastic events in which charged particles are emitted are the 
only kind that can be definitely identified, and only these are 
included here. From these events can be calculated a composite 
cross section for all the elements of the emulsion. In Ilford emul- 
sions, the stated composition gives, out of 100 atoms, approxi- 
mately 13 atoms each of silver, bromine, and oxygen, 17 of carbon, 
41 of hydrogen, and 3 of minor constituents. 

In calculating a cross section, the hydrogen atoms have been 
included here as capable of producing a star in contrast to the 
usual procedure when bombardment is with protons or neutrons. 
The full length of the carbon ion track has been used in the calcula- 
tion. With C® ions, 102 events have been found out of 181,000 
tracks; with C%, 108 events out of 188,000. These correspond to 
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cross sections of 0.40+0.03 barn for C¥, 0.37+0.03 barn for 
C®. Table I shows the number of emergent prongs from the stars. 


Taste I. Number of emergent prongs from the stars. 








Prongs 





cr 








Two-prong stars are included only when they could not have been 
elastic. 

A feature of the stars is the high percentage of alphas emerging. 
Of protons emerging from carbon stars, the longest track lying 
wholly in the emulsion was 1046 microns, corresponding to an 
energy of 14.2 Mev. No “hammer tracks” from Li® have as yet 
been observed 

The mosaic of Fig. 1 shows a C® ion stopped in Ilford 100. 
E—1 emulsion without a nuclear reaction and one which entered 
another nucleus, with seven emergent prongs. The C” ion had 
traveled 63 microns when it entered the target nucleus and ac- 
cordingly had about 90-Mev kinetic energy remaining. The 
seventh prong is hidden in the main mosaic, since it is short and 
goes downward. Its presence is shown by the three pictures at the 
upper right, taken at increasing depths. 

The interest and encouragement of Pvofessors Ernest O. 
Lawrence, J. G. Hamilton, and E. M. McMillan are acknowledged 





‘1G. 1. C#® ion tracks in Ilford E-1 emulsion. One stopped without nuclear 
event; the other produced a seven-pronged star. 
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with gratitude. The writer is particularly indebted to the opera- 
tions staff of the 60-inch cyclotron under Mr. T. M. Putnam, Jr., 
and Mr. G. B. Rossi. Much painstaking work has been done by 
Mr. A. Oliver of the nuclear emulsion group of the Radiation 
Laboratory in preparing mosaics of nuclear events from carbon 
ions, of which those reproduced here are part. 


1 L. W. Alvarez, Phys. Rev. 58, 192 (1940). 
teen: 


?C,. A. Tobias, Ph.D. thesis, University of California, Berkeley ath 


+R. I. Condit, Ph.D. thesis, University of California, Berkeley 
and Phys. Rev. 62, 301 (1942). 

‘ York, Hildebrand, Putnam, and Hamilton, Phys. Rev. 70, 446 (1946). 

‘ Miller, Hamilton, Putnam, Haymond, and Rossi, Phys. Rev. 80, 486 


(1950). 


The Photodisintegration Cross Section 
of the Deuteron 
Stirtinc A. COLGATE 
Laboratory of Nuclear Studies,* Cornell University, Ithace, New York 
(Received July 30, 1951) 


HE photodisintegration cross section of deuterium by 
gamma-rays of ThC” has been observed by measuring the 
difference between the total gamma-ray absorption cross sections 
in D,O and H;0. Although the difference is very small (approxi- 
mately 0.3 percent), the effect can be magnified in a balance- 
type experiment by observing the difference in counting rates 
through many mean free paths of absorber. The ratio of the count- 
ing rates through two-dimensionally identical absorbers of D,O 
and H,0 was observed for the sources Co and ThC”. The photo- 
disintegration cross section obtained for 2.62-Mev gamma-rays 
of the ThC” was (1.47+.0.22) millibarns, which agrees within the 
statistical accuracy with the excellent measurements by Bishop 
et al. 

The sources were 300 mC of ThC” and 3 curies of Co, re- 
spectively. The initial columnation in lead was (6.1 10-5) solid 
angle subtended at the source by the beginning of the absorber. 
The absorbers were aluminum tubes 187 cm long, 1}” 0.d.x1}”’ 
id., filled with distilled water and 99.88 percent D,0.2 The 
The detector was a scintillation counter with stacked 4-cm di- 
ameter Nal crystals totaling 9 cm long and a 5819 photomulti- 
plier. A large amount of lead shielding was used around the 
detector to reduce background. The electronic bias setting was 
such as to count the upper 50 percent of the Co® spectrum and 
the upper 30 percent of the ThC” spectrum. The absorption coeffi- 
cient of copper for the 2.62-Mev gamma-ray of ThC” was de- 
termined using the same setup, and this agreed to within 0.2 
percent with accurate absorption measurements made previously 
with different apparatus and setup.* This could be used to de- 
termine an extrapolated zero absorber counting rate, which, in 
conjunction with the water absorbers, gave a water cross section 
that agreed to within 0.2 percent with the measurements in 
reference 3. This is sufficient evidence to say that the amount of 
scattered radiation detected was negligible. 

The ratio of the counting rates through D,O and H;0 absorbers 
was determined by alternating absorbers and then counting to 
1.5 percent statistical accuracy in each trial. One hundred de- 
terminations of the ratio were made for both sources. The energy 
of the Co® gamma-rays are below the photodisintegration thres- 
hold and so give a ratio of counting rates determined by the ratio 
of molar volume of D,O to H,0, or in particular give the ratio of 
electronic gamma-ray cross section for the two tubes. The ratio 
of molar volumes so determined agreed within the experimental 
error with density determined values.‘ The ThC” gamma-rays 
should give rise to the same electronic cross-section ratio and in 
addition include the photodisintegration cross section. The ratio 
of counting rates of D,O/H.,O for the Co® source was (1.0361 
+0.0020) in 11.85 mean free paths. The ratio for ThC’ was 
(1.0060+-0.0023) in 7.96 mean free paths. This results in a differ- 
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ence of (0.0183+0.0027) in the counting rate due to D, in 187.1 
cm of D,O at 22°C. This gives a photodisintegration cross section 
of (1.47+0.22) millibarns per deuterium nucleus. 

I am grateful for the encouragement of Dr. R. R. Wilson 
throughout the course of this experiment. 

*Th 

1 Biskon Collie oupported Ze oy Du Toit, and Wilson, 
Phys. Rev. 80, 211 (1950). 

2 The ag was furnished by The Stuart Oxygen Company, San Francisco, 


California. 
'T 


‘E. Soe - 


Colgate. 
J. Am. Chem. Soc. 61, 198 (1939). 


Erratum: Quantum Statistics of Fields 


(Phys. Rev. 83, 125 (1951)] 
A. E,. Scuerpeccer and C. D. McKay 
Depariment of Physics, Queen's University, Kingston, Ontario, Canada 


HE following changes should be made in the article with the 
above title: 
Equations (2.5) and (2.11): The factor T should be omitted. 
Equation (3.13) should read: 
S/V == (28) J” log{1—exp(—#K2/2mkT) 4x KK 
+ 1 wR 
(2x)§ TJ0 2m{exp(h®K?/2mkT)—1} 

Equation (4.14): add the factor me*. 


4nK'dK. 





Cosmic-Ray Star Production in Argon 
at Sea Level*t 
W. W. Brown anv E. W. Hones 


Department of Physics, Duke University, Durham, North Carolina 
(Received August 1, 1951) 


HE sea level rate of cosmic-ray star production in argon has 

been measured by direct observation of the N-ray nuclear 
interactions in the gas of an ionization chamber contained in a 
cloud chamber. The ionization chamber, a 3} in. diameter and 
Ys-in. walled brass cylinder 8 in. in length, open at both ends, and 
having a y,-in. steel central wire, is mounted coaxially with the 
cloud chamber which has a useful rectangular volume 10 in. X 10 in. 
X8 in. depth! (Fig. 1). The gas, argon at 75 !b-in.~ absolute pres- 
sure saturated with iso-amy] alcohol, is common to both the cloud 


¢ 


GEIGER COUNTERS 1°x 16” 


C00000000000 
CLOUD CHAMBER 


Fic. 1. Arrangement of 
lenteation chamber, cloud 
chamber, and counters. 
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Fic. 2 A neutral particle interacts with an argon nucleus pat vo pred a 
star in which 11 emitted ionizing particles are visible in the nega- 
tive. Protruding through the wall at the lower right is a wire carrying a 
Po-alpha calibrating source. 


chamber and ionization chamber. A burst occurring in the ioniza- 
tion chamber generates a pulse which is used to trigger the expan- 
sion mechanism. Rapid reduction of the cylinder voltage from 
minus 1400 volts to ground, after electron collection is over, pro- 
hibits any appreciable motion of the positive ions and thus permits 
observation of the tracks of the burst producing particles. The 
regions exterior and interior to the ionization chamber are il- 
luminated with Amglo flashlamps and photographed stereoscopi- 
cally. A photographed array of neon bulbs indicates which of the 
counters (each 1 in. X 16 in. effective area) above the chamber are 
discharged in coincidence with a burst. The chamber was operated 
under a light roof in an insulated box and maintained within a 
few degrees of 37°C. Only those bursts releasing more than 7 Mev 
(1.3 Po-alpha) were permitted to trigger the chamber. Oscillo- 
graph traces of the ionization chamber pulses were photographed. 

Bursts were produced by stars occurring in the wall and gas 
(see Fig. 2) of the ionization chamber and by electronic showers. 
In Table I the numbers of the above ionizing phenomena causing 


Taste I. Number of ionizing phenomena causing bursts. 








Bursts due 
to electronic 
wers 


Stars in argon 
lor more 3 or more 
prongs prongs 


Stars in brass 
wall of 1 or 
more prongs 


Sensitive 
time, hr 





365 135 46 33 14 








bursts in 365 hours of sensitive operating time are given. A plot 
of the spacial distribution of the origins of the stars occurring 
in the gas indicated that those occurring near the wall and the 
ends of the ionization chamber had less chance of being detected 
than those occurring nearer the axis and center of the chamber. 
In a centrally located cylindrical volume 7.16 cm in diameter and 
12.2 cm:long, where the wall and end effects are negligible, 37 
stars of 1 or more prongs occurred in the gas in the sensitive time 
interval. Of these 27 were of three or more prongs. Since the photo- 
graphs of the oscillograph traces of the bursts indicated the ioniza- 
tion chamber was working properly during this interval, the few 
instances in which ‘blank pictures of the cloud chamber were 
obtained were attributed to inefficiency in the cloud chamber 
operation. The rate of star production in argon, after correcting 
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for this inefficiency (7 percent) and for the expansion of the gas 
(15 percent) is 0.78+-0.13 g day~ and 0.57+0.13 g day for 
one or more and three or more prongs, respectively. The ratio of 
the latter rate to the rate measured in photographic plates* is 
1.42+0.34, while the ratio of the nuclear area per gram of argon 
to that of the photographic emulsion, not counting the hydrogen 
present, is 1.17. Our results are thus not in disagreement with the 
emulsion work if N-rays have geometric cross section for nuclear 
interaction. 

In a total operating period of 1009 hours, during which the 
chamber was not always operating at high enough efficiency for 
absolute rate measurements, the total number of gas stars observed 
was 95. In 5 cases the initiator was identified as a charged particle 
by its low ionization, its location in the upper hemisphere with 
reference to the star origin as center, and by the requirement 
that the backward extension of its path pass through counters 
above the cloud chamber which were discharged in coincidence 
with the ionization chamber. If charged and neutral N-rays have 
the same mean free path for nuclear interaction, this indicates 
that about 5 percent of the sea level N-rays are charged. 

The authors are grateful to Professor W. M. Nielsen for his 
interest in the project and for his efforts which made the work 
possible. 

* This work was supported by the joint program of the ONR andAEC. 

t+ Based in part on a thesis to submitted by E. W. Hones to the 
Graduate School af Duke University in partial fulfillment of the require- 
ments for the Ph.D gree. 
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Induced Infrared Absorptions of H., N., and O, 
in the First Overtone Regions 
H. L. Wetsn, M. F. Crawrorp, J. C. F. MacDonaLp, 
AnD D. A. CHIsHoLM* 
McLennan Laboratory, University of Toronto, Toronto, Canada 
(Received July 23, 1951) 


NFRARED absorptions at the fundamental frequencies have 
been observed in the compressed gases Hz, Ne, and O: and in 
mixtures of these with foreign gases.1~* The experimental evidence 
is consistent with the hypothesis that the absorption is caused by 
the distortion of the charge distribution of the absorbing molecule 
during a close two-body collision. The theoretical calculations of 
Van Kranendonk and Bird‘ support this hypothesis. In recent ex- 
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Fic. 1. Centours of the induced infrared absorption of 
hydrogen in the overtone region. 
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periments on Hz, Nez, and O, at high densities, absorptions in the 
regions of twice the fundamental frequencies have been observed. 

These absorptions were obtained using two transmission cells: 
a medium pressure (150 atmos) cell of 85-cm path length, and a 
high pressure (1500 atmos) cell of 30-cm path length. The medium 
pressure cell could be cooled to liquid air temperatures, and was 
used to investigate the temperature dependence of the Hz ab- 
sorption. 

The integrated absorption coefficient of the overtone absorption 
in Hz at both 80°K and 300°K varies as the square of the density 
up to 426 and 676 Amagat, respectively. The specific integrated 
absorption coefficient for the overtone is 3.5<X 10-5 cm™ per cm 
path per Amagat* at 80°K and 6.2 10~ at 300°K; for the funda- 
mental it is 1.1X10-? cm™ per cm path per Amagat* at 80°K 
and 2.5X10-* at 300°K. The specific absorption coefficient for 
the overtone plotted against wave number is shown in Fig. 1 
for both temperatures. The low temperature contour shows five 
distinct components. The frequencies 8080, 8415, and 8645 cm™ 
are in good agreement with those calculated for the Q, S(0), and 
S(1) lines of the »=0 to »=2 transition using the constants of the 
free molecule. The frequencies 8320, 8645, and 8865 cm™, 
marked Q’, S’(0), and S’(1) in Fig. 1, agree with those calculated 
using the expression 2w,—4x,w, for the frequency of the Q-branch. 
The variation in the intensities of the lines as the temperature, and 
hence the ortho-para ratio, was changed confirms the above assign- 
ments. Thus we conclude that the observed absorption is a super- 
position of two bands. The frequency analysis suggests that the 
lower frequency band is the first overtone and that the higher 
frequency band corresponds to a double transition in which both 
Hz molecules in the collision undergo the fundamental transition 
simultaneously. This interpretation is as yet speculative, and is 
being tested by experiments on the enhancement of the absorption 
by foreign gases. 

An absorption at the overtone frequency of N2, 4632 cm™, was 
observed in a 22.6-cm path of liquid N, and in the 30-cm path of 
the high pressure cell at room temperature with a gas density 
81 percent that of the liquid. On the assumption of a density- 
squared dependence, the specific integrated absorption coefficient 
in both the liquid and the gas is 1.4X10~* cm™ per cm path per 
Amagat.? The ratio of the specific integrated absorption coefficient 
of the overtone to that of the fundamental absorption is 1:66. 
An absorption was also observed in the region of twice the funda- 
mental frequency of the O, molecule, 2900-3300 cm™, using the 
85-cm cell at room temperature and O2 densities up to 134 
Amagat. The ratio of overtone to fundamental intensity is 1:30 
in this case. 

The authors are indebted to the National Research Council 
of Canada for financial assistance in the construction of high 
pressure apparatus. 

* Holder of the E. Burton ey | in Physics, School of Graduate 
Studies, University of Toronto, 195 
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Photoproton Reactions in Lead 


A. G. W. Cameron, W. HARMS, AND L. Katz 


Betatron Group, Department of Physics, University of Saskatchewan, 
Saskatoon, Saskatchewan, Canada 


(Received July 30, 1951) 


N 1946 Baldwin and Klaiber' obtained a 4.5-minute thallium 
activity when lead was irradiated with 100-Mev x-rays. They 
attributed this to a mixture of 4.76-minute TP” and 4.23-minute 
TPs (at that time incorrectly assigned to TP). Any or all of the 
reactions Pb*8(, »)TP’, Pb*"(y, p)TP°*, Pb®8(-y, d)TP*, and 
Pb*8(-y, pn)TP°* would produce these activities. 
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We have measured the activation curve for the combined reac- 
tions up to 27 Mev, making no attempt to separate the two half- 
lives. Thin lead and copper disks of identical shape were irradiated 
together in the betatron beam and counted alternately with an 
end-window counter. The known Cu™(y, #)Cu® activation curve* 
thus served as a monitor for the lead reactions. The energy thresh- 
olds for the (y, ) reactions in Pb*** and Pb” are 7.7 and 7.8 Mev, 
respectively,’ but due to the high potential barrier for protons the 
yields below 15 Mev were too small to be counted. 

Although the counting geometries were the same for both types 
of sample, the corrections for self-absorption in lead and copper 
were quite different. Because of the changing angular distribution 
of beta-particles from circular disks as a function of sample thick- 
ness, it is necessary to measure specific activities in extremely thin 
samples in order to make this correction. This was not possible in 
the case of the lead samples, so a curve of specific activity versus 
sample thickness was measured using saturation backscattering, 
and a correction given by Yaffe and Justus* was applied. 

The resulting activation curve was analyzed by the photon 
difference method® to determine the sum of the contributing photo- 
nuclear cross sections. This is plotted as the solid curve (a) in 
Fig. 1. A cross section maximum of 5.3 millibarns occurs at 26 Mev. 
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Fic. 1. Cross-section curves for (y, ) and (vy, pm) reactions in lead. (a) 
Observed cross-section curve assuming that only the reactions Pb**"(y, p) 
a and Pb**(y, p)TI* produced the measured activities. (b) Sum of 

) and (7, pm) cross sections computed from (a) and statistical theory. 

fy; he (7, #) cross section computed from (a) and statistical theory. The 

difference in ordinates between curves (b) and (c) represents the (7, pm) 
cross section. 


It is possible to draw some theoretical conclusions regarding the 
contribution of the various possible reactions to this cross-section 
curve. In the following considerations we assume the (vy, d) re- 
action cross section to be small compared to those for the (+, ?) 
and (+, pn) reactions. 

If the absorption of high energy photons results in the formation 
of a compound nucleus, then, according to the statistical theory of 
Weisskopf,* protons will be emitted with an energy distribution. 


I(E,) « Eyo(E,) exp2[a(h—Q—E,)}, (1) 


where E, is the proton energy, o(E,) is the capture cross section 
for protons of energy Ey, by the residual nucleus, and the exponen- 
tial factor represents the level density of the residual nucleus at the 
excitation in which it is left after the proton emission. This residual 
nucleus will decay by y-ray emission, or, if the energy is sufficient, 
by neutron emission (thus resulting in a (y, pm) reaction). Since 
proton emission becomes easier as the nuclear excitation is raised, 
it is probable that the majority of the (7, pm) events observed 
here involved the prior emission of a proton in the above manner. 

With the value a=10 (Mev) for A = 207, proton energy dis- 
tributions corresponding to photon energies between 15 and 27 
Mev were computed. It was then assumed that the fractional 
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part of the distribution, which would leave the residual nucleus 
sufficiently excited to emit a neutron, would result in a (y, pm) 
reaction (this fraction was negligible below 20 Mev). The ob- 
served cross-section curve (a) of Fig. 1 is the sum of (y, ~) cross 
sections in two lead isotopes and a (y, pm) cross section in Pb**. 
Thus, assuming equal cross sections in the different lead isotopes 
at a given photon energy, it was possible to find what fraction of 
curve (a) represented the Pb***(-y, pn)T?* reaction at any photon 
energy. Curve (b) is the computed sum of (y, p) and (y, pm) 
cross sections in lead, and curve (c) is the (7, ») cross section alone. 
These two curves are insensitive to the nuclear radius assumed in 
the computations. 

The above value of a from Eq. (1) for the description of TI 
level densities is a smooth extrapolation of Weisskopf and Blatt’s 
values.* From the work of Stelson and Goodman’ and of Whit- 
more® on the inelastic scattering of 14-Mev neutrons from lead, 
a value a=22 (Mev)~! may be obtained for the “magic number” 
lead nuclei. This larger value would decrease the peak position of 
curve (c) by less than one Mev. On the other hand, if many of 
these photoprotons are directly excited in the nucleus and escape 
before a compound nucleus can be formed,*™ the (y, p) cross 
sections will comprise a much larger fraction of curve (a). To 
settle such questions it is necessary to determine the energy dis- 
tribution of the photoprotons from lead. 

1G. C. Baldwin and G. S. Klaiber, Phys. Rev. 70, 259 (1946). 

2 Johns, Kage. Douglas, and Haslam, Phys. Rev. 80, 1062 (1950). 

7K. Wa wae, Be Rev. ye 1448 (1949). : 

‘L. Yaffe an Justus, ‘Conference on absolute beta counting," 
National Research Col eay minary a No. 8 (1950) ; J. Chem. Soc. 
Supgiomensnee Issue No. 2, 5, S 341 (194 

A. G. W. Cameron and L. ‘koe, Phys. Rev. 83, 892 (1951). 

sy. M. Blatt and V. F. Weisskopf, “The theory of nuclear reactions," 
Technical Report No. 42, Laboratory oy} ater Science and Engineering, 
Massachusetts Institute of Technol (unpublished). 

7 P. H. Stelson and C man, Phys. Rev. 82, 69 (1951). 
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Yields of a-, n-, and y-Radiation from Chlorine 
Bombarded with Protons 
K. J. Brostrgm AnD B, S. MapseEn, 
Institute for Theoretical Physics, University of Copenhagen, Denmark, 
AND 
C. B, MapsEn, 
Physical Institute, University of Aarhus, Denmark 
(Received July 30, 1951) 


HE Cl(p, y)A reaction was first studied by Curran and 

Strothers! who found indications of three broad resonances 

at 650, 800, and 1000 kev. Tangen ef al.4* found four sharp reso- 
nances at 427, 447, 500, and 532 kev. 

Weimer, Kurbatow, and Pool*® found that bombardment of 
chlorine with fast protons resulted in a radioactive gas with a 
half-life of 34 days. They ascribed the activity to A*’ formed 
in the process Cl*"(p, m)A*". Richards et al.*7 detected the neutrons 
from this process and studied the excitation function. They found 
the threshold energy of the protons to be 1639 kev. 

Using targets of unseparated chlorine (PbCl:) and with the 
technique of proton bombardment and +-detection previously 
described,* we have found 80 y-resonances in the voltage region 
from 500 to 2150 kev. (See Fig. 1.) A few of the strongest of these 
peaks have also been detected with targets of separated chlorine 
prepared by Dr. J. Koch and Mr. K. O. Nielsen by the methods 
previously used for neon and argon.*'® These peaks are: Cl*: 
858, 888, 1102, 1258, 1484, and 1510 kev; Cl*’: 1090 kev. 

Neutrons have been searched for with boron-filled proportional 
counters surrounded by paraffin wax. In the voltage region from 
1600 to 2300 kev, 47 neutron-emitting levels have been found, 
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the lowest situated at 1637 kev in fair agreement with the threshold 
found by Richards et al. 

Six of these resonances, i.e., 1928, 1974, 2014, 2028, 2079, and 
2108 kev, have been detected in Cl” targets, whereas none was 
found in Cl**. This is in accordance with the highly negative 
Q-value calculated from accepted mass values for the Cl*®(p, n)A® 
process. 

a-particles have been looked for (at a right angle to the proton 
beam) with a proportional counter, magnetic deflection being 
used to separate a-particles from scattered protons. In the interval 
from 1450 to 2040 kev, 10 resonances giving rise to a-emission 
have been found. The energy of the a-particles has been estimated 
from pulse size and gives a Q-value of 3.2 Mev. As the Q-value for 
the process S*(a, »)CI* is known to be — 2.1 Mev," the a-parti- 
cles are ascribed to the process Cl"(p, a)S*. 
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Fic. 1. Section of a-, n-, and y-yield curves of a PbCls-target 
of about 4-kev stopping power. 


At most resonance voltages more than one sort of radiation has 
been observed, e.g., at 1838 kev, 1928 kev, and at 1974 kev we 
have found conspicuous peaks in both the a-, y- and n-curves, 
but a few strong peaks (e.g., the m-peak at 1693, the y-peak at 
1707, and the a-peak at 1699 kev) show up only in one of the yield 
curves. 

In order to decrease the effect of voltage uncertainties, measure- 
ments were always made either of the m- and +-yields simul- 
taneously or of the m- and a-yields simultaneously. 

In the whole voltage region the resonance widths are smaller 
than the experimental widths, which are for y- and neutron peak 
6-8 kev and for a-peaks 15 kev. 

The average distance between the observed neutron peaks is 
about 14 kev. For the y-peaks the distance is the same in the 
interval from 800 to 1500 kev whereas it is 25 kev from 1500 to 
2150 kev. From this, however, it cannot be inferred that the den- 
sity of -y-levels decreases with increasing energy, as the number of 
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small peaks which are concealed by the background rises markedly 
with voltage. This is not the case with the neutron curve, where the 
background is much smaller. A more detailed account of the ex- 
periments and a closer discussion of the results will shortly appear 
in the Communications of the Copenhagen Academy (Kgl. 
Danske Videnskab. Selskab. Mat.-fys. Medd.). 

The investigation has been carried out in the Institute for 
Theoretical Physics, University of Copenhagen, Copenhagen, 
Denmark. The authors wish to express their thanks to Professor 
Niels Bohr for his continued interest in the work and to Dr. J. 
Koch and Mr. K. O. Nielsen for their kind help in preparing the 
targets with separated isotopes. 
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A Note on the Theory of Directional Correlation 
K. ALDER 
Federal Institute of Technology, Zarich, Switzerland 
(Received July 30, 1951) 


S a general formula for the correlation of 2 successive emis- 
sions of any nuclear particles, Falkoff and Uhlenbeck! found 


W (8) =ZwomomePuomo(0) Pauroae(d) 
=0+R cos?d+S costd+---, (1) 


where Ma, Ms, M- are the magnetic quantum numbers of the 3 
energy levels A, B, C. Pacams is the relative probability for the 
transition M,—M, in the notation of F.U. In a more natural way 
W(#) can be expanded in Legendre polynomials: 


W (8) =ZarP;(cosd). (2) 


Here a, is a product of 2 factors I, and IIx, which are dependent 
only upon the first and upon the second of the two transitions, 
respectively, 

a.= I, TI. (3) 


For pure transitions 
Ig= {2 mCumz—m*(—1)"FL™(0)}W (lal akL| LI), (4) 


and the same formula holds for IIx with J¢ replacing Ja. 
W (I gl 4kL| LI) is the Racah coefficient,? Crmz—m* the Clebsch- 
Gordon coefficient as used, for example, in the paper of Gardner.* 
If the influence of the magnetic field of the electronic shells on the 
angular correlation has to be taken into account, the general 
formula is 

ap=T,11kG:, 


where G; is an attenuation factor, given by 


ii y CFD OF +1) |W aTRF| FIs) |? 6) 
“¢ rr 1+ (ver: | 2)? 

Following Goertzel,‘ J denotes the electronic angular momentum, 
F the total angular momentum, vr: the hyperfine splitting, and 
4ry the total transition probability of the intermediate nuclear 
state B. G; is completely independent of multipole order and of the 
spins of initial and final state. G, can be split up into a part F= F’ 
and into interference terms FF’. The latter are negligible when 
the interaction is strong yrr->>2y. We are left then with a mini- 
mum correlation. 


(Ge) min = Zr(2F+1)*| W (1 aJkP | FIs) |*. 
The case J=} can be easily discussed. The sum of the Racah 


(5) 
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coefficients gives 
a (Av/2y)* 
1+(Ay/2y)” 


k(k+1) 
(2Ia+1) ’ 
with the minimum value 
(Gx) min= 1—k(R+1)/(22 8+1). 


For Av/2y=2xAvcrg=1 (rg mean life of the level B) the attenua- 
tion is exactly half of its maximal value; (2xAvc)~= 1 is a char- 
acteristic time for this attenuation. The values of ro for different 
values of Av is shown in Table I. The variation of Gx min as a 
function of k and 7g may be seen in Table IT. An application of 
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TABLE I. ro as a function of Av. 








4y 0.00icm™ 0.01 cm™ 0.1 cm™ lcm" em 


10 
reo =$.3-107-%sec 5.3107" sec 5.3107" sec 53° "10-1? sec 5.3 10°" sec 








formula (4) which permits the determination of the multipole 
order and the character of an electromagnetic transition is the 
following. 


TABLE II. Gé,min as a function of & and Ig. 
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If in addition to the correlation of the y—X transition (where 
X stands for any particle) it is possibie to measure the e~—X 
correlation of the respective e«~-—X transition (e~ conversion 
electrons), then the ratio Az/B, is dependent only upon & and the 
multipole order. A, and By are the coefficients of the Legendre 
polynomials for the y—X and e~—X transition, respectively. 

For an electric 2! transition we get, with Ao=Bo=1, 

A,/B,y=1—[k(k+1)/21(/+1)]. 
For a magnetic 2! transition we get 
Are +t k(k+-1) —2/(2/+-1) 
B, +1 kk+1)—210+1) 
Both formulas are valid for low Z and nonrelativistic energies. 

I would like to express my thanks to Professor Pauli, Professor 
Weisskopf, Dr. Frauenfelder, and Dr. Schafroth for their interest 
and many discussions. 
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Properties of Plutonium-243 
J. C. Sutuivan, G. L. Pyce, M. H. Srupier, P. R. Fiewps. 
AND W. M. MANNING 
Argonne National Laboratory, Chicago, Illinois 
(Received July 23, 1951) 


O build up an appreciable concentration of higher plutonium 
isotopes by successive neutron capture, a sample of Pu™ 

was subjected to a prolonged neutron irradiation. After irradiation 
the plutonium was isolated from fission products and other im- 
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purities by extraction with di-ethy] ether. The isotopic composition 
of this plutonium was determined mass-spectrometrically by 
Inghram and Hess.' In addition to Pu®* they found measurable 
amounts of Pu®®, Pu™, and Pu*®. 

Samples of a nitrate solution of this plutonium were evaporated 
to dryness in a quartz tube and irradiated in the thimble of the 
Argonne heavy water reactor for periods of time varying from two 
to twenty-four hours. At the end of each irradiation the plutonium 
was rapidly purified from all extraneous activity by a series of 
precipitations and solvent extractions. The purifications were 
continued until the ratio of beta-activity (corrected for decay) 
to alpha-activity became constant. A five-hour beta-activity 
remained with the plutonium despite many attempted separations, 
and was formed with the same cross section in each of the ir- 
radiations. 

Samples of Pu** containing negligible quantities of higher 
plutonium isotopes, when subjected to irradiation and subsequent 
chemical purification under conditions identical to the test 
samples, showed no traces of the induced five-hour activity. 
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F1c. 1. Aluminum absorption curve with a helium filled, mica end-window 
tube. The circles represent values corrected for decay, and the crosses 
represent values corrected for both decay and the constant Geiger back- 
ground of the plutonium. 
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Fic. 2. Decay of Pu™. The circles represent the actual values obtained, 
while the crosses are these values corrected for the constant Geiger back- 
ground of the plutonium. 
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Absorption measurements indicated that the maximum beta- 
energy for the five-hour plutonium activity is approximately 0.5 
Mev. Absorption and decay data are shown in Figs. 1 and 2. 

From these results, we conclude that the five-hour activity is 
due to a plutonium isotope, most probably Pu**. The mass 243 is 
favored by the following considerations: 1. The difference in yield 
of five-hour activity from this plutonium sample and from another 
sample of plutonium containing smaller amounts of Pu®”, Pu™!, 
and Pu*® fits best with the assumption that the activity was 
produced by neutron excitation of Pu**. Moreover, except for the 
unlikely possibility of a short-lived isomer of the observed long- 
lived Pu®*, all plutonium isotopes of lower mass which could 
conceivably have been formed are long-lived. 2. Odd mass plu- 
tonium isotopes 243 or greater are certainly beta-unstable since 
Pu*! is beta-unstable. 3. Plutonium isotopes of mass higher than 
243 can almost certainly be ruled out from considerations of yield 
and the maximum energy of the new beta-ray activity. 

The capture cross section of Pu** for pile neutrons, based on the 
yield of the five-hour activity from five separate irradiations, was 
estimated to be of the order of one hundred barns. The individual 
yields, corresponding to 90, 97, 112, 94, and 113 barns, were in 
close agreement, but the absolute value is uncertain by at least 
50 percent because the Pu content of the sample was only about 
twofold above the limit of mass-spectrometric detection. 


1M. C. Inghram and D. C. Hess (private communication). 


Short u-Meson Tracks from x-Meson Decays* 
W. F. Fry 
Department of Physics, lowa State College, Ames, lowa 
(Received July 24, 1951) 


GROUP of Ilford C2 200-micron plates were exposed in a 
spiral orbit spectrometer! to the Berkeley cyclotron. The 
plates were arranged in such a manner that x-mesons of opposite 
signs entered the emulsions from opposite directions. 
A search for unusual r—y-decays has been continued.? A total 
of 3018 +—,-decays have been studied where both the w- and 
u-meson tracks stopped in the emulsion. Four cases were found 


Tas_e I. Data for four r-meson decays with short u-meson tracks. 








Energy in Me\ 
of -meson, 
assuming decay 
in flight 


Angle between 
directions of 
x- and w-tracks, 
degrees 


Range of 
u-track, 


Event in microns 





260 0. 
258 1. 
185 6. 
120 5 








where the u-meson tracks are unusually short. The ranges of these 
w-meson tracks are given in Table I. 

Photomicrographs of events 1 and 3 are shown in Figs. 1 and 2. 
Four additional r—y-decays have been found where the lengths 
of the u-meson tracks are between 485 and 500 microns. Sixteen 
a—w-decays were found where the ranges of the u-meson tracks 
are between 500 and 520 microns. These twenty events may be 
examples of extreme straggling. The average range of the » meson 
tracks from #-meson decays is about 594 microns in these plates. 

Two events were found which appear to be r—y-decays. The 
y-meson tracks are 57 and 25 microns long. Since the yu-meson 
tracks are short, it seems difficult to establish that these two events 
are x—-decays and not scattered y-mesons. 

If the short ranges of the u-mesons in events 3 and 4 were due to 
the decay in flight of the x-mesons, the energy of the +-mesons 
at the time of decay would be 16.6 and 5 Mev, respectively. The 
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grain density near the end of the x-meson tracks is much greater 
than along a 5-Mev meson track; hence it is concluded that the 
short ranges of the u-mesons in events 3 and 4 are not due to the 
decay in flight of the x-mesons. 

In all of the 26 cases where the u-meson tracks are shorter 
than 520 microns, the x-mesons entered the emulsions from such a 
direction as to indicate that the x-mesons were positively charged. 
Approximately 3300 w-meson events have been studied in these 
plates. Only 5 x-meson events have been observed where the sign 
of the charge, as determined from the direction of the -meson, 


FiG, 1. Photomicrograph of an usual * —4¢-decay. The x-meson enters the 
emulsion at point A and decays at point B. The »-meson stops at point C. 
The w-meson track is only 260 microns long. The grain density near the end 
of the #-track is much greater than along the beginning of the u-track. 


is inconsistant with the phenomena associated with the meson. 
Since no conclusive evidence has been found for the decay of 
negative -mesons in photographic emulsions, and since the 
scattering in the spectrometer is small, it is concluded that the 
m-mesons which give rise to the short u-meson tracks are positively 
charged. It is believed that events 1 through 4 are examples of an 
alternative mode of x-meson decay. 

An unusual r—y-decay was found by Smith,’ where the u-track 
is 275 microns long. Another r—y-decay was found by Powell.‘ 


Fic. 2. Photomicrograph of a *—y-decay where the ~-meson track is 
only 185 microns long. The track of the +-meson is indicated by arrow A. 
The z-meson decay is indicated by arrow B. The »-meson track ends at 
point C. The track of the ~-meson is more nearly perpendicular to the plane 
of the emulsion than the +-meson track; nevertheless, the grain density is 
greater near the end of the z-meson track than along the beginning of the 
w#-meson track. 


The y-track did not end in the emulsion, but by grain counting 
and scattering it was estimated that the u-track would have been 
less than 350 microns long. 

The author is indebted to Dr. R. Sagane for the exposed 
plates and to Dr. J. K. Knipp and Dr. M. Schein for many interest- 
ing and helpful discussions. 


* Supported m past by a grant from the Research aa 


1 R. Sagane and P. C. Giles, Phys. Rev. 81, 653 (19 
2 W. F. Fry, Nuovo cimento, to be published. 
3. M. Smith, Reported at the Washington Meeting, American Physical 
Society (1951). 
*C, F. Powell, Cosmic Radiation, Colston Papers (Butterworth Scientific 
Publications, London, 1949), 
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Band Spectra of the Selenium Isotopes 
Sumner P. Davis anp F. A. JENKINS 
Department of Physics, University of California, Berkeley, California 
(Received July 30, 1951) 


N investigation of the rotation structure of the '2,+—'Z,+ 
band system of Sez in the region 3700-3815A has been under- 
taken in an attempt to resolve the discrepancy’ that exists between 
the value of the nuclear spin of Se”? indicated by optical hyper- 
fine structure? and by microwave spectra.? The former method 
indicates J=7/2+1 and the latter J=4, although with certain 
reinterpretations*‘ either value may be reconciled with the other. 
Under these circumstances it seemed logical to apply the method 
originally used® to establish the value J=0 for Se®*, namely ob- 
servation of the alternating intensities in the rotational lines of 
the electronic band spectrum. For this purpose spectrograms have 
been obtained of the separated isotopes‘ in which the major com- 
ponents were Se’, Se’, and Se®, respectively. They were taken 
in the second order of the 21-foot grating, which gives a dispersion 
of 0.67 A/mm. The source was a small quartz tube containing 
about 10 mg of selenium and 1-5 mm of argon excited by a 60-Mc 
oscillator. This source may be scaled down in size to yield band 
spectra of the nonmetallic elements with much smaller samples. 
Preliminary studies of the possibility of measuring the spin of P® 
in this way show that the P,*' spectrum may be obtained with as 
little as 2 ug of phosphorus. 


Race ca ites 


Fic. 1. Tracing of last five lines of 10,5 band of Ses’’, enlarged 40 times 
from the original plate. The abrupt ending of the P branch due to predisso- 
ciation is apparent. 


ny iy 


P(45) (44) (43) (42) (41) 


Even though the bands of Se: become much simpler when pro- 
duced by the separated isotopes, only a few at the ultraviolet end 
are sufficiently free from overlapping to permit an analysis of the 
rotational structure. Measurements of the 10,4 and 10,5 bands 
confirm the analysis given by Olsson, who reported on bands due 
to Se2** and Se”* Se®. The state v’ = 10 shows strong perturbations, 
while the predissociation occurring in this state at K’=49 in Se,*° 
comes at K’=44 in Se,’’. The 9,4 and 9,5 bands appear to be free 
from such irregularities, and are most suitable for observing the 
intensity alternation. Our plates of Se2”*, from a sample containing 
82.6 percent of Se’*, show a very simple structure consisting of 
singlet P and R branches with alternate lines missing. Hence, as 
expected, the spin of this isotope is zero. 

The first plates with enriched Se” gave evidence of a pronounced 
alternation,’ with the lines of odd K stronger since the nucleus 
obeys Fermi statistics. This sample had a concentration of 58.4 
percent Se”’, but overlapping by lines due to the next most abun- 
dant molecule, Se”? Se®*, prevented an accurate measurement of 
the alternation ratio. Hence a special separation was made by the 
Stable Isotopes Division* yielding 50 mg of 91.7 percent Se”’. 
Using 9.5 mg of this material, successful spectrograms were ob- 
tained on which the alternation of intensities was essentially free 
from disturbances. Photographic photometry on the last five lines 
of the P branch in the 10,5 band, a microphotometer trace of which 
is shown in Fig. 1, was done by the method previously used by one 
of the authors® in determining the spin of P*. The average ratio 
obtained was 3.0:1, showing definitely that the nuclear spin of 
Se” is 4. The band spectrum method, it should be emphasized, is 
the only way of determining nuclear spins which gives a positive 
result in cases where J =0 or 4. Our value agrees with the conclu- 
sion of Canada and Mitchell,* based on measurements of the 
beta-ray spectrum of As’’. It also confirms the presumption of 
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Mayer"® that the odd neutron in Se” is in the p12 state, rather 
than in gos. 

In the course of this work, an accidental contamination of air 
in one tube yielded a well-resolved band system which is evidently 
that now attributed" to SeO, but not as yet studied in detail. 
By using the separated isotopes, a complete analysis of the rota- 
tional structure of these bands will be possible. 


1 J. E. Mack, Revs. Modern Phys. 22, 64 (1950). 
2 J. E. Mack and O. H. Arroe, Phys. Rev. 76, 173 (194 
, Wentink, and Hill, Phys. Rev. 75, 827 1949) ; Geschwind, 
Fownes, Phys. , 7, 174 (1950). 
wnes, Foley, and Low, Phys. Rev. 76, 1415 (1949). 
5 E. ‘Olsson, Z. Physik 90, 138 (1934). A more complete account is given 
in E. Olsson, Dissertation, Stockholm (1938). 
* All enriched isotopes were nee af the Stable Isotopes Research and 
Progecgion Division, Y- ry Ridge National Laboratory. 
P. Davis and F. [ Me Rev. 83, 891 (1951). The final 
Pl as reported in the present letter, was given in this paper at the 
Vancouver ie, 
*F. A. Jenkins, Phys. Rev. 47, 783 (1935). 
* R. Canada and A. C. G. Mitchell, va, Rev. 81, 485 (1951). 
10M. G. Mayer, Phys. Rev. 78, 16 (1950). 
( u — Jan-Khan, and Samuel, Proc. Roy. Soc. (London) 157, 28 
1936). 


Photodisintegration of He‘ 
T. S. Benepict anp W. M. Woopwarp 
Cornell University, Ithaca, New York* 
(Received July 27, 1951) 


ROSS sections for the production of protons from He‘ using 
the 300-Mev bremsstrahlung beam of the Cornell synchro- 
tron have been measured for proton energies ranging from 45 to 
120 Mev. The apparatus consists of a pressure vessel (Fig. 1) 























Fic. 1. Schematic diagram of the apparatus. 


capable of withstanding pressures up to 2000 Ib/in.*, with counting 
arms mounted at 60° and 90° with respect to the y-ray beam. 
Two Nal(T1) crystals are mounted inside each arm in such a 
way as to form a proton counter telescope. The light from the 
crystals is piped out of the vessel through Lucite windows which 
are about 4 cm thick. The scintillations are detected by RCA 
5819 photomultiplier tubes. The front counter, in conjunction 
with a multi-channel pulse-height discriminator, was used to 
measure the ionization of those particles which pass through the 
front crystal and subsequentlv lose >15 Mev in the back crystal. 
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With this arrangement one observes a pulse-height distribution 
with a width at half-maximum of 3 Mev corresponding to an 
energy spread for protons incident on the first crystal of about 20 
Mev. This method distinguishes protons from mesons and elec- 
trons because, although it is possible for the latter to produce 
15-Mev pulses in the back crystal (i.e., stars), they will produce 
considerably smaller pulses in the front crystal. The energy of 
those protons counted could be varied by sliding lead absorbers in 
front of the counting arms as shown in Fig. 1. 
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Fic. 2. Cross section 2s energy for photoprotons from He‘ at 
and 90° relative to the y-ray beam. 


The counting system was calibrated by observing the number of 
counts in the proton distribution curve as a function of discrimi- 
nator bias setting for the back crystal. The number of protons 
counted should go to zero approximately linearly as the bias 
setting for the back crystal approaches the value corresponding 
to the energy thickness of the crystal. This energy was also checked 
using the ThC” end point, and the two calibrations agreed. The 
front crystal was calibrated in a similar manner. 

The beam was monitored with an ionization chamber behind 
one-quarter inch of lead which had previously been calibrated 
against the pair spectrometer. Measurements were made at 60° and 
90° in the laboratory system for three proton energies at a gas 
pressure of 1800 Ib/in.* The cross sections given in Fig. 1 are 
plotted in ub/sterrad-Mev per effective quantum, since there are 
at least three reactions which yield protons, viz: 


(a) y+Het~H?+), 
(b) y+Het+p+n+H’, 
(c) y+Hetp+p+n-+n. 


If we assume that the predominant reaction is (a), the cross 
sections at 101° in the c.m. system per photon are de/dQ=25, 17, 
and 14yb at y-ray energies of 78, 112, and 153 Mev, respectively. 

It should be noted that the resolution of the arrangement was 
not sufficient to distinguish between protons, deuterons, and 
tritons; however, energetic considerations show that the heavier 
particles should contribute only a small fraction of the observed 
coincidences. 

The errors given in Fig. 2 are relative errors. The error to be 
assigned to the absolute cross sections is 30 percent. 


+ Supported by the joint program of the ONR and AEC. 
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The Nature of the Second-Order Transition 
in ND,Br 
Henri A. Levy anp S. W. Peterson 
Oak Ridge National Laboratory, Oak Ridge, Tennessee* 
(Received July 25, 1951) 


ECOND-ORDER phase transitions in the ammonium halides 
have been interpreted as the onset of free rotation’ or of 
orientational disorder* of ammonium ions. Recent spectroscopic 
evidence’ supports the latter hypothesis. We have obtained direct 
evidence also favoring the disorder hypothesis from complete 
crystal structure determinations of two phases of ND,Br by means 
of neutron diffraction. A contrary result in ND,Cl was recently 
reported by Goldschmidt and Hurst‘ from a neutron diffraction 
study of that material. 
ND,Br undergoes the following changes® as the temperature is 
lowered: 


~125° —58.4° 
f.c. cubic —— ——+ simple cubic (CsCl type) —————-> 
second order 
— 105° 


tetragonal simple cubic (CsCl type). 


Neutron diffraction data from all four phases have been collected, 
and those of the two CsC!-type structures have been analyzed in 
detail. Scattering cross sections used were those reported by Shull 
and Wollan.* Observed data and comparison with calculation are 
presented in Table I. 


Tase I. Neutron diffraction data* from ammonium bromide. 
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* The quantities listed are the square of the structure factor multiplied 
by the multiplicity of the reflection, 7F*. The calculated values are for the 
final models and include the effects of temperature motion. Intensities were 
measured on an absolute scale, so that absolute as well as relative agreement 
is significant. 


The phase at — 195°C was found to give a simple cubic pattern 
with a9=3.96A. Peak intensities were satisfactorily matched by 
calculation from a model conforming to symmetry 7,' with 
deuterium atoms placed in fourfold positions (e),’ along the body 
diagonals of the cube. The required temperature factor for deu- 
terium corresponded to a mean amplitude of vibyation of about 
0.14A. Thus, the lowest temperature phase consist of an ordered 
structure closely similar to that found for low tempekature ND,Cl. 

The room temperature pattern corresponds to a ‘simple cubic 
unit with ao>=4.05A. The model which gave satisfactory agree- 
ment placed the four deuterium atoms at random in the eightfold 
positions (g) of space group O,', corresponding to twofold random- 
ness in the orientation of the tetrahedral ammonium ions. The 
model required anisotropic temperature motion of the deuterium 
atoms, the distribution being greatly extended in directions near 
the plane normal to the N—D link. This anisotropy could result 
from torsional oscillation of the ammonium ion about the two 





LETTERS TO 


equilibrium orientations in its cubic cage of bromide ions. In the 
simplified model used for calculation, each deuterium was treated 
as a spherical cloud whose center was distributed with uniform 
probability around a circle centered on the cube body diagonal, 
the root-mean-square radius of the cloud and the half-angle sub- 
tended by the circle at the nitrogen atom being treated as param- 
eters whose final values were 0.21A and 10°, respectively. Models 
involving ordered structures of symmetry 7,' with or without 
anisotropic temperature motion and models with freely rotating 
ammonium ions failed to give agreement with the data. Also 
eliminated were models in which the ammonium ions rotate about 
their twofold axes, space group O,', and about their threefold 
axes with and without randomness of orientation, space group 
Tz and O,} (simulated), respectively. 

Thus, in room-temperature ND,Br there exists orientational 
disorder of the ammonium ions, and the crystal belongs to sym- 
metry class Oy, simulating the space-group symmetry O,'. The 
reported chloride structure, in contrast, is ordered, with symmetry 
T4', although involving temperature motion similar to that found 
in ND,Br. This difference between the room temperature phases 
of ND,Br and ND,C1 is surprising and calls for further study to 
confirm its reality. A disagreement exists on the value of the co- 
herent scattering cross section of deuterium (5.2 barns® in this 
work versus 5.8 used in reference 4). We find that use of the latter 
value does not change our conclusions with regard to the nature 
of the structure; however definitely better agreement is achieved 
with the value 5.2. 

Our study yields the values 0.99+0.02A for the length of the 
N—D link, equal within experimental uncertainty in both phases. 
Further work on the atomic arrangements in the two remaining 
phases is planned. A complete description will be published 
elsewhere. 

° ms work was performed for the Atomic Energy Commission. 

, Phys. Rev. 36, 430 (1930). 
” Acta a a U.R.S.S. 3, 23 (1935). 
E. L. —. and D. F. Hi , J. Chem. Phys. 18, 296, feo (1950). 

iG. H. Goldschmidt and D. °G. urst, Phys. Rev. 83, 88 (1951). 

5 A. Smits and D. eg Z. physik. Chem. BS2, 222 (1 942). 

*C. G. Shull and E. O. Wollan, Phys. Rev. 8i, 527 (1951). 


1 International Tables for the Determination of Crystal ; —-aigataad (Edwards 
Brothers, Inc., Ann Arbor, Michigan, 1944), revised edition 


The Spins and Parities of the 3.7—-3.9-Mev 
Doublet in C* 
J. Rorsiat 
The Physics Department, 
Medical College of St. Barthol 's Hospital, London, Eng 
(Received August 1, 1951) 





HE energy of the nuclear level of C™, following after the 
3.11-Mev state, has been variously given in the literature as 

3.7 and 3.9 Mev. Thus Heydenburg e¢ al. in a study of the protons 
from C#(d, p)C™ give the energy value of the state as 3.91 Mev, 
while recently Malm and Buechner, in a careful measurement of 
the alpha-particles from N'*(d, a)C™, found a value of 3.68 Mev. 
Actually both of these values are nearly correct. In a detailed 
study of the protons from the C'(d, p)C™ reaction, using an 
8-Mev deuteron beam and employing the photographic emulsion 
technique for recording the protons (the experimental arrange- 
ment is described by Rotblat ef a/.)* two groups of protons, of 
slightly different renges, were found to be present in this energy 
region, indicating the existence of two closely lying levels in C*. 
The protons of longer range have a much lower intensity than 
those of the shorter range; at some angles the intensity of the 
former is only 2 percent of that of the latter. For this reason the 
longer range group tends to be lost in the “tail” of the more in- 
tense group. Nevertheless, after measuring a large number of 
tracks at 20 angles of emission and analyzing the histograms of the 
proton groups, the existence of both levels has been established 
beyond doubt. The Q-values for the two states were found to be 
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—0.967 and —1.168 Mev; assuming a Q-value for the ground 
state of 2.716 Mev‘ we obtain for the energy values of the two 
states 3.683 and 3.884 Mev. It is possible that these correspond 
to the states which were observed by Creagan‘ from the B"(a, »)C” 
reaction and for which he gave values 3.76 and 4.00 Mev. It is 
also interesting to note that, unlike the C(d, p) process in which 
the 3.7-Mev level is formed relatively rarely, in the N'*(d, a) re- 
action this level appears to be formed predominantly. 

Apart from establishing the existence of the doublet, the angular 
distributions of the two groups of protons have also been investi- 
gated. According to Butler’s® stripping process the spins and 
parities of the corresponding nuclear states can be determined 


(a) ¢¥ta,pc¥ 
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Fic. 1. Angular distributions of protons from Cd, »)C" in the center- 
heoretical distribu 


of-mass system. re full curves give the t! tions for 
various values of the angular momentum transfer. The experimental 
points are given with their probable errors. Figure 1(a) is for the formation 
of C¥ in the 3.7-Mev state and Fig. To) f for the 3.9-Mev state. 
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from the angular distributions. The analysis of the histograms into 
the two components gives the number of protons in each group, 
and from this the differential cross sections can be calculated.’ 
Unfortunately the distribution could not be studied in the most 
interesting region, at small angles, owing to the overlap of a group 
of protons from the elastic scattering of deuterons on hydrogen 
(the target gas was acetylene), but the accuracy with which the 
cross sections were determined at the larger angles was sufficient 
to establish the spins and parities of the two states. The observed 
angular distributions up to angles of about 90° are indicated in 
Figs. 1(a) and (b) for the 3.7- and 3.9-Mev levels, respectively. 
The full curves are the distributions calculated on the basis of 
Butler’s theory for various values of the angular momentum trans- 
fer. The experimental points are shown together with the statisti- 
cal errors; these do not include possible errors due to the separa- 
tion of the groups into two components. It is seen that very good 
agreement is obtained with A/=1 for the 3.7-Mev state and AJ=2 
for the 3.9-Mev state. Since C” has zero spin and even parity in 
the ground state, it follows that the 3.7-Mev state of C has a spin 
of 1/2 or 3/2 and odd parity, while the 3.9-Mev state has spin 3/2 
or 5/2 and even parity. 

Goldhaber and Williamson*® have recently investigated the 
C*(p, p) reaction and found an indication of resonances at 1.68 
and 1.73 Mev, pointing to the existence of two levels of N™ at 
an energy around 3.5 Mev; their analysis shows these to be P3/2 
and Ds,2 states. This fits in very well with our values found for the 
3.7- and 3.9-Mev states of C. The agreement of the spins and 
parities of the ground and first excited states of C¥ and N® has 
already been established. The present findings of doublets in C¥ 
and N®, together with the agreement of their spins and parities, 
is an excellent confirmation of the correspondence of energy states 
in mirror nuclei. 


Pa aries Inglis, Whitehead, and Hafner, Phys. Rev. 75, 1147 
1949 

2 R. Malm and W. W. Buechner, Phys. Rev. 81, 519 (1951). 

? Rotblat, Burrows, and Powell, Proc. Roy. Soc. (London) (to be pub- 
lished). 

* Strait, von Patter, Buechner, and Sperduto, Phys. Rev. 81, 747 (1951). 

*R. J. Creagan, Phys. Rev. 76, 1769 (1949). 

*S. T. Butler, Proc. Roy. Soc. (London) (to be published). 

7 Burrows, Gibson, and Rotblat, Proc. Roy. Soc. (London) (to be pub- 


lished). 
8 G. Goldhaber and R. M. Williamson, Phys. Rev. 82, 495 (1951). 
* J. Rotblat, Nature 167, 1027 (1951). 


Isotope Shift in the Ce II Spectrum and 
the Magic Number 82* 
KryosH! MuURAKAWA AND JOHN S. Ross 
Department of Physics, University of Wisconsin, Madison, Wisconsin 
(Received August 1, 1951) 


HE isotope shift in the spectrum of Ce II was studied,! using 

an enriched sample of cerium* (Ce™* 4.4 percent, Ce! 92.0 

percent, Ce’ 3.5 percent), a hollow-cathode discharge tube,’ and 
a Fabry-Perot etalon. 

04628 (4/%6s ‘H9/2—4f°6p ‘I g/2°) was studied first, since it is not 

disturbed by other cerium lines. The Ce!-component was well 

resolved from the strong Ce'°-component. However, the Ce'- 


140 
Ce 


Fic. 1. Fabry-Perot patterns of Ce IT 44628. (a) ry cerium (Ce? 
88.5 percent, Cel? 11.1 percent); 20-mm etalon. (b) Enriched sample 
(Ce!* 4.4 percent, Ce! 92.0 percent, Ce? 3.5 percent) ; 30-mm etalon. 
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FiG. 2. Plot of the isotope shift per one 6s electron in the neutral atom per 
addition of two neutrons as a function of the neutron number. 
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component was not resolved, although Ce'* is somewhat more 
abundant than Ce, The distance 140-142 was found to be 0.055 
cm“, which agrees with the measurement of Brix and Frank‘ 
within experimental error. The upper limit of the distance 138-140 
was found to be about 0.029 cm. Figure 1 illustrates some of the 
spectrograms of \4628. Here 4528 (4/%6s 4H13/2—4f°6p *I13/2°) was 
also found to have the same structure as 44628. 

This result shows that the upper limit of the distance 138-140 
is about half of the distance 140-142. Since the neutron number 
(N) of the isotope 140 is 82, the above-mentioned anomaly can be 
very probably ascribed to the stable nuclear structure connected 
with the magic number 82.5 

The isotope shift in the spectra of heavy elements was treated 
theoretically by Rosenthal and Breit® and by Crawford and 
Shawflow.’ It is characteristic of similar theories that the isotope 
shift is proportional to ¥7(0), the square of the nonrelativistic 
wave function at the position of the nucleus. It is expressed by 


V0) =Z;Z.7(dn* /dn)/[rax*n™), 


where the symbols have their usual meaning. 

Using the same considerations as those of Crawford and Shaw- 
low’ and the above-mentioned formula, we can calculate from 
experimental data, for most heavy elements, the isotope shift per 
one 6s electron in the neutral atom (Zp=1), per addition of two 
neutrons, the accuracy being 10-15 percent. Figure 2 represents 
the above-mentioned quantity® as a function of the neutron num- 
ber. The isotope Sm" does not exist, so the value for the isotope 
Sm— Sm" is divided by 2 and plotted. Since no gross multiplet 
analysis of NdI is available, no value for the Nd isotopes is 
plotted. However, a rough estimate, obtained by using the data 
of Klinkenberg,® shows that the plots for Nd fall fairly close to 
those of Sm, and the irregularity for the pair N88-90 is especially 
conspicuous for Nd also. 

Figure 2 shows that there is a distinct rise in the diagram when 
we pass from NV =80 to N=82, and the above-mentioned anomaly 
in the isotope shift for V = 88-90 is especially large, an idea which 
was expressed by Klinkenberg. Investigation of the physical 
meaning of the neutron number 88 or 90 will be important. 
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The idea that the neutron number is more important than the 
proton number in considering the isotope shift in the spectra of 
heavy elements is not altogether new, but we believe that the 
diagram given in Fig. 2 will be useful in arranging isotope shift 
data. 

We are looking forward to the availability of the enriched 
cerium isotope 136. 


* Supported by the ONR. 
1 Harrison, Albertson, and Hosford, J. Opt. Soc. Am. 31, 439 (1941). 
?Loaned by Union Carbon and Carbide Corporation, Oak Ridge, 


Tennessee. 
+O. H. Arroe and J. E. Mack, J. Opt. Soc. Am, 40, 386 (1950). 
*Z. Physik 127, 289 (1950). 
5M. G. Mayer, Phys. Rev. 78, 16 (1950). 

* J. Rosenthal and G, Beek. Phys. Rev. 41, 459 (19. 

7M. F. Coptent one A. L. Shawflow, Phys. Rev. 6 1310 (1949). 

* In the calculation, besides the articles quoted by J. Mack, Revs. 
Modern Phys. 22, 4 (1950), ae Why dy ata were atitived: Ba: O. 
Arroe, Phys. Rev. te, 836 (1950); Gd: P. F. A. Klinkenberg, Physica 12, 
33 (1946); W: J. A. Vreeland and K. Santon (to be published); Os: 
Ss. Suge (to be published) ; Ir: K. Murakawa and S. Suwa (t0 be published) 
Pb: K. Murakawa and S. Suwa, J. Phys. Soc. Japan 5, 429 (1950); F. E. 
Geiger, doctoral thesis, University of Wisconsin (1950). 

F. A. Klinkenberg, Physica 11, 327 (1945). 


$-Ray Spectrum and the ff Value in the Second 
Forbidden Transition 
Serraro NAKAMURA, Minoru UMEZAWA, AND H1saoO TAKEBE 
Department of Physics, University of Tokyo, Tokyo, Japan 
(Received June 25, 1951) 


ECENTLY, a new type of forbidden §-ray spectrum of 
C* was explained by Wu and Feldman' by means of a 
linear combination of Ai; and 74; terms in the second forbidden 
tensor interaction Cr. This provides a valuable basis for further 


interpretation and also for the eventual discovery of forbidden 
spectra. We have tried to reinterpret ‘the forbidden spectra of 


Car = (277 (3a) t 72(3D.-C)- 77E 








Fic. 1. Corrected Fermi plot of Tc for 4 =7.7. If we adopt the value 
k 27.8 instead of k =7.7, the curve will deviate a from the straight 
line about the t W=1.32. And for 574 the curve tends to bend 
yen for W than 1.37. The curve might be a straight line up to 
<1.35, if we take for & a value a little sm: than 7.7. 


Cor = (13) (30)+ 72(3D-C)-BE 
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Fic. 2. Corrected Fermi plot of Sb! for k=13. If we adopt the value 
k <13, the curve is nearly straight up to W~3.5, but the curve deviates 
slightly from a straight line about W =4.5. This deviation, however, can be 
removed by a small modification of the lines joining the empirical data in 
Langer’s graph. 


Tc” and Sb following this principle, i.e., using a correction 


factor 
Cop-~k*(3a)+(1/12)(3D,—c) —kE, 
where a, 3D,—c, and E are as defined in Konopinski’s* paper, and 
= Z| Ag |?/Z| Ti. (1) 


The quantity & will be determined so that a straight-line Fermi 
plot may result by using the correction factor Cer. 

«aT Cye®® -—If we take k=7.7, the forbidden Fermi plot becomes 
a straight line up to W= 1.35 mc from the maximum energy, as is 
seen in Fig. 1. The experimental material used here was given in 
Taimuty’s* paper. The spin of the ground state of 4;Tcss” has 
been determined‘ to be 9/2. On the basis of the nuclear shell model, 
we can expect the ground state of «sT css" to arise from the com- 
bination of a ge/2 proton with an even state neutron; the resultant 
state should then have even parity. The ground state of 4Russ** 
presumably may be constructed by the dz (or gz/2) neutron with 
an even state proton. If the ground state of Ru® is ds, the re- 
quired selection rule, AJ = +2, no parity change, will be satisfied. 

Sb™:—We found that = 13 results in a straight line forbidden 
Curie plot down to W=4 mc* for the highest energy §8-ray of 
Sb™ (see Fig. 2). The data were presented by Langer, Moffat, 
and Price,® who showed that the “a”’-type interaction Cir provides 
a good explanation for it. In the light of their analysis concerning 
Sb"+Te!™ decay schemes, we can take the alternative explana- 
tion: i.e., if a Cer transition (AJ = +2, no) is valid, the odd parity 
and spin 3 ground state (7/2, 411/2) of Sb™ goes to the odd parity 
excited state (presumably spin 1) of Te™, which is accompanied 
by the electric dipole ratiation, 0.607-Mev y-ray, reaching the 
even parity and spin 0 ground state of Te™. On Mayer’s nuclear 
shell model, however, it seems more reasonable to assume a (g7/2 
proton, si: neutron)-state, thus even parity for the ground state 
of Sb™, and also to assign even parity for the excited state 
of Te™, 

Once the ratio & is determined, one can evaluate the ft values of 
B-decay in these cases. By using the forbidden /-functions,® 
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we have the results shown in Table I. It is interesting to note that 
they fall into a distinct group, i.e., f~10"*. In view of this result, 
one can expect to find some reasons which indicate the interpreta- 
tion that Sb™ is to be classified into the Cor group (AJ = +2, 
parity change no). 


TaBLe I. ft values of 8-decay in the second forbidden transition.* fir, 
Ser are the first and second forbidden f-functions, respectively (see refer- 
ence 6); the coulomb corrections are also made. 








SJ = +2, no 
ther k 


AJ = +2, yes 


Element t(sec) W o( mc?) ir 





6.1 X10" 9.8 X108 718 
1.1 X10" 8.4 X1012 7.7 
1.0 X101° 2.4 X10 13 


cre 
Tc 
Sbi™ 


1X10" 
7 X10" 
5 X108 








* If we take into account the fact that all 8-emitters of the eis type 
group (AJ = +2, yes) have ft =10* (see references 7, 9, and 8), seems 
more natural to classify Cl*, Tc, and Sb!™ into Cer groups (AJ = tet no), 
rather than into “‘a’’-type groups. Theoretically, tfe7 should be proportional 
to Z| Tij|? 


In fact, Cyr (AJ = +2, parity change yes) gives an ft value for 
s1Sbrs* (see Table I) which seems too great to be classified in the 
a” type group, where the corrected ft values are about 10’~10* 
(see Taketani, ef al.,’ also J. Davidson).$ It is interesting to note 
that the empirical ft values of different transitions, i.e., the 
allowed (f@), the first forbidden (2Bj,;), and the second for- 
bidden (27;;), fall into distinct groups, i.e., 10', 10°~10°, and 
10"2~10%, respectively.® 
In conclusion it is suggested that, when carrying out an analysis 
of 8-decay, one can get useful and effective information from the 
evaluation of corrected ft values in addition to the usual analysis 
of the spectrum shape and the analysis of the selection rule on the 
basis of the shell model. 
?C. S. Wu and L. Feldman, Phys. Rev. 82, 457 (1951). The authors are 


greatly indebted to Professor Wu for sending the manusc ript before pub- 
tics — 
. J. Konopinski, Revs. Modern Phys. 15, 209 (1943). 

3 = I. Taimuty, Phys. Rev. 81, 461 (1951). 

4K. G. Kessler and W. F. Meggers, Phys. Rev. 80, 901 (1950). 

* Langer, Moffat, and Price, Phys. Rev. 79, 808 (1950). 

® Nakamura, Shima, and Kobayashi, J. Phys. Soc. Japan 4, 166 (1949). 

? Taketani, Nakamura, Umezawa, Ono, and Yamaguchi, Phys. Rev. 82, 
441 (1951). 

* J. Davidson, Phys. Rev. 82, 48 (1951). 

* Taketani, Nakamura, Ono, and Umezawa, Prog. Theor. 
(1951). 
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Third-Order Elastic Coefficients of Crystals 
Fausto G. Fumi 
Institute of Theoretical Physics, University of Milan, Milan, Italy 
(Received May 21, 1951) 


HE independent nonzero third-order elastic coefficients of 
crystals Cygr=Cprg=Capr(p, g, r=1, 2, 3, 4, 5, 6) (sixth- 
order polar tensor) have hitherto been known only for cubic groups 
and for C3." Here they are derived for all the crystal classes S2; 
Cir, C2, Con; Cov, Da, Dan; Ca, Sa, Can, Cav, Dea, Da, Dan; Ca, Se, Cav; 
T, Tx, Ta, O, Ox in which one can find orthogonal cartesian coordi- 
nates that do not transform into linear combinations of themselves 
under the symmetry operations of the crystal,’ and for Dsa(CaeX# 
=D; Xi) and Ds, which are equivalent to C3, for polar properties 
of even order. The numbers of coefficients agree in all cases with 
those found group-theoretically by Bhagavantam and Suryana- 
rayana* and by Jahn.? The coefficients for symmetry C;, 7, O, 
T,, Ox agree with those given by Birch. 

For symmetry C, the number of independent third-order elastic 
coefficients equals the numbers of combinations with repetition 
of class 3 of 8 objects: 8!/5!3!=56. They are listed in Table I. 
Symmetry S:=C, Xi is equivalent to C;. 
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For symmetry Cir 


on: XX, ss (1) 


the 24 coefficients with indices odd in y must vanish, since they 
change sign under o, (Table I). Symmetries Cu(CisXi=C:X?) 
and C:(C:=C2(y)) are equivalent to Cin. 

For symmetry C2, 


site ie! ’ 


yo—y, 8-3, (2) 


oy requires that the 12 independent nonzero coefficients for Ci, 
with indices odd in x vanish (Table I). Symmetries Ds,(Coe Xi 
= D,Xi) and D, are equivalent to Cop. 


Op:X7—X, yoy, 1-52; o,': x4, 


TABLE I. Third-order elastic coefficients of crystals. 








Cw, Daa, Ta, O, 


Ca Sa, 
Ds, Daw T, Tr On 


Cu 


Cir, C2, Co, Da, Cw, Ds, 
Ci,S2 Cx Dn C3,Se Dsa 





HRXEEX XEXXXK XNXNAK XRXAAX 
XXXXYY <XEXKYY AXRXYY XXXXYY XATXVY 
XEMXYY XEXKSS XAXXBE XNXXBS AXXXVY 
XXXXYE 0 0 0 
HXXXEX 0 0 0 0 
XXXXEX XXXEXY 0 0 0 
RXXXVY XNXXYY XXXXYY XXXKIZ XAXXYY 
xxyyss xxyyss xxyyss xxyyzs xxyyss 
xxyyys 0 0 0 0 
xxyyys 0 0 

xxyyxy 0 
REXYY 
xxyyys 
xxYYXY 0 0 
xxyyys xxaSXY 
xxysys xxysys 
XN SLX XXYSEX 
xxYSLX 0 0 0 
HXBXZX XXBXBX RXGXSX XXGXBX XNSXEX 
XXSXXY XKEXXY 0 0 0 
REXYXY XXBXBX 
RXXXRX XXXXXX 
RXXXYY XXRXYY 
XXEXRY XXXXBX 
HXXXYZ XXXXYE 0 0 0 
RXXXEX XXXXEX —XRXRXY 0 0 
XXXXSS XXXXYY <XXB2BS 

XXYYXY xXxyyxy 0 

xxyyys xxyyy2 0 0 0 
xxyysx xxyyyz —Xxxssxy 0 

XXXYXY XXIKBX XX2XOX 
xxyaxy xxyesx —xxyesx 
XXBXXY XXSXXY 0 0 0 
xxysys xxysyz xxyoys xxysys xxyeys 
XxyZZx xXxyZsx 0 0 0 
XXOXEX XXZXEZX 
NEXEXX XXNXXX 
NXXXEX XXXXBX 
XXXXXY XXXXIX 0 0 0 
XXXKYS XXXXYS 0 0 0 
XXBXEX XXBXBX s2yeys xxBxExX xXxXBxXBxX 
KXEXXY XXBxxy 0 0 0 
XXYTZX XX YtSxX 
RXXYXY XXSXEX 
XxySxy xXxyzsx 
xxysys xxysys 
yeytys ysysye 
yayssx yoyssx 0 0 
yayexy yoyesx yayexy 0 
yaysxy yayssx 0 0 
yeexxy yesxxy 
yeyesx yeyesx 
yaysys y2yzys 0 
yeyssx yeyesx —yeyexy 
yoysxy yeysex 0 
yeysys yaynyz 0 


XRXXXX XXXXXX 
xxxxyy 


XXXXSS 
0 


REXEXX 
xEREYY 
XXXXIS 
EXXXYS 
XXXXEX 
XXXXXY 
RXXXES 
xxyyss 
xxyyys 
XXYYSX 
xxyyxy 
XxuKYY 
xXYYBX 
xxyyxy 
XXYYVYS 
xxysys 
XxYBEX 
xxysxy 


XXMXXX 
XEXKYY 
XXXXES 
XEUXYB 
XXXXSX XXXXEX 0 
MEXXKY 0 0 
xxyyyy xxyyyy xxyyyy 
xxyyss xxyyse xxyyss 
xxyyys 0 

xxyytx xxyysx 

xxyyxy 0 

XxBSs2 «xXxXEEEE 

xxazys 0 
XXEEZxX 
XXESXY 
xxysys 
XXYZEX 
xxysxy 
XXEXSX 
RXEXXY 
XEXYXY XXXYRY XXKYXY 
yyyyyy yyyyyy yyyyyy 
yyyyes yyyyts yyyyt 
vIVYYS 0 0 
yyyysx yyyyex =O 
yyyyxy 90 0 
yysess §9=yyssss 

yyssys 0 

yysesx = yysesx 0 
vytsxy 0 0 
yyysye yyytyt yyyty2 
yyyrsx 0 0 
yyyexy yyyexy 0 
yytxsx YYNSXIX 
yyexxy 0 
YIRYXY y YYXYXY 
238222 222223 
sezsys 0 
22382 0 
szsrxy 0 0 
ssysys ssysys ssysys 
soyssx 0 0 
ssysxy 
Se3x2x 
sezxxy 
saxyxy 
payeys 
yeyesx 
yayexy 
yaexex 
yesxxy 
yaxyxy 
2XEXBX 
Bxexxy 
sxxyxy 
xyxyxy 


RXXEXX 

xxxxyy 

RXXXES 
0 


xxxxyy 
0 

xxEzSx 
U 


xxysys xxysys xxysys xxysys 
0 0 0 0 

xxyoxy 

RXOXSX XXSXEX 
0 

RXXYRY XXXYRY XXKYRY 

REXEXX XXXXXX RXXXXE 

MXXXZS NXNXEZ XXXXYY 3 

0 


xxxYXY 
0 


XXEXSK XXBXBX 
RXXRXK XERRXX 
0 0 


XXXYXY XXxyxy 
222223 
0 


asyexy 
S2Sx8x ssyzye xxxyxy 
0 0 0 


0 
soxyxy SSxyxy saxyxy xxysys 
0 0 0 0 


yayeex 
0 


0 
yrexxy 
0 


yaaxxy 
0 
2XZXEX 
0 


axxyxy 
0 








For symmetry C,; 
22, (3) 


there are 16 independent nonzero coefficients (listed in column 
6 of Table I): 


Cy: ay, yo—z, 


Cazzzzz™ Cyyyyyy, C razzzyy = C, rryyyy> C rxrzez= Cyyyyae, 


Crzzzzy= =—-C vuvyry, Crzyys 22 C. zzyyzy= — Crzyysy 3 0, 


Crzi22= ane Cyyezes; Crzsszy =—C, vyzeryy Crrysys™ Cyyezez, 


Cezyssz a ae Cyyyssz; Cssezez = C vuveyey Casayey = Coveysy, Contant, 


Cassssy adnan: Cussezy = 0, Cosysys = Cosezez, Cseyesz =-—C seyeex = 0, 


saryry, yeyezy = —Csceezy, Cyesssy, Cayzyzy = — Cryzyzy = 0. (4) 
The 24 components odd in x or in y vanish. Symmetries Cy(C,Xi 
=S§,Xi) and S, are equivalent to C,. 
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For symmetry C4, 
re 
a, imposes four additional relations among the 16 coefficients (4) : 


Cy: xy, 2-93; oy: xy, yx, 3-5, (5) 


Crzzzzy = Cyvyyen, Crzeszy = Cyysazy, Crzyssz = Cyuysaz, 


(6) 


yeyary > Cassszy- 
Thus, these 4 coefficients vanish (Table I). Symmetries Du(Cy Xé 
= D,Xi= D2 Xi), Ds and Deg are equivalent to Cy. 
For symmetry Cs, 
(7) 
there are 20 independent coefficients (Table I),' while for sym- 
metry Cx, 


ys, 3-2, 


C3: xy, 


(8) 


there are 14, since o, imposes six additional relations among the 
coefficients for Cz (Table I). Symmetries Dsa(C3eXi=D3Xi) and 
Ds are equivalent to Cy. 

For symmetry T, 


C3: xy, YS, 3-72; Oo: XX, Y>3, 3-y, 


Cy: xy, ys Cd": s——x, (9) 
12 of the coefficients for C; vanish (Table I) owing to the addi- 
tional relations imposed by C3’. Symmetry 7, = 7 Xi is equivalent 
to T. 


For symmetry 74, 


C;’: 


SX; —2—y, YS, 


sx; Ca”: I7—x; 


»~2, 


ys, 


xy, y2, —2—y, 


(10) 


only 8 of the relations imposed by C;”’ are distinct, owing to the 
relations imposed by aa: 8 of the 14 independent coefficients for 
Cx vanish (Table I). Symmetries O,(7;xi=OXi) and O are 
equivalent to Tq. 

The writer wishes to thank Professor Bhagavantam and Mr. 
Hearmon for correspondence. 


1 F. Birch, Phys. Rev. 71, 809 (1947). 

2S. Bhagavantam and D. Suryanarayana, Nature 160, 750 (1947), have 
shown group- theoretically that Birch’s number of coefficients for symmetry 
Ta( =8) is in error; the correct number is 6, as was also confirmed by H. A. 
Jahn, Acta Cryst. 2(1), 30 (1949). This result is actually obvious, even in 
more complete form, since symmetries Ta, O, and Ox (Ta Xi =O X34) are 
equiv alent for polar properties of even order. 

Fumi, Acta Cryst. (1951), to be published. 

« After the writer had undertaken this work, he was informed by private 
communication that Mr. R. F. S. Hearmon, Physics Section, Forest 
Products Research Laboratory, England, had been applying to the third- 
order elastic tensor the direct method described in C. E. Love, The Mathe- 
matical aad of Elasticity (Cambridge University Press, London 1927), 
Chapter VI. 


a: X-X, sy, 


Experimental Evidence for the Vacancy Mechanism 
in Diffusion in Metals and Alloys* 


Foster C. Nix AND Frank E. Jaumor, Jr.t 


Randal Morgan Laboratory of Physics, University of Pennsylvania, 
Philadelphia, Pennsylvania . 


(Received July 25, 1951) 


HERE has been much discussion among the workers in the 

field of metallic diffusion as to the possibility of using an 

alloy system such as iron-aluminum, nickel-aluminum or cobalt- 
aluminum, near the fifty-fifty atomic percent composition, to 
test the vacancy theory of diffusion, but to our knowledge only one 
previous report! on experimental work has been given. FeAl,? 
NiAl,? and CoAI‘ are body-centered cubic with ordered structures 
at room temperature, aluminum atoms going to cube corners and 
the ferrous atoms to cube centers. The lattice spacings at the ideal 
composition (50-50 atomic percent) rise to a maximum. On the 
cobalt-rich side of the ideal composition (to take a specific ex- 
ample), the cobalt replaces aluminum, atom for atom, and a fall 
in the lattice spacing results from the replacement of large alumi- 
num atoms by the smaller cobalt atoms. On the aluminum-rich 
side the number of atoms per unit cell is less than two.‘ For the 
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ordered structure the cube corners are filled by aluminum atoms, 
but there are insufficient cobalt atoms to fill up the cube centers 
and the vacancies are not made up by the larger aluminum atoms 
to that there is a contraction in the cell dimensions. These va- 
cancies have then been considered as a possible source of informa- 
tion on the vacancy mechanism of diffusion. Smoluchowski and 
Burgess have raised doubt as to the ability of these vacancies to 
play a role in diffusion, due to their relatively small size compared 
to the size of an aluminum atom, in connection with an experiment 
on nickel-aluminum alloys. Their experiments seemed to uphold 
the arguments presented there, in that no increase in the diffusion 
coefficient was found for compositions on the aluminum-rich side 
in NiAl. 

The arguments raised by Smoluchowski and Burgess are only 
applicable to a highly ordered structure and rapidly lose validity 
under the experimental conditions at elevated temperatures where 
the actual diffusion takes place. At these temperatures there must 
exist a considerable degree of disorder permitting vacancy diffu- 
sion to take place, where vacancies are distributed in a random 
fashion over lattice sites. 














Atomic percent Cobalt. 


FiG. 1. Values of the diffusion coefficient of cobalt in cobalt-aluminum alloys 
as a function of cobalt concentration, at 1250°C. 


Even though the ordered structure persists at elevated tempera- 
tures where the diffusion experiments were carried out, it seems 
highly unlikely, with such a large number of excess vacancies 
present, that they would not be of consequence in any process 
which took place as a result of vacancies. Even admitting that a 
cobalt or aluminum atom could not move into the cobalt vacancy 
created, as suggested by Smoluchowski and Burgess,’ the sheer 
number of these vacancies would greatly increase the probability 
of a vacancy being adjacent to a normal lattice defect (e.g. a 
cobalt atom on a cube corner) or to a vacancy due to thermal ex- 
citation, and thus increase the mobility of the vacancies and 
consequently increase the diffusion coefficient. 

We have investigated the diffusion of cobalt into five compo- 
sitions of cobalt-aluminum alloys near the ideal composition, 
using radioactive Co as the diffusing atom. The experimental 
technique used was similar to that employed in our work on self- 
diffusion in cobalt.’ The diffusion was carried out at three tem- 
peratures, 1050°C, 1150°C, and 1250°C. The preliminary results 
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at all temperatures show a minimum in the diffusion coefficient 
at the ideal composition and a definite increase on the aluminum- 
rich side. Figure 1 shows this for diffusion at 1250°C, with the 
data spread indicated. The diffusion of cobalt in samples of the 
same composition at different temperatures follow the usual law 


D=Ac-O2?, 


thus allowing us to calculate the activation energies for the 
process at the various compositions of the alloy. The activation 
energy, as expected, drops off sharply on the vacancy-rich side of 
CoAl. 

These preliminary results have large possible errors and do not 
determine the exact form of the curve of D as a function of com- 
position. Consequently, the experiment is being continued using 
a greater number of compositions of the alloy and with emphasis 
on reducing the many possible errors involved. 

* This work was supported by the ONR. 

t This discussion is part of a dissertation by Frank E. Jaumot, Jr. 
presented to the Faculty of the Graduate School of the University of 
Pennsylvania in partial fulfillment of the requirements ror wei = D. degree. 

1 R. Smoluchowski and Burgess, Phys. Rev. 76, 

2A. J. Bradley and A. H. Jay, Proc. Roy. Soc. (London) 136. ¥ 10 (1932). 

J. Bradley and A. Taylor, Proc. Roy. Soc. (London) a4 56 (1937). 


3A, 
4A. J. Bradley — SG. C. Seager, J. Inst. Metals 64, a 
‘F.C. Nix and F. . Jaumot, Jr., Phys. Rev. 82, 72 (1951). 


Elastic Proton-Deuteron Scattering at 240 Mev* 
RosBert D. SCHAMBERGER 
University of Rochester, Rochester, New York 
(Received July 9, 1951) 


HE elastic proton-deuteron differential scattering cross 
section at 240 Mev has been measured for proton-scattering 
angles from 20.5° to 100° in the center-of-mass system. The in- 
ternal proton beam of the Rochester synchrocyclotron strikes a 
thin target of heavy paraffin and coincidences between the scat- 
tered proton and recoil deuteron are observed using scintillation 
counters and conventional electronics. The incident beam is 
determined from the C" beta-activity of the target produced by 
the reaction C"(p, pn)C". The scattering apparatus, electronics, 
and beta-counting techniques will be described in detail in a 
paper to be published on proton-proton scattering performed with 
the same equipment.! 

Several types of background coincidences are present. The 
chance coincidence background is measured by moving the target 
away from the position at which proton-deuteron coinci- 
dences are observed and measuring the coincidences at different 
beam intensities. The part which varies quadratically with the 
beam intensity, as monitored by the singles counts in either 
counter, is ascribed to chance. The linear term is due to events 
in the carbon in which two charged particles are emitted and reach 
the counters. For all of the measurements except that at 100° 
there was a background from inelastic proton-deuteron scattering. 
Only that portion of the inelastic process which results in a low 
energy neutron and two protons with approximately the same 
energy and angular relationship as in proton-proton scattering is 
observed. For small scattering angles proton-proton scattering 
from the hydrogen impurity in the target was an additional 
background. Scattering at 75° and 79° was observed at the same 
target position. It was not possible to completely separate the two 
effects. The cross sections at these two angles were obtained by 
splitting the total number of coincidences in such a way that the 
center-of-mass cross sections do not differ greatly. 

The experimental values of the cross section are given in Fig. 1. 
The errors indicated at 20.5°, 31°, 42°, 54°, and 100° are the 
standard deviation in the coincidences. The error on the other 
points has been increased because of uncertainties in the back- 
ground. The error in the calibration of the beta-counter is 5 per- 
cent. A value of 49 millibarns has been used for the C"(p, pn)C™ 
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cross section.? The proton-proton scattering cross section at 90° 
in the center-of-mass system measured with the same apparatus 
is 4.9 millibarns. 


mb, /steradian 


CO (c.g) 


PROTON SCATTERING ANGLE (c.g) 


Fic. 1. Elastic proton-deuteron scattering cross section at 240 Mev. 
Mr. T. Auerbach, of this laboratory, has calculated the cross 
section in the Born approximation’ with the Serber mixture for 
the neutron-proton interaction and the three proton-proton inter- 
actions used by Gluckstern and Bethe.‘ The results of Auerbach’s 
calculation and the experimentally determined cross sections are 
summarized in Table I. The experimental cross sections do not 


TABLE I. Theoretical and experimental differential scattering cross sections. 








Experimental 
cross section 
cm?/sterad 


Proton scatt. 
angle in 
c.m, system 


Theoretical cross section, cm?/sterad 
Direct Pure exchange Serber 





x10-?" 
9 
06 A 
30 


21 X1072? 6.0 X10727 yi) gel 
6.8 1.82 36 
9 Os 

769 40.77 

44 
28 

27 

109 +0.010 


+0. 
+0. 
+0. 


7 
4. 
1 
0. 
0. 
0. 
0. 
0. 


13 
3. 
1 
0. 
0.11 
0.02 
0.01 
0.01 








agree with any of these calculations, which is not surprising since 
the assumed forces do not explain the observed proton-proton 
scattering. Further theoretical calculations are clearly necessary. 

Some data have been obtained on the inelastic scattering men- 
tioned above. These data will be published later with a more 
detailed discussion of the elastic scattering. 

The author is indebted to Professor C. L. Oxley for his generous 
assistance on many phases of this investigation. 

* Assisted by the joint program of the ONR ond. pee AEC. 

1C, L. Oxley and R. D. Schamberger (to be pu ed). 

2 Aamodt, Peterson, and Phillips, isa -526 ti9e9) (unpublished). 


as : Chew, Phys. Rev. bs 809 (19. 
L. Gluckstern and H. A. Bethe, Phys. Rev. 81. 761 (1951). 
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Small-Angle Scattering of 3.27-Mev Neutrons 
by Deuterons 


I. Hamoupa AND G. DE MONTMOLLIN 


Physikalisches Institut der Eidgendssischen Technischen Hochschule, 
Ziirich, Switserland 


(Received July 24, 1951) 


HEORETICALLY calculated angular distributions of 
neutrons elastically scattered by deuterons show a marked 
dependence on the assumed type of forces between two nucleons.'~* 
In view of the experimental difficulties in determining the angular 
distribution, there are discrepancies among the various data 
obtained by different experimenters.~? However, for neutrons 
of a few Mev, the data show, in common, a strong maximum of the 
distribution at 6= 180°, a minimum around 90°, and a tendency 
to form another maximum at 0°, where @= the neutron-scattering 
angle in the c.m. system. Although the shape of the distribution 
at small scattering angles seems very important for the comparison 
with the theory, the experimental data were, to our knowledge, 
not extended far enough into this region to allow for reliable extra- 
polation of the value of the differential cross section at 0°, nor 
to show whether the pronounced maximum of the distribution 
lies at 0° or at 180°. 

In an earlier published experiment’ we measured the angular 
distribution of 3.27-Mev (d, d)-neutrons scattered by deuterons 
in a cloud chamber. The investigation covered the range of 
6=50°-180°, and the distribution was then extrapolated for 
smaller scattering angles. However, it seemed desirable to extend 
the measurements as low as possible beyond 50° in order to ob- 
tain the shape of the distribution in this region. 

With the same experimental procedure used in the former 
experiment, we studied the angular distributions of the neutron- 
proton as well as the neutron-deuteron scattering. In this case, 
the incident neutron beam was made to penetrate perpendicularly 


(n.p)-Scattering 








30 60 
(n,d)-Scattering 











0 120 150 180! 


Fic. 1. Intensity of scattered neutrons versus angle of scattering in c.m 
system. The open circles represent the data of the former experiment; the 
closed circles represent the data of the present experiment. 
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into the cloud chamber through its upper glass cover. This arrange- 
ment was chosen to facilitate the photographing and measuring 
of recoil tracks projected at large angles from the neutron beam. 
Four thousand proton recoils and four thousand deuteron recoils 
lying in the angular range between 18° and 70° have been photo- 
graphed and measured. The angular distribution of the neutron- 
proton scattering was found to be isotropic throughout the in- 
vestigated angular range, which suggested the reliability of the 
measurements in the case of the neutron-deuteron scattering. 
In Fig. 1, we have plotted the intensity of scattered neutrons 
versus angle of scattering in the c.m. system. The curves represent 
the data of the two experiments which were made to join at about 
60° and so represent the angular distributions throughout the 
range from 18° to 180°. 

Our data were extended far enough into the region of small 
scattering angles, and they show clearly that more neutrons are 
scattered forward than backward. This distribution with its pro- 
nounced maximum at 0° does not agree qualitatively with either 
of the two theoretical distributions at 2.5 Mev calculated by 
Massey and Buckingham.? The disagreement is more marked in 
the case of the exchange force distribution, especially as Buck- 
ingham* points out that a refinement of the exchange force theory 
(by taking into account the contribution of d-angular momentum 
state) tends to enhance backward scattering at the expense of 
forward scattering of the neutrons. Verde* has given numerical 
calculations of the angular distributions at 20 Mev, and he states 
generally that a pronounced maximum at 0° disagrees with the 
“characteristic feature” of the symmetrical theories. We believe 
that it is rather early to draw theoretical conclusions from the 
experimental data because the spin-orbit coupling is not taken 
into consideration in any theory of this process. 

We wish to express our sincerest gratitude to Professor P. 
Scherrer for his continuous encouragement and valuable advise. 

The detailed experiment will be published in Helvetica Physica 
Acta. 
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On the Nuclear Scattering of Negative Pi-Mesons* 
G. Bernarpint, E. T. Bootn, anp L. LepERMAN 
Columbia University, New York, New York 
(Received July 20, 1951) 


HE analysis of the interactions of artificially produced pi- 
mesons of well-known energy has yielded direct evidence of 
the anticipated nuclear scattering. Although the number of scatter- 
ings detected and studied in detail is not very large, evidence 
collected to date eliminates any doubt as to the real existence of 
some rather peculiar features of these meson-nuclear phenomena.! 
These features are (1) the relatively high probability for very large 
angle scatterings, (2) the existence of inelastic scatterings with 
exceedingly large energy losses, (3) the dependence of these pe- 
culiar scatterings on the incident meson’s energy.” 

These conclusions are based on the results of combined plural 
scattering and grain density measurements made upon tracks of 
incident and scattered particles in Ilford G5 plates. Figure 1 
illustrates a typical plot of these measurements. This figure repre- 
sents the inelastic scatterings (AE/E>0.15) suffered by mesons 
of 70-110 Mev. The energy values were deduced from the Snyder 
and Scott formula,’ recently checked very satisfactorily by Bram- 
son and Havens.‘ The precision of the measurements depends on 
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Fic. 1. Grain density vs multiple scattering angle of *~-mesons incident 
and scatttered in Ilford GS emulsion. The noise level is included. Angles are 
measured by successive chords. 


E; and the lengths of the tracks. All cases in which the measure of 
() would have a statistical error greater than 20 percent were 
considered as doubtful and not plotted. 

The frequency and angular distribution of all measured scatter- 
ings at various incident energies are given in Fig. 2. To render the 
contribution of coulomb and shadow scatterings negligible, the 
elastic scatterings are plotted only for angles >30°. Shrinkage 
effects limit the precision of space angles in the emulsion to +5°. 
As a check on the scanning efficiency, all the elastic scatterings 
> 10° for mesons of 30-50 Mev, and scatterings >5° for mesons 
of 70-110 Mev were also considered. The results were very con 
sistent with the numbers expected from the Rutherford law and 
the composition of the emulsion supplied by the manufacturer. 

Figures 1 and 2 form the basis of the conclusions stated above 
Some remarks remain to be added. The large angle events are 
rather frequent both in the inelastic and in the elastic scatterings, 
and we believe that they are correlated with some unknown process 
occurring in the interaction of pi-mesons with nuclear matter. 
Cloud-chamber experiments’ now in progress indicate that a 
similar effect takes place in carbon; and, thus, the backscattering 
appears to be independent of nuclear size. 

The frequency of strongly inelastic scatterings, AE=E,—E, 
> E,/2 Mev, has already been shown to cast doubt upon a model 
based on single elastic pi-nucleon collisions in nuclear matter. 
The possibility of multiple elastic collisions inside the nucleus can 
probably also be ruled out by the results of Chedester ef al.,7 
which give a very small cross section for pi-proton scattering. An 
alternative model is suggested to us by the grouping of the E,’s 
(Fig. 1) independently of incident energy and by the strong energy 
dependence of these scatterings. The mesons apparently are cap- 
able of raising nuclear matter to some excited state in a sort of 
mesic Raman effect. This means that in complex nuclei, the 
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Fic, 3. Inelastic scattering of an 82-Mev x~ ona Cet nucleus (observed 
by Mrs. E. Wimmer). Each division of the scale in Fig. 3(a) is equiv alent to 
5 microns. Figure 3(a) is a photomicrograph of the event. Figure 3(b) is t 
corresponding momentum diagram. 
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scattering as well as the absorption is a many-body process. This 
probably naive picture of the nuclear scatterings is, to some ex- 
tent, supported by some particular cases which are especially 
difficult to reconcile with a single pi-nucleon encounter. One of 
these cases is shown in Fig. 3(a). A meson of £,=824+5 Mev 
(track length 2400u) is scattered through 157°. The scattered 
meson (track length 8400u) energy E,=3343 Mev. At the ver- 
tex, the three heavy prongs all end in the emulsion and have 
ranges, Ri=21y, Re=138u, R:=145y. If these are assumed to be 
3 a-particles, the reaction would be #:-+6C"—-3a+2-. The a’s 
are practically coplanar. The energy balance is 


Q=(82—33) — (6+ 18.5419) =5.546 Mev, 


and the Q of the process ¢C'"*—3a is 7.2 Mev. Figure 3(b) illustrates 
the consistency of the momentum balance. In another case, the 
meson has £,=73+10 Mev, and the scattered meson, E,=2.2 
+0.2 Mev. At the vertex, a proton track is found to have an 
energy E,=80+10 Mev. No correlation of momenta is observed. 
These and other similar cases give us the impression that it will 
be difficult to explain the scattering of mesons and its energy 
dependence with any simple model based on the known properties 
of nuclei and conventional meson-nucleon interactions. 

* This research was jointly supported 4 the ONR and AEC. 
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The Mean Square Angle of Emission of Nucleons 
in High Energy Nucleon-Nucleus Collisions 


H. MEsseEL, 
School of Theoretical Physics, Dublin Insti ute for Advanced Studies, 
Dublin, Ireland 


AND 
H. S. GREEN, 


Department of Mathematical Physics, University of Adelaide, 
Adelaide, Australia 


(Received July 30, 1951) 


N previous work!? we consider the problem of finding the mean 
square angle of emission of nucleons in high energy nucleon- 

nucleon collisions. In the present case we are concerned with ob- 
taining the mean square angle of emission of nucleons resulting 
from a collision of a high energy nucleon with a nucleus using the 
results obtained in references 1 and 2. 

Let n(U, C, s)dUdC be the probability of finding a nucleon at 
a depth z in homogeneous nuclear matter with energy in the 
interval U, U+dU and making an angle with the downward 
vertical whose cosine lies in the interval C, C+dC. Further, let 
W(U, c)dUdc be the probability of finding a nucleon with energy 
in the interval U, U+dU and scattered at an angle whose cosine 
lies in the interval c, c+dc. Denote by w the angle between the 
plane containing the vertical and the direction of motion of a 
scattered nucleon and the plane passing through the directions of 
motion of both the incident and scattered nucleons. 

The fundamental equation for n(U, C, 2) is 


CLan(U, C, 2)/ds]+n(U, C 


» 3) 
=2 fo ff aw’, Cce+Ss cosw, 2) 


XW(U, U',c)dU'dedw/2x, (1) 
where 
S=(1-—C)! and s=(i—c*)). 


The mean square angle of scatter of nucleons at a depth z in homo- 
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Fic. 1. A plot of U(6(Us, U)) against the logarithm of the ratio of the 
energy U above which particles are emitted from a nucleus, to the primar. 
energy Uo. The energies are measured in proton mass units. (6*(Uo, U) 
gives the mean square angle of emission in radians squared of nucleons 
resulting from a nucleon-nucleus collision. The curve is valid for nitrogen 
and oxygen nuclei. 


geneous nuclear matter is given by 


(P(Uo, U, naif n(U, cos@, 2) sin'ad(cose) + 


x{ fin, cos6, 2)4(cose) } 35 


Using the solution we have found for Eq. (1) and assuming 
that the nuclei are spherical in shape, we can show that the mean 
square angle of emission of nucleons with energies greater than U, 
resulting from a nucleon-nucleus collision is equal to 

(P(Uo, U))=11/T2, (3) 


where 


sq too, U tx, 
ri i 2U ak ix (7) 


and 
1 puoriof U\-*1—fLDaals) ] 
prre( ZY" tbat), 
2xi Ja-im LU, $ 
Both the primary energy Uo and the secondary energy U are 
measured in proton mass units. In the above expressions 


f(x) =1—2[01—(1+2)e*)/2*, (6) 
ae(s) = 1—240{ (s+2)(s-+3)(s+4)(s+5)}—, (7) 


and D4 is the average number of collisions suffered by a primary 
nucleon in making a diametrical passage through a nucleus whose 
atomic weight is A. 

The result of a calculation for light nuclei using Eq. (3) 
(Da was taken equal to 3-7 and hence should be valid for nitrogen 
and oxygen nuclei) is given in Fig. 1. The apparent approach to 
zero in the limit U-+U» may be fallacious, since the method for 
evaluating the integrals becomes precarious for U/U»>}4, i.e., 
to the left of the maximum. However, this region has little 
physical significance. 

These results ought to enable us to estimate the energy ef the 
primary nucleon from a statistic of the angles of secondary 
nucleons in high energy photographic plate stars. 

We shall present the details of the above work and a comparison 
with experiments in a subsequent publication. Results will also 
be presented for the heavy nuclei, silver and bromine. 

We are indebted to Professor E. Schrédinger for many stimu- 
lating discussions throughout the course of the above work. 


1H. S. Green and H. Messel, Phys. Rev. 83, 842 (1951). 
27H. S. Green and H. Messel, Proc. Phvs. Soc. (London), to be published. 


2—a(s)—a(s+1) 
a(s) 


ds 
Det tae a) 5 (4) 


h=> (S) 








PHYSICAL REVIEW 


VOLUME 83, NUMBER 6 


SEPTEMBER 15, 1951 


Author Index to Volume 83 


References with (A) are to abstracts of papers presented at meetings of the American Physical Society, and those 
with (T) designate title only. References with (L) are to Letters to the Editor. 


Aamodt, R. Lee, Wolfgang K. H. Panofsky, and R. Phillips. 
x~ absorption in Dz and the n-n force—1057(L) 

Abe, H. (see Kumagai, H.)—1077(L) 

Accardo, C. A. (see Lehovec, K.)—603 

Achter, M. R. (see Smoluchowski, R.)—219(A) 

—— and R. Smoluchowski. Anisotropy of diffusion in grain 
boundaries—163(L), 219(A) 

Adair, R. K. Angular distribution of neutrons scattered by 
helium—873(A) 

—— (see Koester, L. J.)—1250(L) 

Adams, W. R. and Ernest Pollard. Combined thermal and 
primary ionization effects on a bacterial virus—230(A) 

Ajzenberg, Fay. Low states of F” and neutrons from O*%+ D— 
693(L) 

—— Neutrons from the deuteron bombardment of O%— 
875(A) 

—— (see Richards, H. T.)—994 

Alburger, David E. Gamma-ray transitions in B!°—184(L) 

Alcock, N. Z. and D. G. Hurst. Neutron diffraction by the 
gases No, CFy, and CH,—1100 

Alden, E. D. (see Koller, L. R.)—684(L) 

Alder, K. Note on the theory of directional correlation— 
1266(L) 

Alexander, James D. and Griffin Carmichael. Calculations on 
distributions of lattice vibration frequencies—488(A) 

Alford, William L. (see Leighton, R. B.)—843(L) 

Alford, W. P. (see Hamilton, Donald R.)—215(A) 

Allen, A. J. (see Neiler, John H.)—242(A) 

Allen, Clayton H. Upper limit for sound pressure in a spheric- 
ally diverging field—193(A) 

Allen, J. S. (see Rodeback, G. W.)—215(A) 

Allen, K. W. (see Almqvist, E.)—202(A) 

Allen, William A., John S. Rinehart, and W. C. White. Phe- 
nomena associated with the flight of ultra-speed pellets. 
Part I: Ballistics—889(A) 

—— (see Rinehart, John S.)—890(A) 

—— (see White, W. C.)—889(A) 

Allred, J. C., D. D. Phillips, and Louis Rosen. Erratum: 
Angular distribution of protons from the D(d,p)T reaction 
at 10.3-Mev bombarding energy—1077(L) 

—— (see Armstrong, A. H.)—218(A) 

Almgvist, E., K. W. Allen, J. T. Dewan, and T. P. Pepper. 
He‘+T reactions—202(A) 

Alpher, R. A. and R. C. Herman. Formation of the elements in 
the expanding universe—236(T) 

Althaus, Edward J. Two unstable V mesons observed in a 
cloud chamber at sea level—896(A) 

Amble, E. Structure and dipolmoment of trioxane—210(A) 

Ampariotis, P. A. (see Petropoulos, G. M.)—658(L) 

Anderson, A. B. C. and H. W. Wedaa. Sources of energy de- 
gradation and side thrust in Laval rocket nozzles—890(A) 

Anderson, C. D. (see Leighton, R. B.)—896(A) 

Anderson, H. L. and John Marshall. 170-inch synchrocyclo- 
tron at the University of Chicago—232(A) 

Anderson, James L. and Peter G. Bergmann. Constraints in 
covariant field theories—1018 

Anderson, P. W. Limits on the energy of the antiferromag- 
netic ground state—1260(L) 

Anderson, Roy S., Charles M. Johnson, and Walter Gordy. 
Resonant absorption of oxygen at 2.5 millimeter wave- 
length—1061(L) 

Anslow, Gladys A. and Helen H. Fife. Effects of aging and 
cooling on the ultraviolet spectra of alcohols—192(A) 

Anthony, R. L. (see Forster, M. J.)—204(A) 


Anthony, Romuald. Atmospheric absorption of solar infrared 
radiation—888(A) 

Apker, L. (see Taft, E.)—479(L) 

Appleyard, R. K. Behavior of hemoglobin under irradiation— 
231(A) 

Arfken, G. B. (see Biedenharn, L. C.)—586, 683(L) 

—— and L. C. Biedenharn. Note on angular distribution of 
gamma-radiation from 16-Mev C!#*—238(A) 

Armstrong, A. H., J. C. Allred, R. O. Bondelid, and L. Rosen. 
Scattering of 9.7-Mev protons by deuterons—218(A) 

Arnold, J. T. (see Packard, M. E.)—210(A) 

Ashburn, Edward V. and Dorothy Davis Locanthi. On the 
(O I) airglow in the night sky—888(A) 

Ashkin, A. (see DeWire, J. W.)—505 

Astin, A. V. Current research programme of the National 
Bureau of Standards—221(T) 

Austern, Norman. Mechanism of nD capture—672(L) 

Averbach, B. L. (see Flinn, P. A.)—1070(L) 


Bailey, V. A. Relativistic theory of electro-magneto-ionic 
waves—439 

Bair, Joe Keagy (see Maienschein, Fred C.)—477(L) 

Baker, William B. (see Maienschein, Fred C.)—477(L) 

Balasubrahmanyam, V. K. (see Rao, A. S.)—173(L) 

Baldock, Russell and John R. Sites. Mass spectrometer 
studies of the dissociation of some metal carbonyls—488(A) 

—— (see Sites, John R.)—488(A) 

Baldwin, Ewart M. Neutron-proton scattering in the energy 
range of 18 to 21 Mev—495 

Baldwin, George. Nuclear research with x-rays up to 100 Mev 
—870(T) 

Ball, W. P. (see Richardson, R. E.)—859(L) 

Ballario, C., B. Brunnelli, A. De Marco, and G. Martelli. On 
the diurnal variation of extensive air shows of high density 
at 3500 m above sea level—666(L) 

Baltensperger, Walter. Contribution to the theory of impurity 
centers in silicon—1055(L) 

Band, William. Exclusion principle and the theory of super- 
conductivity—885(A) 

Bardeen, J. (see Hall, Harry H.)—879(A) 

Barile, Sam. Study of x-ray induced optical absorption bands 
in CaF,—227(A) 

—— (see Groetzinger, Gerhart)—227(A) 

Barkas, Walter H. Meson masses and the energetics of meson 
decay—236(T) 

(see Birnbaum, Wallace)—895(A) 

Baroody, E. M. Application of Wooldridge’s theory of second- 
ary emission—857(L) 

Barr, E. Scott and Lugene G. Hungerford. Infrared absorption 
spectra of some citrus oils—486(A) 

Barredo, J. G. Concept of active surface—243(A) 

Barrett, Paul H. Absorption of extensive showers by water— 
896(A) 

Barschall, H. H. (see Bockelman, C. K.)—873(A) 

Bartholomew, G. A. (see Kinsey, B. B.)—234(A), 519 

Beach, L. A. (see DeWire, J. W.)—233(A), 476(L), 505 

Basri, S. (see Messiah, A. M. L.)—652(L) 

Bay, Z. Differential coincidence counting method—242(A) 

Beams, J. W. (see Ross, J. D.)—242(A) 

Beard, D. B. and H. A. Bethe. Field corrections to neutron- 
proton scattering in the new mixed meson theory—1106 
Bearden, J. A. and H. M. Watts. Erratum: A re-evaluation of 

the fundamental atomic constants—457(L) 

Beattie, J. W. (see Laughlin, J. S.)—231(A), 692(L) 


1280 





SA SORTER Rae eR 35 ROI ERT Od NRE 

















